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In  preparing  the  present  volume  tbe  author  lias  tried  to  give  proper 
recognition  to  the  fundamental  and  far-reaching  changes  that  have 
been  wrou^t  during  the  last  decade  in  the  teaching  of  the  elementary 
branches  of  mathematics  and  to  bring  about  a  more  perfect  adjust- 
ment of  the  teaching  of  trigonometry  with  the  teaching  of  algebra  and 
geometry  on  which  it  rests  and  with  the  progress  of  the  arts  and 
sciences  to  which  it  applies.  Among  the  distinctive  features  of  the 
present  volume  the  following  deserve  special  emphaas. 

1.  The  subject  is  introduced  with  a  chapter  on  the  graphic  solution 
of  trian^es  which  shows  the  immediate  connection  of  trigonometry 
vith  geometry.  Similarly  the  six  cases  of  spherical  triangles  are 
solved  by  the  graphic  method  before  the  analytical  methods  are 
presented. 

2.  The  references  to  algebra  are  limited  to  those  with  which  every 
beginner  may  be  reasonably  assumed  to  be  familiar.  Other  principles 
are  developed  as  they  are  needed. 

3.  A  knowledge  of  logarithms  has  not  been  presufqiosed.  For 
tfiis  reason  a  chapter  on  logarithms  and  thek  use  has  been  incorporated 
in  the  text. 

4.  Many  of  the  fundamental  formulas  and  theorems  have  been 
derived  by  two  or  more  independent  methods. 

5.  Functions  of  acute,  obtuse  and  general  aisles  are  treated  in 
separate  chapters. 

6.  The  study  of  tbe  general  angle  and  the  analytical  derivation  of 
geometrical  formulas  and  theorems  has  been  placed  after  the  solution 
of  triangles.  This  makes  it  possible  for  the  student  to  complete  the 
subject  through  the  solution  of  plane  trian^es  in  a  dx  weeks'  course 
of  four  or  five  recitations  per  week. 

7.  The  student  is  trained  m  accuracy  and  self-confidence  in  numerK 
cat  calculations  by  a  constant  indstance  on  proper  checks  and  veri- 
fication of  results. 
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S.  The  accuracy  of  results  is  strictly  limited  to  that  of  the  data 
employed.  The  student  is  constantly  guarded  against  superfiuous 
figures  and  a  show  of  accuracy  not  warranted  by  the  data  or  the 
processes  of  computation  employed. 

9.  The  student  is  guarded  a^inst  disregarding  figures  and  re- 
mainders without  first  detennining  the  effect  of  the  parts  neglected 
on  the  final  results.  Thus,  in  the  computation  of  logarithms  by  means 
of  the  logarithmic  series,  or  of  natural  functions  by  means  of  the  ^e 
and  cosine  series,  the  effect  of  the  neglected  part  of  each  series  on  the 
final  result  has  been  carefully  considered  in  each  case. 

10.  The  student  is  led  by  easy  stages  from  simple  to  complicated 
computations.  For  this  purpose  each  of  the  cases  of  both  plane  and 
spherical  triai^es  is  followed  by  sets  of  problems  involving  suc- 
cessively three,  four  and  five  significant  figures.  This  enables  the 
student  to  become  familiar  with  his  formulas  before  he  enters  on  the 
more  exacting  computations. 

11.  The  best  practice  of  the  government  computing  offices  and  of 
practical  engineers  has  been  followed  in  the  arrangement  of  the 
logarithmic  work. 

12.  Trigonometric  curves  have  received  much  fuller  treatment 
than  is  usual.  The  treatment  includes  curves  of  any  given  amplitude 
and  wave-length,  logarithmic  and  exponential  curves,  composition  of 
harmonic  curves,  the  catenary  and  the  curve  of  damped  vibrations. 

13.  A  ^edal  section  is  devoted  to  the  an^  and  its  functions 
considered  as  functions  of  time. 

14.  The  tr^nometric  representation  of  imaginary  and  complex 
numbers  is  developed  in  connection  with  the  theorems  of  Euler  and 
Demoivre  and  the  development  of  the  functions  in  series. 

15.  HyperboUc  functions  have  received  much  fuller  treatment  than 
is  usual.  The  analogies  between  the  circular  and  hyperbolic  functions 
have  been  developed  both  analytically  and  geometrically. 

16.  It  is  believed  that  a  rigorous  proof  of  Napier's  Rules  of  Circular 
Parts  appears  here  for  the  first  time  in  an  elementary  tert. 

17.  It  is  believed  that  the  dmultaneous  derivation  of  the  three 
fundamental  formulas  for  the  spherical  triangle  (11,  36)  has  not 
previously  appeared  in  a  textbook  on  trigonometry. 

18.  The  lists  of  applied  problems  will  be  found  more  complete 
than  any  that  have  appeared  in  recent  American  texts.  The  prob- 
lons  are  s^iegated  into  sets  relating  separately  to  Physics,  Engi- 
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neering,  Navigation,  Geography,  Astrooomy  and  Plane  and  Solid 
Geometry. 

19.  Abundant  historical  matter  has  been  introduced  throughout 
the  text 

ROBERT  E.  MORITZ. 

SefUnAtr,  1913. 
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PLANE    TRIGONOMETRY 


mTRODUCTIOM 

In  order  to  work  the  exerdaes  in  this  ch^ter  the  student  should  be  provided 
with  a  pur  of  compasses,  a  protiactoi,  and  a  graduated  ruler  divided  into  tenths 

1.  Gfaphic  Solution  of  Triangles.  In  plane  geometry  it  is  shown 
that  the  six  parts  (three  sides  and  three  angles)  of  any  plane  triangle 
are  so  related  that  any  three  parts  suffice  to  determine  the  shape  of 
the  triangle,  and  if  one  of  the  known  parts  is  a  side,  the  size  of  the 
triangle  is  also  determined.  Furthermore  it  is  shown  how  to  con- 
struct the  triangle  when  a  sufficient  number  of  parts  is  given.  All 
possible  cases  come  under  one  or  another  of  the  following  four  cases. 

To  construct  the  trian^e  when  there  is  given, — 

I.  One  side  and  two  angles. 
n.  Two  sides  and  an  angle  opposite  one  of  them. 

III.  Two  sides  and  the  included  angle. 

IV.  Three  sides. 

Usually  we  have  given  not  the  actual  lines  and  an^es  but  their 
measures.  From  these  measures  lines  and  angles  corresponding  to 
the  actual  lines  and  angles  may  then  be  constructed  by  means  of 
suitable  instruments.     Such  instruments  are, — 

I.  A  graduated  straighi-alge  for  the  construction  and  measure- 
ment of  straight  lines  of  definite  lengths.  The  smallest  divisions  of 
the  straight-edge  should  be  decimal,  either  millimeters  or  tenths  of 
an  inch. 

a.  A  pair  of  compasses  for  the  construction  of  circles  and  cir- 
cular arcs. 

3,  A  protractor  for  the  construction  and  measurement  of  plane 
an^^es  of  definite  magnitudes. 
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Example  i.  It  is  required  to  construct  a  triangle  which  has  two 
sides  equal  to  2.5  inches  and  1.75  inches  reflectively  and  the  included 
angle  equal  to  36°. 

■  Solution.    By  means  of  the  protractor 

construct  an  angle  MAN  (Fig.  i)  equal 

to  36°.    On  AM  measure  off  AB  equal 

to  3.5  mches.     On  AIV  measure  off  AC 

equal  to  1.75  inches.    Join  B  and  C  by 

a    straight  line.     ABC  is  the  required 

*■  '■  triangle. 

The  numerical  values  of  the  parts  which  were  not  known  at  the 

outset  may  now  be  found  by  measurement.    BC  is  thus  found  to 

be  149  inches,  and  by  means  of  the  protractor,  angles  B  and  C  are 

found  to  be  approximately  43.5°  and  100.5°  respectively. 

If  it  is  not  possible  or  convenient  to  construct  the  triangle  full  size, 
a  similar  triangle  may  be  constructed  on  a  reduced  scale;  that  is,  any 
unit  or  a  fraction  of  a  unit  on  the  scale  may  be  taken  to  represent 
any  unit  occurring  in  the  problem.  Thus  lines  3  and  4  inches  long 
may  be  employed  in  the  solution  of  a  triangle  whose  sides  are  30  and 
40  miles  respectively.  The  angles  of  the  reduced  triangle  will  of 
course  be  equal  to  the  angles  of  the  triangle  represented. 

Similarly,  the  unknown  parts  of  a  triangle  whic^i  is  too  small  for 
actual  construction,  say  some  microscopic  triangle,  may  be  found 
by  measurement  from  a  similar  triangle  drawn  on  an  enlarged 
scale. 

Example  2.  One  side  of  a  triangle  measures  600  mUes,  and  the 
angles  adjacent  to  this  side  measure  23°  and  100*  respectively. 
Find  the  remaining  parts  of  the  triangle. 
Solution.  Let  \  mch  represent  100 
miles.  Then  a  line  AB  drawn  3  inches 
long  will  represent  600  miles.  At  A  and 
B  draw  the  angles  BAG  and  ABD  23° 
and  100*  respectively.  Let  BD  intersect 
AC  at  jE.  ABE  will  represent  the  re- 
quired triangle. 

Angle  E  measures  57°,  which  of  course  could  have  been  found 
otherwise  by  subtracting  the  sum  of  the  angles  A  and  B  from  180°. 
AE  and  BE  are  found  to  measure  approximately  3.52  and  140 
inches  respectively.    Remembering  that  each  \  inch  represents  100 
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miles,  the  actual  lengths  represented  by  ^£  and  BE  are  ^proxi- 
mately 704  and  a8o  miles  respectively. 

Solutions,  like  the  foregoing,  in  which  geometrical  drawings  to  a 
scale  are  employed  instead  of  numerical  calculations,  are  called 
graphic  soliUions. 


1.  Review  the  following  propositions  in  geometry.  A,  B,C  repre- 
sent the  three  angles  of  any  triangle  and  a,  b,  c  the  sides  opposite 
these  angles. 

a.  Given  A,  B,c;   to  construct  the  triangle. 

b.  Given  a,  b,  C;  to  construct  the  triangle. 

c.  Given  a,  b,  c;  to  construct  the  triangle. 

d.  Given  a,  b,  A;  to  construct  the  triangle. 

e.  Under  what  conditions  will  ((f)  give  rise  to  two  different 

solutions?    To  only  one  solution? 

The  following  problems  are  to  be  solved  by  the  graphic  method.* 
3.   Given  a  =  5,  ft  =  4,  c  =  7;  find  the  angles  to  the  nearest  15'. 
Ans.   ^  =  44°3o',  5=34°,  C=  loi'jo'. 

3.  Given  6  =  4,  c  =  5,  C  =  90°;  find  the  third  side  and  the  angles 
to  the  nearest  15'.  Ans.  a  =  i,A  =  37°,  B=  53°. 

4.  Given  b  =  270,  c  =  600,  A  =  100";  find  the  third  side  correct 
to  the  nearest  integer.  Anx.  a  =  700. 

5.  Given  a  =  0.029,  B=  33"  15', C=  ^3^°45''>  ^'i  the  remaining 
sides.  Ans.  b  =  o.oSi,  c  =  0.104. 

6.  Given  o  —  42,  6  =  51,  ^1  =  55°;  find  the  approximate  measures 
of  the  remaining  parts.  Ans.  c  =  33.6,  S=  84°,  C=  41**; 

or  c  =  24.9,  B  =  96°,  C  =  29°. 

7.  Given  A^  44°  30',  B  =  57°,  C  =  78°  30' ;  find  the  ratios  between 
the  sides  opposite  these  angles. 

Ans.  Approximately  o  :  i  :  c  =  5  :  6  :  7. 
•  In  oidcT  to  employ  the  graphic  method  successfully  the  student  must  prac- 
tice accuracy.  Two  pencils  of  medium  hardness  should  be  used,  one  sharpened 
to  a  poiDt  for  TTiMfting  distances,  the  other  sharpened  like  a  chisel  for  drawing 
lines.  The  pencil  points  are  easily  kept  sharp  with  the  aid  of  a  piece  of  fine  sand- 
paper. The  lines  should  be  drawn  sharply  and  they  should  bisect  the  points 
through  which  they  are  intended  to  pass.  In  measuring  the  required  parts,  begin- 
ners should  estimate  angles  to  quarters  of  a  degree  and  lengths  to  quarters  of 
the  smallest  division  of  the  scale. 
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2.  Solution  of  Practical  ProblemB  by  die  Graphic  Method. 
Many  important  practical  problems,  in  which  a  high  degree  of 
accuracy  is  not  essential,  can  be  easily  solved  by  the  graphic  method. 
Suppose  it  is  required  to  find  the  approximate  distance  AB  across  a 
lake  or'swamp,  without  actually  measuring  it.  This  may  be  accom- 
pUshed  in  various  ways,  one  of  which  is  as  follows: 

Select  some  point  P  from  which  both 
A  and  B  are  visible,  and  measure  the  dis- 
tances AP  and  BP  and  also  the  angle 
APB*  This  gives  two  sides  and  the  in- 
cluded angle  of  the  triangle  APB  from 
which  AB  may  be  found  by  the  method  of 
the  preceding  article. 
Similarly  the  heights  of  towers  and  trees 
'^'  ^'  and   mountains,  of   clouds  and   shooting 

stars,  the  distances  through  impenetrable  forests  across  swamps  and 
through  mountains,  the  widths  of  rivers,  ravines  and  canyons,  may  be 
determined.  Even  the  distances  between  celestial  objects  may  be 
approximated  by  the  graphic  method  after  certain  other  distances 
and  angles  have  been  measured. 

ExAUPLE  I.  In  order  to  determine  the  width  of  a  river,  the  dis-, 
tance  between  two  points  A  and  B  close  to  the  bank  of  the  river  was' 
measiured  and  was  found  to  be  600  feet.  The  angles  BAP  and 
ABP,  formed  with  a  point  P  close  to  the  opposite  bank  of  the  river, 
were  also  measured  and  were  found  to  be  50°  and  36°  respectively. 
Required  the  approximate  width  of  river. 

Solution.     Select  a  suitable  scale,  say  i  inch   ^^^S 
to  100  feet,  and  construct  a  triangle  ABP, 
having    AB  =  6    inches    and    the   adjacent  , 
an^es  equal  to  50°  and  36°  respectively.    From  j 
P  draw  PT  perpendicular  to  AB.    Pr  will  "* 
represent  the  width   of   the  river.    Measure  "*'  *■ 

PT.  PT  will  be  found  to  measure  2.7  inches,  and  since  each  inch 
represents  100  feet,  the  width  of  the  river  is  270  feet. 

DEPrNiTioNS.  Let  P  be  any  point  and  0  the  position  of  the 
observer.  Through  P  draw  a  vertical  line,  and  through  0  draw 
a  horizontal  line  meeting  the  vertical  line  in  E. 

*  llie  angle  between  two  visible  objects  is  re&dily  measured  by  means  of  on 
instrument  called  a  traimt. 
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If  P  is  above  ff,  as  in  the  upper  figure,  the  angle  BOP  is  called  the 
angle  of  elevaium  of  the  point  F  as  seen  from  O.  ^z. 

If  P  is  below  ^,  as  in  the  lower  figure,  the  ^.--'ii^^tn 

an^e  HOP  is  called  the  angle  of  depression  of  the  Q--f^'' |^ 

point  P  as  seen  from  0. 

It  is  obvious  that  the  angle  of  elevation  or 
of  depression  of  an  object  dq)ends  upon  the 
position  of  the  observer.  ^-  5- 

ExAUFLE  2.    From  a  point  P  at  the  foot  of  a  mountain,  the  angle 

of  elevation  of  the  summit  M  is  measured  and  is  found  to  be  30°; 

after  walking  two  miles  toward  the  summit  on  an  incline  averaging 

is")  the  angle  of  elevation  is  found  to  measure  45".    Required  the 

height  of  the  momitain. 

v^N  Solution.    Draw  a  borizon- 

^.'■yO-K  tal  line  PX.     Construct  an 

^///    i  \        angle  XPN  =  30";  then  PN 

j^  /y  !        \     represents   the    direction    in 

j^    Q^^ j  which    the    summit   of    the 

^f^^piSi^  J  mountain   is    seen   from  P. 

P^ 1     J       Construct  angle  XPC  =  t$°, 

and  take  PC  two  units  in 
length.  Then,  if  each  unit 
represents  one  mile,  C  will  represent  the  position  from  which  the 
second  observation  was  made. 

Through  C  draw  CX'  parallel  to  PX,  and  construct  an  angle  X'CN' 
—  45°.  Then  CN'  represents  the  direction  in  which  the  summit  is 
seen  from  C. 

Since  the  summit  is  on  each  of  the  lines  PN  and  CN',  it  must  be 
located  at  their  point  of  intersection  M. 

Draw  MP  perpendicular  to  PX.  Then  MP  will  represent  the 
height  of  the  mountain  on  the  same  scale  on  which  PC  represents  two 
miles.  Measure  MP.  If  PC  was  taken  equal  to  6  inches,  MP  will 
measure  5.8  indies.  Since  3  inches  represents  one  mile,  MP  rep- 
resents I.Q33  miles,  or  10,200  feet  approximately. 

EXEKCISE    2 

The  following  problems  are  to  be  solved  graphically.  The  stu- 
dent is  expected  to  obtain  distances  correct  to  three  figures  and 
angles  correct  to  nearest  15'. 


Fig.  6. 
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1.  At  a  distance  of  400  feet  from,  the  foot  of  a  tree,  the  top  of 
the  tree  subtends  an  angle  of  30°.    Find  the  height  of  the  tree. 

Ans.  145.6  ft. 

2,  A  straight  road  leads  from  a  town  ^  to  a  town  B  8  miles  dis- 
tant; another  road  leads  from  ^  to  a  third  town  C  10  miles  distant. 
The  angle  between  the  roads  is  65°.    How  far  is  it  from  B  to  C  ? 

Ans.  9.82  mi. 
$.  What  is  the  altitude  (=  angle  of  elevation)  of  the  sun,  when  a 
building  75  feet  high  casts  a  shadow  190  feet  long  on  a  horizontal 
plane?  Am.  21°  30'. 

4.  The  great  pjgramid  of  Gizeh  is  76a  feet  square  at  its  base 
and  each  face  makes  an  angle  of  51°  51'  with  the  horizontal  plane. 
Determine  the  height  of  the  pyramid,  assuming  that  it  comes  to 
an  apex.  Ans.  4S5  feet. 

5.  As  a  matter  of  fact,  the  pyramid  mentioned  in  Problem  4  does 
not  come  to  a  point,  but  terminates  in  a  platform  33  feet  square. 
Find  the  actual  height  of  the  pyramid.  Ans.  465  feet. 

f  6.  An  observer  on  board  ship  sees  two  headlands  in  a  straight 
line  N.  35'  E.  The  ship  sails  northwest  for  5  miles,  when  one  of  the 
headlands  appears  due  east  and  the  other  due  northeast.  How  far 
apart  are  the  headlands? 

7.  Two  observers  on  opposite  sides  of  a  balloon  observe  the  balloon 
at  the  same  instant  and  find  its  angles  of  elevation  to  be  56°  and  42° 
respectively.  The  observers  are  one  mile  apart.  Find  the  height  of 
the  balloon  at  the  time  the  observations  were  taken. 

Ans.  0.6  mi.  nearly. 

8.  In  order  to  determine  the  distance  across  a  swamp,  a  distance 
AB  was  laid  off  100  yards  long,  and  at  each  extremity  of  the  line  AB 
the  angles  were  measured  between  the  other  extremity  of  the  line 
and  each  of  two  stakes  P  and  Q  placed  at  opposite  ends  of  the  swamp. 
At  one  extremity  of  the  line  the  angles  measured  35°  and  85°  respec- 
tively, at  the  other  end  the  angles  measured  121°  aiid  40°  respectively. 
Find  the  distance  PQ. 

9.  Find  the  perimeter  of  a  regular  polygon  of  7  sides  inscribed  in 
SL  drcle  whose  radius  Is  10  feet.  Ans.  60.75  ft- 

10.  The  sides  of  a  triangle  are  o  =  10,  6  =  12,  e  =  15  resf)ectively. 
Find  the  radii  of  the  inscribed  and  of  the  circumscribed  circles  and 
the  angles  of  the  triangle.    Ans.   r  =  3.23,  R  =  7.5a, 

A  =  4i''3o',  B=  sf,  C=  85^30'. 


D.qitizeabyG00l^lc 


3-4l  INTRODUCTION  ^ 

3.  Inadequacy  of  the  Graphic  Method.  The  graphic  method  of 
solving  triangles,  though  exceedingly  simple  and  useful,  is  not  suffi- 
ciently accurate  for  all  purposes.  For  instance,  in  the  last  problem 
of  Exercise  2  the  results  obtained  by  the  graphic  method  are: 

»-  =  3.23,    .R=7.S2,    ^  =  41*30',    B=53°.    C=8s''3o', 

while  the  more  accurate  results,  obtained  by  a  method  to  be  de- 
scribed later,  are: 

'■  =  3.2331.    ^=7-5=36.    ^  =  4i°38'S9". 
^=52°  53' 27",    C- 85°  27' 34". 

The  causes  of  the  inaccuracies  are  manifold.  First  of  all  the 
divisions  of  the  scale  used  in  measuring  are  not  inde&mtely  small; 
if  they  were  the  eye  could  not  distinguish  them.  Besides  this 
tlu  graphic  method  is  subject  to  many  other  unavoidable  errors. 
The  instnmients  employed  in  the  construction  of  lines  and  angles 
are  imperfect.  The  straight-edge  is  not  perfectly  straight,  the 
divisions  of  the  scale  are  not  exactly  equidistant.  The  points,  used 
ia  the  construction  are  not  true  points  but  dots  having  dimensions; 
likewise  the  lines  drawn  are  not  true  lines  but  pencil  or  pen  marks 
of  unequal  widths.  Again,  neither  the  hand  which  draws  the  pencil 
nor  the  eye  which  guides  it  is  perfectly  steady,  and  so  on.  All 
these  sources  of  error  are  unavoidable.  By  employing  better  instru- 
ments and  by  using  greater  care,  these  errors  may  be  diminished, 
but  they  cannot  be  entirely  eliminated. 

4.  Definition  of  Trigonometry.  Then  exists  another  method  of 
solving  triangles  which  is  free  from  all  the  errors  above  mentioned 
and  enables  us  to  obtain  results  correct  to  any  desired  degree  of 
accuracy.  This  method  consists  in  the  computation  of  the  unknown 
parts  of  a  triangle  from  the  numerical  values  of  the  given  parts. 
The  development  of  this  method  has  given  rise  to  a  separate  branch 
of  mathematics,  called  trigonometry.*  Trigonometry  considers  the 
properties  of  angles  and  certain  ratios  associated  with  angles,  and 

*  The  word  Trigonometry  comes  from  two  Greek  words,  trigonon  —  triangle, 
and  metron  =  measure.  The  method  was  originated  in  the  second  cenhiry  B.C. 
by  Hipparchus  and  other  early  Greek  astronomers  in  tbeir  attempU  to  solve  cert^n 
spherical  triangles.  The  term  trigonometry  was  not  used  until  the  close  of  the 
sixteenth  century. 
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applies  the  knowledge  of  these  properties  to  the  solution  of  triangles 
and  various  other  algebraic  and  geometric  problems.  Incidentally 
trigonometry  considers  also  certain  time-saving  aids  in  computation 
such  as  logarithms,  which  ate  generally  employed  in  the  solution  of 
triangles.    Briefiy  stated, — 

Trigonomdry  is  the  sctence  of  OKgidar  magnitudes  and  the  art  of  ap^y- 
ing  the  priruiples  of  this  science  to  the  solution  of  problems. 
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6.  Definition  of  Function,  When  two  variables  are  so  related  thai 
the  value  of  the  one  depends  upon  the  value  of  the  other,  the  one  is  said 
to  be  a  funciion  of  the  other. 

ExAUFLES.  The  area  of  a  square  is  a  function  of  its  side.  The 
volume  of  a  f^here  is  a  function  of  its  radius.  The  velocity  of  a 
falling  body  is  a  function  of  the  time  elapsed  since  it  began  to  fail. 
The  output  of  a  factory  is  a  function  of  the  number  of  men  emj^oyed. 
In  the  expression  y  =  .         . ,  y  depends  upon  x  for  its  value,  hence 

y  is  a  function  of  x.    Similarly  a^—  i,  a;'  +  a;  —  3,  («;H c,  are 

functions  oix.    i*  —  3  ( is  a  fimction  of  i,  etc. 

6.  Definition  of  Reciprocal.  //  the  product  of  two  quantities 
equals  unity,  each  is  said  to  be  the  reciprocal  of  the  other. 

For  example,  if  ay  =  1,1  is  the  reciprocal  of  y,  and  y  is  the  recipro- 
cal of  x.    }  is  the  reciprocal  of  a,  and  2  is  the  reciprocal  of  ),  for 

iX  a  =  I.  In  general,  7  and  -  are  reciprocals  since  i  '^  =  i-    From 

OT  =  I  it  follows  that  x=  -,  and  y  =  - ,  that  is,^ 
y'         "      x' 

The  reciprocal  of  any  quantity  is  unity  divided  by  that  quantity. 

7.  The  Six  Trigonometric  Functions  of  an  Acute  Angle.  Let  A 
be  any  acute  angle,  B  any  point  on  either  side  of  the  angle,  and  ABC 
the  right  triangle  formed  by  drawing  a  perpendicular  from  B  to  the 
other  side  of  the  angle.  Denote  AC,  the  side  adjacent  to  the  angle 
A,  by  b  {for  base),  BC,  the  side  opposite  the  angle  A,  by  a  (for  alti- 
tude), and  the  hypotenuse  AB  by  k. 

The  three  sides  of  the  right  triangle  form  six  different  ratios, 
namely, 


and  their  reciprocals 
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a.  These  ratios  do  not  depend  upon  the  distance  of  the  point  B 
from  the  vertex  of  the  angle;  that  is,  each  of  the  six  ratios  will  have 
the  same  value  for  every  other  point  B'  located  on  either  one  of  the 
sides  of  the  angle. 

For  if  5'  be  any  other  pomt  on  AB  or  AB  produced,  or  on  AC  or 
AC  produced,  and  the  perpendicular  ffC  be  drawn  to  the  other 
side,  the  triangle  AB'C  will  be  smilar  to  triangle  ABC  and  therefore 
B'C      BC^a 
AB'  "^  AB      k' 


and    similarly   for    each   of   the  other 
,  ratios. 

b.  The  ratios  differ  for  different  angles, 
*■   ■  for  if  the  ratios  were  equal,  the  corre- 

sponding triai^les  would  be  similar  (why?),  and  corresponding  angles 
equal,  which  is  contrary  to  the  hypothesis  that  they  are  different. 

Since  the  ratios  depend  upon  the  angle  for  their  values,  they  are 
functions  of  the  angle  according  to  the  general  definition  of  a  func- 
tion given  in  5.  Each  of  these  functions  has  received  a  special  name. 
Referring  to  Fig.  7, 

a    ,      .   side  opposite  angle  A    .      „  ,  .,      .        ,      ,    , 

T ,  that  IS, f^ —  ,  is  called  the  Bine  of  angle  A ; 

h  hypotmuse  ° 

b    ,,      .     side  adjaeent  angle  A     .       „   ,  ..  .        ,        ,     , 

7,  that  IS,  —  ■■  ,\  , ,  IS  called  the  cosine  of  aiwle  A; 

h  hypotenuse 

a    ,,      .     side  opposite  angle  A     .       ,,.,..  ,    r       .     . 

7,  that  IS, -^^ — 3? — - — '',    ■■ ,  IS  called  the  tangent  of  angle  A; 
0  side  adjacent  angle  A 

-  ,  the  reciprocal  of  the  sitte,  is  called  the  cosecant  of  angle  A ; 
7 ,  the  reciprocal  of  the  cosine,  is  called  the  secant  of  angle  A ; 


The  six  functions  just  defined  are  variously  known  as  the  trigo- 
nometric, circular,  or  goniometric  functions:  trigonometric,  because 
they  form  the  basis  of  the  science  of  trigonometry;  circular,  because 
of  their  relations  to  the  arc  of  a  circle,  as  will  be  shown  presently; 
goniometric,  because  of  their  use  in  determining  angles,  from  gonia, 
a  Greek  word  meaning  angle.    The  expressions  dne  of  angle  A, 
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cosine  of  angle  A,  etc.,  are  abbreviated  to  sin  ^,  cos  ^,  tan  ^,  esc  X 
or  cosec  A,  sec  A,  cot  A. 

Besides  these  six  functions,  two  others  are  sometimes  used,*  viz., 

versed  sine  A  =  i  —  cosine  A,  abbreviated  to  vers  A; 
coversed  sine  A  =  i  —  sine  A,  abbreviated  to  covers  A. 

The  definitions  of  the  first  six  trigonometric  functions  must  be 
thoroughly  memorized.  The  first  three  are  especially  important  and 
should  be  memorized  in  the  following  form: 

Given  an  acute  angle  in  a  right  triangle,  — 

T/k  sine  of  the  angle  is  the  ratio  of  the  side  opposite  the  angle  to 
the  hypotenuse. 

The  cosine  of  the  angle  is  the  ratio  of  the  side  adjacent  the  angle  to 
the  hypotenuse. 

The  tangent  of  the  angle  is  the  raiio  of  the  side  opposite  the  angle 
to  the  adjacent  side. 

The  remaining  three  functions  may  be  remembered  most  readily 
by  the  aid  of  the  reciprocal  relations,  — 

sin  A  -cosec  A  =  i, 

cos  A  •sec  A  =  I, 

tan  A  •  cot  A  =  j, 
that  is, 

cosec  A  =  -: — :  •        sec  .4  = 7  •        cot  A  =  ;  ■ 

sui  A  cos  A  tan  A 

It  will  aid  the  memory  to  observe  that  oiJy  one  o  appears  in  each 
pair  of  reciprocal  functions. 

It  should  be  noticed  that  while  a,  b,  and  k  are  lines,  the  ratio  of 
any  two  of  them  is  an  abstract  number;  that  is,  the  trigonometric 
functions  are  abstract  numbers.  Again,  the  expressions  sin  A,  cos  A, 
tan  A,  etc,  are  single  symbols  which  cannot  be  separated,  sin  has 
no  meaning  except  as  it  is  associated  with  some  angle,  just  as  the 
symbol  v'  has  no  meaning_ except  when  used  in  connection  with 
some  quantity,  as  in  Va',  ^4,  etc. 

Example  i.  The  ades  of  a  right  triangle  are  5,  4,  5-  Find  all  the 
trigonometric  functions  of  the  angle  A  opf)osite  the  side  3. 
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Solution.    The  hypotenuse  of  the  triangle  equals  5.    Hence,  apply- 
ing the  definitions,  we  have 

■     A      ade  opposite  _ 
hypotenuse 
Similarly,  cos  ^  =  j,         tan  ^  ■=  J. 

The  cotangent  of  ^  is  the  reciprocal  of  the  tangent,  hence 

cot  ^  =  I  -i-  i  =  I,  similarly,  sec-4'=i-7-{  =  j,  cscj^  —  f, 
ExAicPLE  i.    The  legs  of  a  right  triangle  are  a  and  b;  find  the 
functions  of  the  angle  A  opposite  the  side  a. 
Solution.     The  hypotenuse  k  =va'  +  i*;  hence 

,      a  a  i      b  h  ,       ,     a 

sin  A=  7=  - ,      -.  >      cos^  =  r  -     ■  ■    taiiv4=T, 


Exercise  5 

1.  A  right  trian^e  has  its  sides  equal  to  5,  12,  13.  Calculate  the 
six  functions  of  the  angle  A  opposite  the  side  5. 

Ans.  ^D.A=-f3,  cos  A  —  iJ,  tan  ^  ^  VV. 
CSC  ^  =  ^,SGC  A  =  \l,  zot  A  ~  ^. 

2.  In  the  same  triangle  calculate  the  functions  of  the  angle  B 
opposite  the  side  13. 

Ans.   sin  B  =  H,  cos  S  =  A,  tan  £  =  V, 
CSC  5  =  IJ,  sec  S  =  V',  cot  a  =  A- 

3.  By  comparing  the  answers  in  problem  z  with  those  in  problem 
I,  and  remembering  that  A  -^  B  =  90",  write  down  six  equations,  of 
which  the  followii^  is  the  first:    sin  .4  =  cos  B  =  cos  {90°—  ^4). 

Ans.  cos  il  =  sin  B  =  sin  {90°—  A), 
tan  ^  =  cot  B  =  cot  (90°—  A), 
sec  -4  =  CSC  S  =  CSC  (90°—  A),  etc. 

4.  Show  that  for  any  acute  angle  the  following  equations  are  true: 

sin  (90°  —  A)  ™  cos  ^,        sec  (90°  —  ^)  =  esc  ^, 

cos  (90°  —  i4)  =  sin  ^,        CSC  {90°  —  X)  =  sec  A, 

tan  (90°  —  ^)  =  cot  A,       cot  (90"  ~  A)  =  XAnA. 

(Suggestion.    Consider  A  and  90°  —  ^  the  two  acute  angles  of  a 

right  triangle,  and  express  the  functions  of  each  an^e  in  terms  of 

the  sides  of  the  triangle.) 
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5.  The  two  legs  of  a  right  triangle  are  8  and  1  $.  Write  down  the 
functions  of  the  angle  A  opposite  the  side  8;  also  the  functions  of  the 
angle  B  adjacent  the  side  8, 

Ans.  sin  A  =  -^t  cos  A  =  |J,  tan  A  =  -^, 
sin  S  =  H,  cos  £  =  A,  tan  B  =  V- 

6.  By  using  the  results  of  problem  5,  show  that 

sin  jJ       ,       .       J  C05-4  ^    . 

— — i  =  tan  ^  and  -; — -7  =  cot  A. 
cosA  sm  A 

7.  One  side  of  a  right  trian^e  is  9  and  the  hypotenuse  is  41. 
Compute  the  functions  of  the  angle  A  included  between  the  hypote- 
nuse and  the  given  side. 

Ans.  sin  .4  =  J^,  cos  A  =  ^j,  tan  A  =  ^, 
CSC  .4  =  Ji,  sec  il  =  Vi   cot  A  =  ^. 

8.  Two  legs  of  a  right  triangle  are  ^  —  ^,  and  2  pg  respectively. 
Find  the  sine,  cosine  and  tai^nt  of  the  angle  B  opposite  the 
side  2pq. 

Ans.  sinB=^,cosB=  g^,taii5  =  -f%. 

9.  Given  sin  ^  =  |,  find  vers  A  and  covers  A. 

Ans.  vers  A  =  \,  covers  A  =  %. 

ExEKCtSE   4 

1.  Compute  all  the  functions  of  45°. 

Ans.  sin  45°=  cos  45°=  i  V2  =  0,707,  tan  45° ■■  i, 
CSC  45°=  sec  45°=    V2  =  1.414,  cot  45°=  i. 
(Suggestion.     Construct  a   right  triangle  having  an  angle  45°,  and 
denote  each  of  the  equal  sides  by  a.) 

2.  Compute  all  the  functions  of  30*. 

Ans.   sin3o°=  i,  cos3o''=  JV3,  tan3o''  =  Jv'3, 
CSC  30°  =2,  sec  30°  =  3  ^3,  cot  30°=  Vs. 
(Suggestion.    If  one  angle  of  a  right  triangle  is  double  the  other, 
then  the  hypotenuse  is  double  the  shorter  side.     Call  the  shorter 
dde  a.) 

3.  By  measurement  find  the  functions  of  15". 

Ans.  sin  1$°-=  o.a6,  cos  15°=  0.97,  tan  15°=  0.28, 
CSC  15°=  3-87.  sec  15"=  1.03,  cot  15°=  3.75- 
(Suggestion.    By  means  of  a  protractor,  or  otherwise,  construct  an 
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an^e  of  15°.     Draw  a  perpendicular  to  one  side  forming  a  r^ht 
triangle.    Measure  tbe  sides  of  the  triangle,  and  compute  the  ratios.) 

4.  Given  sin  j1  =  f ,  construct  and  measure  the  angle. 

Ans.  A  =  45''3S'- 

5.  Given  cos  A  =  i,  construct  and  measure  the  angle. 

Ans.  A  =  4&°  11'. 

6.  Given  tan  j1  =  f ,  construct  and  measure  the  angle. 

Ans.  A  =  $0"  la'. 

7.  Show  that 

sin  .4      ,       ,       cos  A  ,   . 

— — :  =  tan  A,      - — 7  =  cot  A, 
cos  A  sui  A 

A  being  any  acute  an^e. 

8.  Show  that 

^*  A  +cos*i4  =  I,* 

tanM  +  I  =  sec?i4, 

cotM  +  I  =  csc*^. 

(Suggestion.    Remember  that  o*  +  6*  =  A*.) 

9.  Given  sin  .^  =  /j,  find  all  the  other  functions. 

Ans.  sin  .^  =  ^,  cos  -4  =  It,  tan  ^  =  ^, 
CSC  ^  =  V,  sec  ^  =  JJ,  cot  A  =  '^. 

10.  Show  that  as  an  angle  increases  from  0°  toward  90°,  its  sine, 
tangent  and  secant  increase,  while  its  cosine,  cotangent  and  cose- 
cant decrease. 

11.  Show  that  every  sine  and  cosine  is  a  proper  fraction,  while  the 
tangent  and  cotangent  may  have  any  value  large  or  small. 

8.  Trigonometric  Functions  Detennined  Appioxiiiutely  by 
Measorement.  Ther^  are  various  ways  of  computing  the  trigono- 
metric functions  of  a  given  angle.  The  results  of  such  computa- 
tions for  the  sines,  cosines,  tangents  and  cotangents  of  angles  be- 
tween 0°  and  90'  have  been  put  together  into  tables,  known  as 
tables  of  nahtral  functions.  We  shall  leam  how  to  use  such  tables 
and  later  how  to  calculate  them.  It  is  of  value  to  the  beginner  to 
know  how  approximate  values  of  the  functions  may  be  obtained 
graphically. 

*  sin*  .4  means  (^ai4)',  tan*^  means  (tan  A)*,  etc.,  and  generally  sin'ijl  — 
(sin^i)",  tan"^  =  (lan-^)",  etc.,  except  when  «  —  —  i.  The  meaning  of  sin-*  j4, 
tati~M,  etc.,  will  be  explained  later. 
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ExAUPLE  I.     Find  graphically  the  functions  of  35°. 

Solution.  By  means  of  a  protractor  construct  an  angle  HON  = 
25°.  Take  OB  any  convenient  length,  say 
10  inches,  and  from  O  as  a  center  and  with 
OB  as  a  radius  describe  an  arc  BC  cutting 
ON  inC.  Draw  CE  and  BA  perpendicular 
toOB.  By  measurement  we  find  C£=  4.33  *^ 
inches,  OE  =  9.06  inches,  AB  =  4.66  inches,  ^"8-  9- 

and  by  construction  OB  =  OC  =10  inches.    Hence 

o      EC      4-S3  o         I 

^  ^S    =  or  -  -;r=  °'»^3.  CSC  25  =  ^^j--  =  2.364, 


OE      Q.06 


0£ 

-> =  0.000.  sec  ac*  = 

cos  25 

4-66 
'  dB~^ 


^'^=  nn=-^  =  °-^^^'  «>*  ^'S''^  ;— r.  =  ^■i4S. 


Observe  that  we  have  used  two  different  triangles,  the  triangle  COE 
to  obtain  the  sine,  cosine  and  their  redpiocals,  and  a  second  triangle 
AOB  to  obtain  the  tangent  and  cotangent.  This  was  done  in  order 
to  have  in  each  case  10  for  a  divisor.  If  for  instance  we  had  used 
the  triangle  AOB  only,  we  would  have  had 

a  BA  4.66  -       ,         .       f4-2^ 

sm  35  =  y.~,  = =  0-423,  mstead  of  ^^— =^as  above. 

•'        OA       11.03  10 

Exercise  5 

1.  Obtain  by  measurement  the  sine,  cosine  and  tangent  of  40°. 

Ans.   sin  40°=  0.643,  cos  40°=  0.766,  tan  40°=  0.839. 

2.  Find  the  sine,  cosine  and  tangent  of  35°.    To  avoid  constructing 
the  triangle  and  measuring  the  necessary  lines,  we  may  make  use  of 

the  diagram  facing  page  16.    sin  35"  =  jrj .    Now  OA  =  OR  =  100, 

and  the  measure  of  AB  =  s7-4  ii>ay  be  read  off  on  the  vertical  scale. 

Hence  sm  35°=  ^^  =  0.574. 

Similarly, 


(,      OB     81.Q 
'^       OA       100  ^ 
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To  find  the  tangent  it  is  better  to  use  the  triangle  OPR,  from  which 


tan  35  = 


^  =  12-  = 
OS  "  loo  " 


3.70. 


3.  With  the  aid  of  Fig.  10  find  each  of  the  results  given  in  the 
following  table. 

(Suggestion.  Choose  your  triangle  so  that  the  denominator  of  the 
fraction  equals  100  or  some  other  integer.) 


NATURAL 

FUNCTIONS. 

Angle. 

■in 

™ 

t» 

«. 

5° 

0.087 

0.996 

0.087              » 

430 

8S° 

0.174 

g8, 

174              5 

15' 

0.259 

966 

26S             3 

73» 

7S' 

0.341 

3^ 

747 

70 

< 

K 

30" 

0.500 

S77               I 

73^ 

40- 

0.643 

7«> 

839 

19a 

5°: 

45° 

0.707 

° 

707 

I. 000               I 

000 

45' 

c« 

• 

«t 

Angia 

Explanation  of  table.  For  angles  in  the  left-hand  column  the 
names  of  the  functions  appear  on  top,  for  angles  in  the  right-hand 
column  the  names  of  the  functions  appear  at  the  bottom.  Thus 
the  numbero.4a3,  which  is  in  the  column  headed  "sin"  and  has  25°  to 
the  left  of  it,  is  the  sine  of  25°;  the  same  number  being  in  the  column 
which  has  "  cos  "  at  the  bottom,  and  having  65°  opposite  it  in  the 
right  column,  is  also  the  cosine  of  65°. 

4.  By  use  of  the  table,  express  the  numbers  0.174,  o.$66,  0.643, 
e.707,  both  as  sines  and  cosines. 

Atts.  0.174  =  sin  10''  —  cos  80*,  0.866  =  sin  60"  =  cos  30°,  etc. 

5.  By  use  of  the  table,  express  the  numbers  0.364,  2.145  and  i.ooo 
both  as  tangents  and  cotangents. 

6.  Every  number  in  the  second  and  third  columns  is  the  sine  of 
one  angle  and  the  cosine  of  another  angle.  What  relation  do  you 
observe  between  each  pair  of  angles? 

Every  number  in  the  fourth  and  fifth  columns  is  the  tangent  of 
one  angle  and  the  cotangent  of  another.  What  rdation  exists  be- 
tween each  pair  of  angles? 
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7-   By  examining  the  table,  verify  the  following  statements  and, 
if  you  can,  give  reasons  for  them. 

a.  Every  sine  and  cosine  is  a  fraction  less  than  imity. 

b.  Every  tangent  of  an  angle  less  than  45°  is  a  fraction  less  than  i. 

c.  Every  tangent  of  an  angle  greater  than  45°  is  some  number 

greater  than  unity. 

d.  The  sine  and  tangent  of  an  an^e  increase  as  the  angle  in- 


e.  The  cosine  and  cotangent  of  an  angle  decrease  as  the  ai^le 

increases. 
/.  The  sine  and  tai^nt  of  a  small  angle  are  nearly  equal. 

9.  Given  One  of  Its  Functions,  To  Construct  the  Angle.  In 
the  last  article  it  was  shown  how  to  find  by  measurement  the  func- 
tions of  a  given  angle.  We  will  now  consider  the  converse  problem, 
that  is,  how  to  construct  the  angle  when  one  of  its  functions  is  given. 

Example  i.    To  construct  an  angle  whose  tangent  is  |. 

Solution.  Take  AC  4  units  in  length  and  at  C  construct  a  per- 
pendicular CB  3  units  in  kngth.    Join  A  and  B.    Then  CAB  is  the 

J '   required  angle,  for  tan  CAB  =  -j^  =  \. 
The  expression 

v4  is  the  angle  whose  tangent  is  f 
is  written  in  short 

A  =•  tan-'l, 
and  is  read  in  either  of  three  ways: 

a.  ^  is  the  angle  whose  tangent  is  \. 

b.  <4  is  tlie  inverse  tangent  f. 

c.  .,4  is  the  arctai^ent  J, 


Similarly,  if 


y  =  sinx 
X  —  an"'y, 


then 

in  words,  if  y  equals  the  sine  of  x, 

then  X  equals  the  angle  whose  ^ne  is  y, 

or  X  equals  the  inverse  sine  y, 

or  X  equals  the  arcdne  y. 
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Corre^wading  meanings  are  ^ven  to  the  symbols 

y  =  cos~*x,  y  =  csc~'a:,  y  =  sec~^a:,  y  =  cot~'x. 
ExAUFLE  2.    To  construct  an  angle  whose  sine  is  ). 
Solution.    At  a  point  C  in  a  line  CD  of  indefinite  length,  construct 

a  peipendicular  CB  4  units  in  length.    From  B  as 

a  center,  with  a  radius  7  units  in  length,  draw  an 

arc  cutting  CD  at  A.    Join  A  and  B.    Tlien  the 

angle  CAB  is  the  required  angle,  for  V^-'W'"' t" 

sinCAB^^=^. 
AB      7 

Another  way  of  constructii^  sin~'J  is  to  construct  a  semicircle 
having  a  diameter  AB  7  units  long.  From  £  as  a  center,  with  a 
radius  4  units  long,  describe  an  arc  cutting  the  semidrde  at  C.  Join 
A  and  C.  Then  BAC  is  the  required  ang^e.  (Draw  the  figure  and 
give  reasons.) 

Example  3.  In  the  preceding  example,  find  each  of  the  other 
functions  of  the  angle  A . 

Solution.  Two  sides  of  the  right  triangle  ABC  being  known,  the 
third  Eade  is  easily  found. 

AC  =  '^AB*-  BC  =  Vf-*'=VJ^. 
Hence  __ 


^  7  =  ,  ,„ 

sin^ 


.co&A      V33  tan  A 

CSC  A  =-;—-=  ?M=  1.750. 
sin^      4 
Observe  that  the  expressions,  — 

sin"*^,  cos"' — ^,  tan"^— ^,   csc"'^,   sec"'— ?^,  cot"' — ^, 
7  7  V33  4  V33  4 

an  represent  the  same  angle. 

Exercise  6 
Construct  an  acute  angle  equal  to  A ,  when, — 
I.  sin^  =  J.  2.   tan^  =  3.  3.  cos -4  =  0.5. 

4.  sec  .i4  =  }.  5.   tan  ji  =  4.  6.   cos  .4  =  0.45. 
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7.  cos^  --■  8.  sin^-ft.  9.  tan^  =  ^. 

la  Read  in  three  different  ways  the  expressions, — 

A  =  sin~'j,     B=  tan"' 3,    x=  csc~*3.5,     y  =  cot"'%/3. 

11.  Construct   and   measure  in  degrees  each   of   tbe   following 
angles, — 

A  =  sin->J,    S  =  cos-'i.    C-  tan"' J,    D  =  cot"' J. 
Ans.  ^  =  19.5°;  5=70.5°;  0=18.5°;  ^=7i-5°;  approximately. 

12.  Given  an  j4  =  j;  to  find  the  other  functions. 

Ans.  cos  ^  =  — ^ ,  tan  A  =  —7=  =  \  Vj, 

3  ^5 

sec^  =  -4^  =  Sfs/s,  cot^  =  iV^,  csc^=  3 

13.  tan  5  =  V;  find  the  other  functions  of  the  angle  B. 

Ans.  waB  =if,  cosS  =  ■^,  cotS  =  A,  sec5  =  V. 

14.  j4  =  sin~' );  find  the  functions  of  A.  _ 

Ans.   sin^  =  i,  cos^  =  1^3i  tanj4  =  iv^3,  csc^  =  2,  etc 

15.  Show  that 

sin-'  A  =  cos"'  H  =  taji"^  -ff. 

16.  sin"' ■^=  COS"'*  =  tan"'yi  findscand y. 

Ans.  a:  =  |},    y  =  A- 

17.  If y  =  sina:,showthat3c  =  cos"'Vi  —  y*  =  tan"'— 7^^^^- 

18.  Show  graphically  that  tan"'  J  +  tan"^  \  =  45°. 
(Suggestion,    Construct  tan"'  \  and  tan"'  J,  measure  each  and  add 
the  results.) 

10.   FuoctioDB  of  Complementary  Angles.     Let  ABC  be  any 
right  triangle,  C  the  right  angle,  and  a,  b,  c  the  three  sides.    Then 
angle  A  plus  angle  B  equals  90,  that  is,  A  and  B 
are  complementary  angles.    Now 

sin  ^  =  - ,  and  also  cos B  =  -, 
c  c 

therefore 

sin^  =  -=  cos5—  cobC9o°—  A). 
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Similaily 

cosA=-  =  sinS  =sm  (90°  — -4), 

tan  ^=  I  =  cots  =  cot  (90°  —  A), 

cot  -4  -  -  =  tan  B  =  tan  {90°  -  ^), 

sec A  =  ^  =  cscB  =  CSC  (90°  —  A), 

CSC -4=  -  =  secB  -  sec  (90°-  A). 
a 

These  results  may  be  put  in  words  as  follows: 

T/rc  fine  of  an  angle  equals  Ike  cosine  of  the  complement  of  the  angle. 
The  cosine  of  an  angle  equals  the  sine  of  the  complement  of  the  angle. 
The  tangent  of  an  angle  equals  the  cotangent  of  the  complement  of  the 
angle,  and  similarly  for  each  of  the  remaining  functions. 

If  we  arrange  the  six  functions  in  three  pairs,  viz.,  sine,  cosine; 
tangent,  cotangent;  secant,  cosecant;  and  call  either  function  of  a 
pair  the  cofunction  of  the  other,  we  may  express  the  six  rules  just 
given  by  a  single  rule,  namely: 

Any  cofunction  of  an  angle  is  equal  to  the  corresponding  function  of 
ihe  ctymplement  of  that  angle.' 

By  means  of  this  rule,  any  function  of  an  acute  angle  can  be  ex- 
pressed as  some  function  of  an  angle  less  than  45°.    Thus 
sin  75°  =  cos  (90°  -  75°)  =  cos  15°, 
cos  80°  =  sin  (90°  —  80°)  =  sin  10°,  etc. 

ExAicPLE.     Given  cot  A  =  tan  SA,  to  find  one  value  of  A. 

Solution,  cot  .4  =  tan  (90°  —  A),  and  from  the  condition  of  the 
problem 

cot  A  =  tan  8  A, 
therefore  tan  (90°  —  -4 )  =  tan  8  yl . 

*  The  term  cosine  was  not  used  untD  the  beginning  of  the  17th  century.  Be- 
f<we  that  time  the  term  sine  of  the  complement  (compHmenU  linui)  was  used  instead 
«  cmtractioa  of  which  gave  Hse  to  the  present  name  cosine.  Stmiluly  tx>tangent 
is  a  cootiaction  of  complimenti  tangens  and  cosecant  of  complimatli  secant.  Tlie 
abbreviatloni  un,  cos,  tan,  etc..  did  not  come  into  genemi  use  until  the  middle  of 
the  18U1  century. 
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This  last  equation  is  satisfied  when 

^°  -  A  =  &  A. 
Solving  A  =  lo". 

Note.  This  is  not  the  only  value  that  A  may  have.  After  the  definitions  of 
the  functions  have  been  extended  to  angles  greater  than  90°,  it  will  be  seen  that 
30°,  jo",  70°,  etc.,  are  other  values  of  A  satisfying  the  equation  cot  A  ^tan  S  A. 

11.  Functions  of  o°,  30°,  45°,  60°,  90°.  There  are  certain  values 
of  the  anglefor  which  the  values  of  the  functions  may  be  easily 
determined  exactly. 

a.   The  functions  of  0°.     Let  A  be  the  angle  formed  by  a  fixed 

line  OX  and  a  line  OP  of  constant  length  h  rotating  about  O  as  a 

center.    Let  i>  be  the  base  and  a  the  altitude  of  the  triangle  formed 

by  dropping  a  peipendicular  from  P  to  OX. 

As  the  angle  increases,  a  increases  and  b  de- 

~^  abases,  and  vice  versa,  as  the  angle  decreases. 

a  decreases  and  b  increases.    As  A  approaches. 

o",  a  approaches  o  and  b  ^preaches  A,  hence  in  the  limit 

sino''=  —  =  o,  coso''=  -  =  i,  tano''=  7  =  0. 


b.  The  functions  of  30°.  When  the  angle 
A  =  30°,  the  other  acute  angle  of  the  right  tri- 
angle equals  60°;  the  right  triangle  then  forms 
one-half  of  an  equilateral  triangle.  Each  side 
of  this  triangle  equals  k,  hence  a,  the  altitude 
of  the  right  triangle,  equals  - ,    and   the   base 


p 


=  V  **  -  (-Y  =  *^i  *■=  i  A ^.  and  we  have 


c.   Tke  functions  of  45°.     When  A  =  45°  the 
right  triangle  is  isosceles,  that  is,  a  and  b  are  equal, 
and  we  have 
A*-a'  +  fl*=  20»,      0  =  AV^  =  JAV^,  so  that 
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JiVj_ 


Wl 


-  =  k^l 


tan  45°  = 


jhVs 


d.   The  functions  of  60°.    60°  is  the  complement  of  30",  hence  by 
Art,  10, 

sin  60"=  cos 30°=  J  v'3,     cos  60"=  sin 30"  ■=  J, 


s6o° 

«.   The  functions  of  90°.    As  the  angle  A  approaches  90°,  a  ap- 
proaches A,  while  b  approaches  o,  so  that  in  the  limit 

h 

-  —  —    1 ,        i.ua  yu Z~"  ■"■■■"■—  —  - 


sm^o  ■■ 


tan  90  = 


The  sine,  cosine,  and  tangent  of  each  of  the  angles, 

0°,  30°,  45°,  60°,  90°,  must  be  remembered  once  for  all. 

_x  ^'^^  convenience  in  memorizing,  the  results  are  collected 


Yig  jj_       in  the  following  table. 


0" 

30' 

45° 

a.. 

9i>° 

sin 

0 

'J.^ 

m 

A  remarkable  uniformity  is  brought  out  by  writing  the  above 
values  in  another  form  as  in  the  table  below.  The  student  should 
verify  the  results  for  himself. 

*  This  needs  explanation.  What  we  have  is  Un  -4  =  r  -  Now  as  A  approaches 
go",  the  denoniiiiator  b  grows  amallet  and  smaller,  while  the  Dumerator  a  ap- 
proaches the  constant  length  h.  In  consequence,  the  fraction  v  grows  larger  and 
larger.    When  b  becomes  suffidently  small,  r  becomes  larger  than  any  assignable 

quantil;y,  and  this  a  conveniently  eipressed  by  saying  that  as  b  approaches  o,  t 
^tproacbes  infinity.    In  symlxJs, 
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0" 

30' 

45' 

60" 

<»• 

sin 

tan 

1^ 

1^ 

Exercise  7 

1.  Express  as  functions  of  the  complementary  angles, 

sin  40°,    cos  50°,    tan  48°,    cot  22.5°,    sec  60°,    esc  56°  20'. 

2.  Express  as  functions  of  an  angle  less  than  45°, 

tan  75°,    cos  67°  30',    sins7°3S'.    sec  73°  45' 3o"- 

3.  Find  the  functions  of  30°  by  using  a  triangle  whose  hypotenuse 
is  9. 

4.  Find  the  functions  of  45°  by  using  a  triangle  whose  base  is  i. 

5.  Find  the  functions  of  90°  by  using  a  triangle  whose  base  re- 
mains constant  and  equal  to  i. 

6.  90°  is  the  complement  of  0°.    Hence  find  the  functions  of  90° 
from  those  of  o". 

7.  Make  a  table  containing  the  values  of  the  secant,  cosecant 
and  cotangent  of  each  of  the  angles  0°,  30°,  45°,  60",  90°. 

8.  Given  cos  ^4  =  sin  ^,  find  one  value  of  A.       Ans.   A  =  45°. 

9.  Given  tan  ^  =  cot  (45°  +  A),  find  one  value  of  Aj 

Ans.   A  =  22° 30'. 

10.  Given  tan  2  A  =  cot  3  A ,  find  one  value  of  A . 

Ans.   A  =  18°. 

11.  Given  sin  (45°  -\-  A)  =  cos  (30°  +  A),  find  one  value  of  ^. 

Ahs.  A  ^  7° 30'. 
la.   Given  sin  2  ^  =  cos  (45°  —  A),  find  one  value  of  A. 

Ans.  A  =  45". 

13.  Given  cot  A  =  tan  (w  —  i)  ^,.find  one  value  of  A, 

Ans.  ^-22!. 
n 

14.  Prove  that  vers  A  =  covers  (90°  —  A), 
and  that  covers  A  =  vers  (90°  —  A). 
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15.  It  is  shown  in  geometry  that  if  the  radius  of  a  drde  is  divided 
into  extreme  and  me^  ratio,  the  greater  segment  will  be  equal  to  the 
chord  subtending  an  arc  of  36°;  that  is,  if  in  Fig.  18 
AO  is  divided  at  5  so  that  AOzOB  =  OB:  BA, 
then  the  chord  AC,  taken  equal  to  OB,  subtends 
an  angle  COA  equal  to  36°. 

Put  AC  =  0B  =  X,  and  AO  =  r,  then  CDA  is  ( 
a  right  triangle  whose    short  side  is  x,   whose 
hypotenuse   b    2  r,   and   the    angle    CDA  =  ii° 

Hence  sin  18°  =  — ,  where  x  is  the  positive  root  of  "* 

2r'  "^  Vis- a. 

the  equation 

r  :x  =  X  -.r  —  X. 

Solving,  we  find  the  positive  value  ofx,  a:  =  r(  —  J  +  j  V5), 
Hence  sin  ,8' -  ^  -  ^(  "  >  +  Xi>  -  t  (  -  . +v^). 


Show  now  that    cos  i8°  =  J  v^o-j-sVs,  sec  18°  = 


V,o-a 


:^, 


Vs 


^^,  cot  18°  =  vTTTVs. 


12.  Fundamental  Relattons.  In  any  right  triangle  (Fig.  19) 

a*  +  i>  =  A'. 

By  dividing  this  equation  first  by  l^,  then  by 
6*,  and  finally  by  a*,  we  obtain  in  turn 

or  sin'^  +  cos'^  =  i,  (i) 
or  tan'^  +  i  =  sec* J,  {2) 
or    i+cot'J-csc'-l.      •  (3) 

(i),  (2),  and  (3)  are  called  the  square  relations  of  the  trigonometric 
functions.    These  together  with  the  three  reciprocal  relations 

(4) 
(S) 

(6) 


cos.^'sec^  -  I, 

tBOlA-CCItA  —  I, 
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constitute  the  six  fundamental  relations  of  the  trigonometric  func- 
tions.    To  these,  two  others  are  usually  added,  viz., 

toj.sa^,     'ma.^^-  (7) 

008^  stn^ 


aaA      h      a 


13.  To  express  each  of  the  Functions  in  Terms  of  a  Given 
One. 

a.  Analytic  method.   Exauple  i.   To  express  each  of  the  functions 
in  terms  of  the  sine. 


cosA  =  Vi-sinM 
tan  1  ^  ""^  -        ^-^ 

(By  (,),  Art.  ,2) 
(By  (7),  Art.  12) 

(By  (s),  Art.  I!) 

(By  (4),  Art.  I!) 

cos^       Vi-sinM 

"-==b=™f^ 

(By  (7),  Art  .2) 

Example  2.    To  express  each  of  the  functions  in  terms  of  the 


sec^  =  Vi  +  tanM  (By  (2),  Art.  u) 

cot^  =  —^—  (By  (6),  Art.  12) 

tan<4 

cos^  =  -^  -    /    ,\    .  .  (By  is),  Art.  12) 

sec.4       V  I  +  tan*  A 


tanv4 


.  Vi  +  tan'  A 
tajiA 


(By  (7),  Art.  12) 
(By  (4),  Art.  IJ) 
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b.  Geometric  method.  Exaufix  i.  To  ex- 
press each  of  the  functions  in  terms  of  the 
sme. 

In  the  right  triangle  ABC  (Fig.  20), 


ain^  -^=SC,and  .4C  =  v'^B'- BC»=  Vi  -  smM. 


Then  from  the  definitions  of  the  trigonometric  functions 

AB  AC      vi  -smM 

Example  2.    Xo  express  each  of  the  functions  in  terms  of  the 
tangent. 

^    In  Fig.  21, 

^  tan^  =  —  ;  henceif^C  is  chosen  for  the  unit  of  measure, 
"  AC 

BC_ 


tan  ^  -  —  =  SC,  and  AB^VaO  +  BO  =  Vi  +  tanM- 

Then  by  definition 

.;„  A  -^C  tan^  ^„„  .  _  AC  i  .„ 

sm  ^  =  -7^  ="  ■■  ,  ■         =^  1    cos  A  =  ——  =  —  =•  I  etc 

AB      Vi  +  tanM  AB      Vi  +  tanM 


From  (i)  show  that 


n ^  =  v  I  —  cos' A ,    cos  A  =  Vi  —  sin*^, 
(i  —  sin  ^)  (i  +  sin  j1  )  =  cos'  A , 

cos  A      _  I  +  sin^j 


(i  —  cos^)  (i  +  cos^)  =  sin*i4, 


-  sinj4 


cos  A 


sin  .4 


2.    From  (2)  show  that 


I  7^  cos  ^ 

sin  A 


xA  =  Vi  +  tanM,    tan^  =  Vsec*^  -  i 
(sec^  —  tani4)  (secj4  +  tan^)  —  i. 
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3.     Show  that 


cA  =  Vi  +  cotM,    cot  A  =  Vcsc*^  -  i, 
(csc^  -  cot  A)  IcscA  +  cot  A)  =  i. 

4.  From  (7)  show  that 

cos^  •  tan^  =  smi4,     siDi4  -cot A  ™  cos^, 
sin^  -sec^  =  tan^,    cos^l  -cscA  =  cotj4. 

5.  Express  in  words  the  relations  given  by  formulas  (i)  to  (7). 

6.  Use  the  analytic  method  to  express  the  tangent  in  terms  of 
the  cosecant;  in  terms  of  the  cosine. 

7.  Use  the  geometric  method  to  express  each  the  sine  and  the 
cosine  in  tenns  of  the  tangent. 

In  the  following  exercises  compare  your  results  with  those  given  in 
the  table  on  page  35. 

8.  Express  each  of  the  functions  in  terms  of  the  cosine, 
g.  Express  each  of  the  functions  in  terms  of  the  cosecant. 

10.  Express  each  of  the  functions  in  terms  of  the  secant. 

11.  Use  sin  30°  =  J  to  find  each  of  the  remaining  functions  of  30". 

12.  sin  15"  =  J  "^2  —  V3;  find  the  other  functions  of  15°. 

Am.  cosi5'*=J'V2-)-\/3,  tan  I5°=3  — V3,  secis°=a '\/2— V3, 
CSC  15°  =«  2  V3  4.  V^^     cot  15°  =  2  +  '^. 

'  be 

prove  that    cos  x  =  y  — ^ —     and   tan  x 


.^sj^ 


U~b){s-c) 


14.  Reduction  of  Trigonometric  Expressions  to  their  Simplest 
Form.  Like  algebraic  expressions,  eiqiressions  involving  trigono- 
metric functions  may  frequently  be  reduced  to  a  simpler  form.  As  a 
rule  the  reduction  is  most  easily  eSected  by  expressing  each  of  the 
functions  which  occur  in  the  expression  in  terms  of  the  sine  and 
cosine  and  by  reducing  the  resulting  expression  like  any  algebraic 
expression,  treating  the  sine  and  cosine  as  two  separate  quantities. 
In  the  end  the  result  may  again  be  expressed  in  terms  of  whatever 
fuQcUon  or  functions  give  the  result  the  simplest  form.  Of  course 
one  might  egress  everything  in  terms  of  a  single  function,  say  the 
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sine,  but  that  would  introduce  radicals  for  every  function  except  the 
cosecant.  By  using  both  the  sine  and  cosine  radicals  are  avoided, 
unless,  of  course,  the  expression  involves  radicals  to  begin  with. 

Example  i.    Reduce  the  expression    sin  yl  +  cot  ^4  cos  ^. 

Solution.  Substituting  for  cot  A  its  value  in  terms  of  the  sine 
and  cosine,  we  have 

sin  A  +  -: cos  A . 

sin  A 

Reducing  to  a  common  denominator, 

3ini48in/<  +  co3^cosj4  _  sin* A  +  cos' A  _ 

sin-4  sin^ 

Now  by  (i).  Art.  la,  sin'  A  +  cos'^  =  i ;   hence  finally, 


ExAUPLE  a.    Reduce  the  expression 

sin*  A  tan  A  +  cos*  A  cot  ^  +  z  sin  ^  cos  A . 

Solution.    Substitutu^  for  tan  A  and  cot  A  their  values  in  tenns 

of  the  sine  and  cosine,  {7),  Art.  la,  we  have 

.  9  .  sin  A  ,        ,4  cos  A   ,       .     .         . 

sin'  A —  +  cos*  A  — 1-  z  sm  ^  cos  .4 

cos  A  soi  A 

^  sin*  A  +  ^os*  A  +  a  am*  A  cos*  A  ^  (sin'^  +  cos*  .4)* 

sin^cos<4  sin^  cos<l 

= =  CSC  ^  sec  ^ . 

sin^  cos^ 

ExAicpLE  3.     Reduce  the  expression 

(cos  xcosy  —  sinxsiny)*+  (sin  a;  cos  y  +  cos  a:  sin  y)*. 

Solution.    Squaring  the  expressions  enclosed  in  parentheses, 

(cos  xcosy—  aina;siny)*  =  cos*  x  cos'  y  —  icosxcosysinxsiny 

+  sin*  X  sin'  y, 

(sin  X  cos  y  +  cos  x  sin  y)'  =  sin'  x  cos  y  +  2  sin  «  cos  y  cos  x  ^  y 

+  cos*  X  sin*  y. 

Adding  the  right-hand  members  of  the  last  two  expressions,  we  have 

cos*  y  (cos*  X  +  sin*  x)  +  sin'  y  (sin*  x  +  cos'  x) 

—  cos*y  +  sin*y  — i. 
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Complicated  expressions,  involving  a  single  angle,  may  be  most 
easily  reduced  by  putting  for  each  function  its  value  in  terms  of  the 
sides  a,  6,  A  of  a  right  triangle.  The  resulting  expression  may  then 
be  reduced  like  any  other  algebraic  expression.  Of  course,  the  re- 
lation A'  =  a*  +  6*  may  be  made  use  of  whenever  an  advantage  is 
gained  by  it. 

ExAUFLE  4.    Reduce  the  expression 

sin*  A  tan  A  +  co^  A  cot  A  +  tanA  cos  A. 
Solution.    Putting 

sin  ^  =  -■ ,    cos  A  =  -  ,     tan  A  ^  -,    cot  ^  =  -  , 
h  k  b  a 

we  have 

a'a  .   b>b   I      ab  ^a*  +  b*+2a'lfl  ^  (a*+y)'_a*+y      0,6 
A*4       A»fl        AA"  abh^-         "      abf^  ab      '"  b      a 

=  taaA  +cot^. 
The  preceding  methods  are  perfectly  general,  but  frequently  it  is  of 
advantage  to  use  other  expedients.  Any  one  of  the  seven  relations  in 
Art.  12  may  be  employed  in  the  reduction.  Sometimes  the  denomi- 
nator may  be  simplified  or  removed  by  multiplying  both  terms  of 
the  fraction  by  a  binominal  factor  like  r  —  cos  ^,  i  +  sin  -4,  sec  ^ 
—  tan  ^ ,  CSC  ^  +  cot  il  ;  in  short,  as  in  algebra,  the  form  of  the  ex- 
pression may  be  changed  by  any  operation  which  does  not  change 
the  value  of  the  result.  Radical  expressions  should  be  avoided 
whenever  possible. 

Example  5,    Reduce  the  expression 
sin' J 
I  —  cosx 
sin' a:     ^  r  -F  cos x  _  sin* x{j  +  casx) 
I  —  cos'  X 
=  I  -|-  cos  X,  since    i  —  cos*  x  =  sin*  x. 

Example  6.   Reduce      cosff^ 

secfl+  tan  9 

*  Greek  letters  are  frequently  uaed  to  represent  angles.  For  the  beoeQt  of 
tlicne  students  who  do  not  alieady  know  the  Greek  letters  and  their  names,  the 
Greek  alphabet  has  been  printed  in  the  front  part  of  this  book.  The  Greek  letters 
ue  written  as  they  are  printed. 
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Solution.     Multiplying  both  terms  of  the  fraction  by  sec  tf  —  tan  S, 
we  have 

cosg        __  costf  (secg— tang)  _  cQsg(secg-  tang) 

secg+tang'^  (secg  +  tang)    (secfl-tang)         sec*fl-tan'fl 
»  cos g  (sec g  — tang),  since  sec" g  — tan*fl=  i 
=  I  —  sing,   since  cosg'secg  =  I,  cosg- tang  =  sing. 


Exercise 

9 

Reduce  the  following  expressions, — 

- 

cos^ 
sin^ 

I 
cotM" 

- 

cxA 

cos^ 
scc^" 

3- 

tan*a;csc'«-  i. 

cosy 

siny 

I  —  tan  y      cot  y  —  i 
(tan  tf  +  cot  g)  sin  g  cos  9. 
cos  X  tan  x  +  sin  x  cot  x. 
sec  a  —  tan  a  sin  a. 
sing 
+  cosg' 
sin*  B  +  cos*  5+2  cos*  B  an*  B. 

cos*a:  _ 
I  —  sinx 
wa  A  (sec  A  -\ 


cot  g  +  - 


cA)~  cos  A  (secj4  —  c 


cotiS-  3ec/3csc/3(i  -  zsin*^). 
(i  +  sini4)  {sec  A  —  tan^). 

tan  ^  +  tan  B 

cot  ^  +  cot  B 

(sin  a:  +  cos  x)'  +  (sin  a;  —  cos  x)'. 
2(sin*g  +  cos'g)  -  3(3in*g  +  cos*g)  + 
3  vers  A  —  ver^  A . 


Am.  UnA. 

Ans.   t. 

Ans.   tan*  x. 

Ans.  sin y+ cosy. 

Ans.   I. 

Ans.   sin  X  +  cos  X. 

Ans.  cosot, 

Ans.   cscg. 

Ans.   1. 

Ans.   1  +  sin  X. 

CA). 
Ans.   secX  c8Cj4. 

Ans.   tan^. 

Ans.  cos  A. 

Ans.  tan  A  tan  B. 

Ans.    1. 

Ans.   o. 

Ans.  sin*  A, 
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,0     COS  A  cot  A  —  sin  ^  tan  A 


cacA  —  secA 


Ans.   i  +  sinAcosA 


sin  B      ,   I  +  cos  B  in 

to.    — =^^ — -H — ^.    „      ■  Ans.   2cscB. 

i  +  co&B  smB 

30.  C3C*  x(i  ~  cos*  x)  ~  2  cot*  X.  Ans. 

21.  (cos X cos y+sin x sin y)*+  (sin  x cos y — cos  x sin  y)\   Ans. 

22.  (j  cos  a  —  jr  sin  a)*  +  (x  sin  «  +  y  cos  a)'.       Ans.  **  +  >*. 


23- 


sec^/1  sin'jj  —  csc*jj  +  csc*^  cosM 


Ans. 


-V^ 


SO*  i4  sin*  A  —  esc'  -4  cos*  A 

Ans.   sec^  —  tan^^, 


sin  j4 


IB.  Trigonometric  Ideatities.  Equations  which  e]q>res3  gen- 
eral relations,  that  is,  equations  which  remain  true  no  matter  what 
values  be  given  to  the  quantities  which  are  considered  variable,  are 
called  identities,  (x  +  i)*  —  »*+  a  x  +  i  is  an  identity,  because  it  is 
true  no  matter  what  value  be  given  tox.  x*— 5x  +  6  =  ois  not  an 
identity,  since  it  is  not  true  unless  x  has  the  value  2  or  3.    Similarly, 


sin*  X  +  co^  X  w  I    and  tan  A 


sin  A 


press  general  relations,  relations  which  hold  true  no  matter  what  x 
or  A  may  be.  On  the  other  hand,  an*  x  —  J  sin  x  =  —  J  is  not  an 
identity,  for  it  is  true  only  when  sin  x  =  i,  that  is,  when  x  =  sin" '  J. 
To  distinguish  equations  which  are  not  identities  from  those  which 
are,  the  former  are  sometimes  called  equations  of  condition,  since 
they  express  conditions  to  which  the  variables  are  restricted  and 
not  general  relations  as  do  identities. 

The  fundamental  trigonometric  identities  are  given  in  Art.  la. 
All  other  trigonometric  identities  may  be  derived  from  these  by 
prc^jeriy  combuung  them.  To  prove  a  given  identity  it  is  sufficient 
to  reduce  both  sides  to  the  same  form.  If  no  shorter  way  suggests 
itsdf ,  this  may  always  be  accomplished  by  reducing  each  ade  to  its 
simplest  foim. 

ExAKPLE  I.    Prove  the  identity 

(i  -  tan^)(i  — cot^)  +  seCi4csc/i  =  a. 

S<dution.     Putting 

t».-i-?!5^.    cot,4-^,    sec^--!-^,  csc^=^, 
cosA  sm  A  €osA  smA 
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the  left-hand  member  becomes 

/         sin  ^\/         cos^\  .       I      _      I 
V        cos^/\        mi  aJ      cos  a      sinA 
(cos^  —  sin^)  (sin^  —  cosA)  +  i 
cos^  sin^ 
_  a  sin  ^  cos  A  —  sip*  A  —  cos*  A  +  i 
cos  A  siitA 
3  sin  X  cos  A 


If  we  had  put  tan  il  = -,  cot il  =  -,  sec^l  =  ~  ,  cacA  =  - ,then- 

b  a  b  a 

duction  would  have  been  as  follows, 

(  ^_a\(        b\,hh      (b  -  a)(a  -  b)  +  Ifi 
{        b}\        a)      ba"  ab 

^  2aj.-aa-y+tf_  agft^^ 
ab  ab 

ExAUPLE  3.    Show  that 
sin  X  tan'  i  +  esc  a;  sec*  x=  2  tan  a:secx+cscx—  an*. 

Solution,     Reducing  each  member  of  the  equation  separately,  we 

have 

,    ,1  ,         •       sin*  X  ,      1       I  sin*  x  + 1 

sm*tan*a;  +  esc  3C  sec*  x  =  sin  x — - — \-  — r-  =  -: r-  ■ 

cos*x     smxcorx     sinxco^a; 

Likewise  the  second  member  becomes 

3tanxsecx  +  cscx—  sin  j^  =-  l^"*.?  .  _i_  +  — I sins 

cosx       cos*      smx 

_  2  sin*  X  +  cos*  X  —  sin*  x  cos'  x 


-  ^sm*x-\-(i  —  an'x)cos*x 
sin  X  cos*  X 
asin'a:  +  (t  —  sin'x)(i~sin'x) 
sinxco^x 


^  sin*x+i 
sin  X  cos*  X 
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Examples.    Is  sec*  ^  csc* -4  =  tan*^  +cot*^  +  2? 

Solution. 

sec'Acsc'^-  (i  +  tanM)  (i  +  cotM) 

=  1  +  tanM  +  cotM  +  tanM  cotM 

=  I  +  tan*jl+  cot* -4  +  i,  since  tan ^  cot ^  =  i. 

=  tan*vH-cotM  +  a. 

Hence  the  identity  is  true, 

ExERasE  10 
Prove  the  following  identities: 
I.  sin*i4  sec?  A  =  sec*jl  —  i. 
.  2 .   (sin  B  ■+■  cos  By  —  i  +  2  sin  S  cos  B. 

an* X  —  cos* x  =  an* x  —  cos* x=  t—  2 cos* x~  2 sin* x  —  1. 
(sin'fl  —  cos*fl)'  =  I  —  4sin*flco8'tf. 
cot  A  cos  A    _  cot  A  —  cos  A 
cot  A  +  cos  A        cot  A  cos  A 

I'x  +  cos**  =  (sin«+  cos  a;)  (i  —  sinxoisx). 
(an  A  +  cos^)  (tanA  +cot  j4)  =  sec^  +  csc^. 
,   secO  +  cscg  _  tang+  i  _  i  +  cotff 


secfl— csctf      tanff— I       i  -  cote 
sec*i4  +  t3Ln*A  =  i  +  asec*^  tan*^. 
tan  cr  +  tan  j3  =  tan  a  tan  (3  (cot  a  +  cot /3). 
(i  +  sin  a;  +  cos  x)*  =  2  (i  +  sin  x )  (i  +  cos  x). 

tan^  +  sec^-.  .  ^^^  +  ,ec^. 
tan^l  —  secvl  +  i 

cos*  X  ~  sin*  X  =  cos*  x  (i  —  tan  x)  (i  +  tan  x). 
cos*  X  +  sin'  X  sin*  y  +  sin*  x  cos'  y  =  i, 

(cos  a  cos  |8+sin  a  sin  ^  cost)*  +  (sin  a  cos  /3— cos  a  ain  (3  cos  7)* 
=  1  —  sin*/3sin*T. 
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CHAPTER  III 
SOLUTION  OP  RIGHT  TRUNGLBS  BY  NATURAL  FUNCTIONS 

16.  Tables  <rf  Natural  Fimctions.  In  the  preceding  chapter  we 
computed  the  functions  of  30",  45*  and  60°.  Later  we  shdi  learn 
how  to  compute  the  functions  of  any  given  angle.  Now  we  cannot 
remember  the  values  of  the  functions  for  all  angles,  and  the  com- 
putation by  which  the  values  are  determined  is  too  laborious  to  be 
repeated  each  time  the  value  of  a  particular  function  is  needed. 
For  this  reason  the  values  of  the  functions  for  every  degree,  minute 
and  second  from  0°  to  90°  have  been  computed  once  for  all  and  the 
results  tabulated  in  tables,  known  as  tables  of  natural  functions. 
Usually  such  tables  contain  the  sines,  cosines,  tangents  and  cotan- 
gents  of  angles  diilering  by  i  minute;  in  some  tables  the  angles 
differ  by  10  seconds,  and  in  still  others  by  only  i  second.  From  such 
tables,  the  value  of  the  sine,  cosine,  tangent  and  cotangent  may  be 
found  whaiever  needed,  and  conversely,  when  the  value  of  a  func- 
tion is  known,  the  corresponding  angle  may  be  found  by  use  of  the 
tables.  Secants  and  cosecants  are  not  given  directly  by  the  tables, 
but  may  be  found  indirectly  from  the  cosines  and  sines  respectively, 

ance  sec  4  =  — ^ ,  and  cacA  =  ^i-  , 
cosX  sm^ 

17.  To  Find  tiie  Natural  Functiotis  of  an  Angle  Less  than  90". 
a.   When  the  angle  is  less  than  45",  the  degrees  are  found  at  the 

head  of  the  column  and  the  minutes  in  the  left-)iand  column.  The 
number,  in  the  same  horizontal  line  as  the  minutes  and  in  the  same 
column  as  the  degrees,  is  that  function  of  the  angle  whose  name 
appears  at  the  head  of  the  column. 

ExAiCPLE  I.    To  find  the  sine  of  26°3i'. 

Solution.  We  find  the  column  in  the  table  of  natural  sines  and 
cosines  (specimen  page,  p.  40)  which  is  headed  by  36"  and  follow 
down  the  column  marked  sine  on  lop  tmtil  we  come  to  the  number 
4465  which  is  in  the  line  beginning  with  31'.  The  number  4465 
considered  a  dedmal  is  the  required  sine,  that  is, 
sin  ad^ji'  —  0.4465. 
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b.  When  thf  angle  is  greater  than  45°,  the  degrees  are  found  at  the 
foot  of  the  column  and  the  minutes  in  the  right-hand  column.  The 
number  in  the  same  horizontal  line  as  the  minutes  in  the  right-hand 
column  and  in  the  same  column  as  the  degrees  at  the  bottom,  is  that 
function  of  the  angle  whose  name  appears  at  the  foot  ef  the  column. 

Example  3.    To  find  cos  63"  29'. 

Solution.  We  find  that  column  in  the  table  of  natural  ^es  and 
cosines  (see  specimen  page)  which  has  63°  at  its  foot,  and  foUow  up 
the  column  marked  cos  at  the  bottom  until  we  come  to  the  number 
4465  which  is  in  the  horizontal  line  ending  with  39'.  The  number 
4465  considered  a  decimal  is  the  required  cosine,  that  is, 
cos  63"  29'  =  0.4465. 

v.  When  the  angle  consists  of  degrees,  minutes  and  seconds,  the 
result  obtained  for  the  given  degrees  and  minutes  must  be  corrected 
for  the  additional  seconds. 

Example  3.    To  find  sin  28"  46'  36". 

Solution.     28°  46'  36"  =  28°  46 .6'. 
From  the  table  we  find 

sin28°46'—  04812 
sin28''47'=  0.4815 
difference  for  1'  =  0.0003 
The  angle  28°  46.6'  whose  sine  we  seek  is  -^  the  way  between  the  two 
aisles  28°  46'  and  28°  47',  hence  we  take  for  its  ^e  the  sine  of  28°  46' 
increased  by  A  of  the  difference  between  sin  28°  46'  and  sin  28°  47'. 
■^  of  0.0003  =  0.00018,  or  O.O0O3  if  we  carry  4  decimal  places  <mly. 

Hence 

an  28°46'  36"  =  0.4812  +  0.0003  =  0.4814. 

Example  4.    To  find  cos  61°  13'  24". 
Solution.    61"  13'  24"  =  61°  13.4'. 
From  the  table  we  find 

cos6i''i3'  —  04815 

C036i''i4'  =  0.4812 

different^  for  i'  ™  0.0003 

■fg  of  0.0003  =  o.oooi  2,or  0.0001  if  we  carry  four  places  only,  and  since 

the  cosine  of  61°  13.4'  must  be  between  cos  61"  13'  and  cos  61°  14', 

cos  61°  13'  24"  "  o,48r5  —  0.0001  =  0.4S14. 
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Observe  that  in  Example  3  the  differeDce  was  added  to  the  sine  of  the 
smaller  angle,  while  in  Example  4  the  difference  was  subtracted  from 
the  cosine  of  the  smaller  angle.  This  is  because  as  the  angle  in- 
creases the  sine  increases  while  the  cosine  decreases.  For  the  same 
reason  the  difference  must  be  added  to  the  tangent  and  subtracted  from 
the  cotangent  of  the  smaller  angle. 

The  tangent  or  cotangent  of  an  angle  is  found  from  the  table  of 
natural  tangents  and  cotangents  in  exactly  the  same  way  that  the 
sine  or  cosine  is  found  from  the  table  of  natural  sines  and  cosines. 

ExAifPLE  S-    To  find  tan  63°  16' 32". 
Solution.    63°  16'  32"  ■  63°  i6.5i'. 
From  the  table  of  natural  tangents  and  cotangents  (see  specimen 
p^e,  p.  41)  we  find 

tan  63°  16'  =  1.9854 
tan  63°  17'  =  1.9868 
difference  for  i'  =  0.0014 
si  times  0.0014  =  0000747.  or  0.0007  to  four  places.    Hence 
tan  63°  16' 32"  =  1.9854  +  0,0007  =  1.9861. 

ExAHPLE  6.    To  find  cot  26" 43'  28". 
Solution.     26°  43'  2&"  =  26°43.4J'. 
From  the  table  (specimen  page) 

cot26''43'  =  1.9868 
cot  26°  44'  =  1.9854 
difference  for  i'  =  0.0014 
4I  of  0.0014  =  0-00065  f""  0.0007  to  four  places.    Hence 
cot  a6''43'  28"  =  1.9868  —  0.0007  —  1.9861. 

TTie  process  of  finding  the  value  of  a  function  of  an  angle  inter- 
mediate to  two  consecutive  angles  whose  functions  are  given  directly 
in  the  table,  is  called  inlerpoloHon.  Thus  in  Example  4,  cot  36°  43' 
and  cot  36°  44'  are  ^ven  directly  in  the  table,  while  cot  36°  43'  28", 
which  is  not  given  in  the  table,  was  found  by  interpolation. 

In  interpolating  we  assumed  that  the  increase  or  decrease  of  the 
function  is  proportional  to  the  increase  of  the  angle,  that  is,  we  assumed 
what  is  known  as  the  principle  of  proportional  parts.  Briefly  stated 
it  is  this, — 


D.qitizeabyG00l^lc 


38  PLANE   TRIGONOMETRY  [chap,  m 

For  small  changes  in  the  angle  the  change  in  the  function  of  an  angle 
is  nearly  *  proportional  to  the  change  in  the  angle. 

Example  7.  One  angle  of  a  right  triangle  is  25°  48.5'  and  the 
hypotenuse  is  235.0.    Find  the  remaining  sides  of  the  triangle. 

Solution.    In  the  adjacent  figure,  let  A  represent 
the  given  angle  and  c  the  hypotenuse. 

To  find  a  we  have,  ^.-lg*»''° 

-=■  sin^.or  a  =  csinX. 

^  —  ^35>  3^<^  from  the  table  we  have  sin  i4  =  0.4354, 

hence  a  -  235  X  0.4354  =  io2-3- 

To  find  b,  we  have, 

-=  cos^,or  ft  =  c  cos  A , 
c 

c  —  235,  and  from  the  table  we  have  cos  -4  =  0.9003, 

hence,  ft  =  335  X  0.9003  =  aii.6. 

To  check  our  results,  we  use  the  relation-  =  tan  A,  that  is,  if  our 

results  are  correct,  the  quotient  of  fl  by  ft  must  agree  with  the  value 
of  tan  A  as  found  from  the  table. 

7  =  — ^  —  0-4835,  while  tan  i4  as  given  in  the  table  is  0^836. 
0      211. 6 

The  difference  of  i  in  the  last  decimal  place  arises  from  the  neglected 
parts  of  the  decimals.  If  we  had  carried  out  the  work  to  five  signifi- 
cant figures  instead  of  four,  the  quotient  of  a  divided  by  ft  would 
have  been  0.4836. 

EXEKCISE    II 

All  the  functions  called  for  in  this  exercise  are  found  on  the  speci- 
men pages  of  ijatural  functions  on  pp.  40,  41. 

1.  Find  sin  26°,  cos  27"  30',  tan  25°  45',  cot  29°  59'. 

Ans.  0.43S4,  0.8870,  0.4823,  1.7332. 

2.  Find  cos  64°,  sin  62°  30',  cot  64°  15',  tan  60°  01'. 

Ans.  0.4384,  0.8870,  0.4823,  1.7332. 

*  We  say  nearly,  for  no  exact  proportion  exists,  no  matter  how  small  the 
change  in  the  angle.  All  we  can  say  b,  that  when  the  change  in  the  angle  is 
■mail,  the  principle  of  proportional  parts  gives  results  which  in  most  cases  are  suffi- 
ciently exact  fof  practical  purposes. 
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3.  Find  sin  38° 30'  24",  tan  61°  24' 36",  cos  60*30'  25". 

Am.  0.4773,  1-8349)  o-i9n- 

4.  Find  cos  25°  50' 10",  cot  28°  35' 50",  tan  27° 00' 30". 

Ans.  0.9001,  1.8471,  0.5097. 

5.  Find  sec  25°  35',  CSC  35°  28'.  Ans.  1.1087,2.3356. 
Solve  the  following  right  triang^s; 

6.  Given  an  acute  angle  A  =■  26°  15'  and  the  hypotenuse  £"=35.0; 
to  find  the  remaining  parts. 

Ans.   B  =  63°  4s',  a  =  15.5,  b  =  31.4. 

7.  Given  A  =  28°  50'  and  the  side  opposite,  a  =  150. 

Ans.   B  =  di'io',  A  =  272,  c  =  311. 

8.  Given  A  =  63°  40' 30"  and  the  side  adjacent,  b  =  363.  Find 
a  and  c  and  check  your  results. 

18.  To  Find  the  Angle  Less  than  90°  Corresponding  to  a 
Given  Natural  Function. 

a.  When  the  function  is  one  0}  the  numbers  given  in  the  table,  the 
angle  is  found  by  taking  the  number  of  degrees  which  st9.nds  at  the 
head  or  foot  of  the  column  according  as  the  name  of  the  function 
appears  at  the  head  or  the  foot  of  the  column  in  which  the  number 
b  found,  and  the  number  of  minutes  at  the  left  or  right  end  of  the 
line  in  which  the  number  is  found  according  as  the  degrees  have  been 
taken  from  the  top  or  the  bottom  of  the  column. 

ExAUPLE  I.    Find  the  angle  whose  sine  is  0.4633. 

Solution.  We  find  the  number  4633  in  the  column  which  has  27° 
written  at  its  head  and  62°  at  its  foot,  and  in  the  line  which  begins 
with  36'  and  ends  with  34'  (see  specimen  page,  p.  40).  Since  the 
given  number  is  a  sine,  and  the  name  "  sin  "  appears  at  the  head  of 
the  column  in  which  4633  is  found,  we  take  the  degrees  from  the  top 
of  the  column  and  the  minutes  from  the  left  of  the  line  in  which  4633 
is  found,  that  is, 

the  angle  whose  ane  is  04633,  or  sin"'  0.4633  =  37" 36'. 

Example  2.    Find  the  angle  whose  cosine  is  0.4633. 
Solution.    This  time  the  name  of  the  function  appears  at  the 
bottom  of  the  column  in  which  4633  is  found,  hence 

the  angle  whose  cosine  is  0.4633,  or  cos"'  0.4633  —  62°  24'. 
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b.   When  the  function  is  not  given  in  ihe  Uibk,  we  find  the  corre- 
sponding angle  by  reversing  the  process  by  means  of  which  we  find 
the  function  when  the  angle  is  given. 
Example  3.    tan  x  =  0.5492,  to  find  x. 

Solution.    The  number  5493  is  not  found  in  the  table  of  natural 
tangents  and  cotangents,  but  two  other  numbers  are  found  (see 
specimen  page),  namely,  5490  and  5494,  one  of  which  is  a  little 
smaller,  the  other  a  little  larger  than  the  given  number. 
0.5490  =  tan  28°  46' 
0.5494  =  tan  28°  47', 
It  is  plain,  therefore,  that  x,  the  angle  whose  tangent  is  0.5492,  is 
somewhere  between  28°  46'  and  28^47'.    Applying  the  principle  of 
proportional  parts  we  have, 

X  —  28°  46'      ^      tan  a:  —  tan  28°  46' 
28° 47'  —  28^46'      tan  28'  47'  —  tan  28°  46' 
that  is, 

j:  — 28°46'  ^  0.5492  —  0.5490  _  o.oooa  ^  2  _  1 
i'or6o"       0.5494  —  0.5490      0.0004      4      2 
and  solving  for  x, 

X  =»  28°  46'  +  i  of  60"  =  28°  46'  30". 
It  is  not  necessary  to  go  through  all  this  work  each  time.    All  we 
need  to  remember  is  that  the  smaller  of  the  two  angles  between 
which  X  Ues  must  be  increased  by 

where 

D  is  the  difference  (without  regard  to  the  decimal  point)  between 
the  functions  of  the  two  angles  between  which  x  lies, 

d  is  the  difference  (without  regard  to  the  decimal  point)  between 
the  function  of  the  smaller  angle  and  the  given  function. 
Example  4.    tan  x  =  1.9887,  to  find  x. 
Solution.     From  the  table  (specimen  page) 
1.9883  =  tan  63°  18' 
1.9897  =  tan  63°  19' 
D  =  19897  —  19883  =  14, 
d  =  19887  -  19883  =  4, 
X  =  63°  18'  +  A  of  60"  =  63°  18'  17". 
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Example  5.     a)s  x  =  04767,  to  find  x. 
Solution.    From  the  table 

0.4769  =  cos6i°3i' 

0.4766  =  cos6i°32' 
O  -  4769  -  4766  =  3. 
d  =  4769  -  4767  =  a, 
x^6i°3i'+i  of  60"  «  6i''3i'4o", 

19.  Accuracy  of  Results.  Wben  an  angle  has  been  obtained  from 
a  four-place  table  (a  table  giving  four  places  of  decimals  only),  the 
number  of  seconds  in  the  angle  found  cannot  be  relied  upon  with 
certainty.  This  is  best  shown  by  considering  a  special  example,  as 
Example  4  above. 

Since  the  taogents  are  given  to  four  places  only,  the  actual  value 
of  tan  63°  18'  is  not  necessarily  1.9S83,  but  may  have  any  value 
between  1.98825  and  1.98835. 

Similarly  the  actual  value  of  tan  63°  19'  may  be  any  number  be- 
tween 1.98965  and  1.98975. 

Hence  D,  the  difference  between  tan  63°  19'  and  tan  63°  18',  is  not 
oecessarify  0.0014,  but  may  be  any  number 

less  than  1.98975  —  1.98825  =  0.00150, 
and  greater  than  1.98965  —  1.98835  =  0.00130. 

Again,  tan  x,  four  places  only  being  given,  may  have  any  value 
between  1.98865  and  t.98875,  so  that  d,  the  difference  between  tan  x 
and  tan  63°  18',  may  be  any  number 

less  than  1.98875  —  1.98825  —  0.00050, 
and  greater  than  1.98865  —  1.98835  =  0.00030. 
Hence, 

-  of  60"  may  be  any  number  less  than  -^  of  60"  =■  23", 
D  130 

and  greater  than  -^  of  60"  =>  1 2", 
ISO 

The  conclusion  is  that  the  result  63°  18' 17"  previously  given  is 
uncertain  by  as  much  as  6". 
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From  the  example  just  given,  it  appears  that  the  amount  by 
which  the  result  obtained  from  a  table  is  uncertain  depends  upon 
the  difference  D,  which  varies  not  only  for  different  functions  of  the 
same  angle,  but  also  for  the  same  function  of  different  angles.  No 
general  rule  can  be  laid  down  to  cover  the  amount  of  uncertain^  in 
all  cases.  If  absolute  certainty  in  the  number  of  seconds  is  required, 
a  seven-place  table  should  be  used,  giving  the  values  of  the  functions 
from  second  to  second  for  small  angles,  and  for  intervals  of  lo"  for 
larger  angles. 

When  a  four-place  table  is  used,  and  no  special  consideration  is 
given  lo  the  nature  of  the  diferences  involved,  the  number  of  seconds  of 
an  angle  obtained  by  interpolation  cannot  be  relied  upon. 

The  following  rules  will  be  of  some  aid  to  beginners: 

1 .  An  angle  less  than  4$°  can  be  obtained  more  accurately  from  a  sine 
than  from  a  cosine,  while  an  angle  greater  than  4$°  can  be  obtained 
more  accurately  from  a  cosine  than  from  a  sine. 

This  b  because  the  sines  of  angles  less  than  45°  vary  more  than  the 
cosines,  and  at  the  same  time  the  principle  of  proportional  parts  is 
more  nearly  true  for  dnes  of  small  angles  than  for  codnes,  while  the 
opposite  is  true  for  angles  greater  than  45°. 

2.  Very  small  angles  can  be  obtained  with  greater  accuracy  by  inter- 
polation from  tangents  than  from  cotangents,  while  angles  near  go°  can 
be  obtained  with  greater  accuracy  from  cotangents  than  from  tangents. 

The  reason  for  this  lies  in  the  fact  that  the  principle  of  propor- 
tional parts  ceases  to  apply  to  cotangents  of  small  angles  and  to 
tangents  of  angles  near  90°. 

Exercise  is 
Find  the  following  angles: 

sin"'  a4904,  cos"'  0.4904,  tan"'  1.8940,  cof'  1.8940. 

Ans.   29°  22',  60°  38',  63°  10',  27°  50'. 
sm~'  0.4267,  cos"'  04900,  tan"'  2,1036,  cot"'  0.5644. 

Ans.    25°  is'3o"j  60°  39' 30",  64° 34' 30",  60° 33' 30". 
col"'  2.1441,  tan"^  0-4737.  tan"'  1.7611,  cot"'  1.7611. 

Ans.   25°  00'  is",  as''2o'4s",  60°  24' 40",  29° 35' 20*, 
Show  that  sin"'  0.4250  +  sin"'  0.905a  =  90°. 
Show  that  sin"'  0.4488  +  sin"'  04746  =  55°. 


D.qitizeabyG00l^lc 


Jo|       SOLUTION  OF  RIGHT  TRIANGLES  BY  NAT.  FUNCTIONS      45 

6.  If  tan"'  0.5000  +  tan"'  x  =  87° 34',  find  x. 

Ans.  X  =  1.S040. 

7.  In  a  right  triangle  one  side  b  =  4.63  and  the  hypotenuse  c  =  10.0. 
Find  the  included  angle  A.  Ans.  A  —  62°  25'. 

(Suggestion,    cos  A=  b/c.) 

8.  In  a  right  triangle  the  hypotenuse  c  =  35.00  and  the  side 
a  =  31.29.     Find  the  angle  opposite  a,  and  the  third  side  b. 

•  Ans.   A  =  63"  23',  b  =  15.68. 

9.  Two  sides  of  a  right  triangle  are  a  =  475.0,  b  =  237.5,  Find 
the  angles  A  and  B  and  the  hypotenuse  c. 

Ans.   A  =  63°  26',  B  =  26°  34',  c  =  531  I. 

10.  Determine  the  uncertainty  in  the  number  of  seconds  of 
tan"'  2.I2II  as  given  by  a  four-place  table,  assuming  the  principle 
of  proportional  parts.  Ans.   tan"*  2.1211  —  64''45'3o"  ±  3". 

20.  Solution  of  Right  Triangles  by  Natural  Functions.  In  order 
to  solve  a  right  triangle,  two  parts  must 
be  given  besides  the  right  angle,  and  one 
of  these  parts  must  be  a  side. 

Let  ABC  be  any  right  triangle,  A,  B,  C 
the  angles,  and  a,  b,  c  the  corre^>onding 
Rb-  n-  sides.    Then 

-  =  sin^,  (i),       -=cosA,U),       ?=tan^,  (3). 
c  c  b 

These  three  equations  are  sufficient  for  the  solution  of  any  right 
triangle,  for, — 

If  one  of  the  given  parts  is  an  angle,  we  may  call  this  angle  A,  and 
the  other  given  part  must  be  either  a,  b,  or  c; 

I.   Given  A  and  a;  then  (3)  gives  b,  and  (i)  gives  c. 
II.   Given  A  and  b;  then  (2)  gives  c,  and  (3)  gives  a. 

III.  Given  A  and  c;  then  (i)  gives  a,  and  (z)  ^ves  b. 

If  the  given  parts  are  both  sides,  there  are  three  more  cases,  — 

IV.  Qven  a  and  6;  then  (3)  gives  A,  and  c  is  found  as  in  I  or  II. 
V.   Given  b  and  c;  then  (2)  gives  A ,  and  a  is  found  as  in  II  or  HI. 

VI.   Given  canda;  then  (i)  gives  A,  and  £  is  found  as  in  III  or  I. 
Since  A  and  B  are  complementary,  B  may  always  be  found  from 
the  relation  A  +  B  =  90". 
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It  is  not  necessary  to  consider  the  various  cases  of  right  triangles 
separately,  for  the  foUowing  simple  rule  governs  all  cases: 

Employ  that  ^gonometrU,  funclum  of  the  angle  which  immlves  the 
two  sides  under  amsideralion.  The  two  sides  may  both  be  given,  or 
one  may  be  given  and  the  other  required  to  be  found. 

ExAMPi£  1.  Given  one  side  of  a  right  triangle  equal  to  418.5, 
and  the  hypotenuse  equal  to  614.0;  required  the  other  parts. 

Solution.  Denote  the  given  side  by  a  or  b,  let  us  say  by  b,  and  the 
hypotenuse  by  c.    We  then  have 

Given  b  =  41S.5,  :  Required  A  =47°  oa', 

c  =  614.0.  y/  B  "42"  58', 

;^      „  ''-449-3- 

I.  To  find  .4.  V 

We  have-  /h-.,.,*  cos  A  =  ^  =  4^  =  0.6816, 


and  from  the  table 
2.  To  finds. 


614.0 

cos-'  0.6816  =  47°  oj'. 
90°,  hence  B  -  90°  —  47"  oj'  =  43°  58'. 


3.  To  find  fl. 
From  {3),  a  =  b  tan  A. 

From  the  table  tan  A  =  tan  47°  02'  =■      1.0736 

b=  418.5 

MuIUplyii^,  a  =  449.3 

4.  Check.  To  guard  against  possible  mistakes,  the  answers  should 
be  tested  by  some  formula  which  has  not  already  been  used  in  ob- 
taining the  answers.  Now  in  solving  a  right  triangle  we  never  use 
more  than  two  of  the  three  formulas  (i),  (a),  (3),  hence  the  third 
may  always  be  used  as  a  check.  In  the  present  problem,  (z)  was 
used  in  finding  A,  and  (3)  in  finding  a,  hence  we  may  test  our  re- 
sults by  using  (i),  that  is,  if  our  results  are  correct  they  should 
satisfy  the  relation  (i),  or 

a  =  cmtA 
^  A  =  an  47° 02'  =      0.7318 
c  =  614 

Multiplying,  we  get  a  =  449-3' 

which  agrees  with  the  value  of  a  as  determined  above. 

Note.  We  migbt  have  used  the  relation  ii*+i'=c' asa  check,  but  this  would 
have  required  more  worit. 
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ExAUPLE  3.  Given  one  angle  of  a  right  triangle  equal  to  36°  50', 
and  the  hypotenuse  equal  to  3.12;  to  solve  the  triangle. 

Solution.  Denote  tJie  angle  by  A,  and  the  hypotenuse  by  c,  then 
we  have,  — 


Given  A  -  36°  50', 
c  =  3.12. 

I.  To  find  a. 

/!^<. 

/ 

Required  a  =  1.87, 
ft  =  a.50, 
B  =  53"  10'. 

From  (i), 
From  the  table. 

Multiplying, 
a.   To  find  ft. 
From  (2), 
From  the  tables, 

sin  A  =  sin  36"  50'-=  0.5995 
c=                    3.12 
a  -  1.870 

ccosA. 

cos  36°  50'=  0.8004 

=  2.497 


Multiplyii^, 

3.  To  find  B. 

j1  +  S  =  90",  hence  5  =  90°  —  36°  50'  =  53°  10'. 

4.  Check.    Having  already  used  (i)  and  (z),  we  use  (3). 

a  =  ft  tan^. 
From  the  tables,  tan  A  =  tan  36"  50'=  0,7490 

6=  2.497 

Multiplying,  we  get  a  =  1.870, 

which  agrees  with  the  value  of  a  as  obtained  above. 

Instead  of  referring  to  equations  (1),  (2),  and  (3),  it  is  better  to 

write  down  from  the  triangle  under  consideration  that  ratio  which 

is  needed  to  solve  for  a  particular  side  or  angle.    The  method  will  be 

sufficiently  dear  from  an  example. 

Example  3.    Given  ij>  =  15°  25', 

M  -  345- 


Solution. 
I.   To  find  fl. 


Required  0  =  74"  35', 
n=i35i, 
p  =  1298. 


fl  +  ^  =  90',  fg^ 

ff  =  90°  -  is"  as'  =  74"  35'-   Fig,  16. 
2.  To  find  n.    Since  <p  and  m  are  given,  we  must  use  that  functicm 
of  <f)  which  involves  «  and  the  given  side  m. 

—  =  tan0,    or    w  =- mcot^  =  345  X  3.6264  =  1351.1. 
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3.  To  find  p.  We  use  that  function  of  ^  which  involves  p  and 
the  given  side  m. 

^=8in^,    or    J  =  ^  =  ^3^  =  1298. 
p  sin0      0.2658 

4.  Check.    If  our  results  for  f,  n,  and  p  are  correct,  we  should  have 

-  =  sin#,     or    »=  ^  sin  ff  =  1298  X  0.9640=  1251.3. 
P 

In  this  case  there  is  a  slight  discrepancy  between  the  result  of  the 
check  and  the  value  of  n  as  found  in  2.  This  is  due  to  the  fact  that 
we  have  given  the  value  of  »  to  five  places  while  the  table  gives  but 
four  places.    The  values  to  foul  places  agree  exactly. 

Exercise  13 

Solve  the  following  right  triangles.  Check  your  results  when  the 
answers  are  not  given. 

I.  Given  a  =  10.00,  A  =  25°;  find  h  =  21.45,  ^  =  23.66. 
a.   Given  6  =  256,  A  =36°  30';  find  a,  B,  and  c. 

3.  Given  c  =  350,  A  =  56° 45';  find  B  =  SJ^iS'.  0=  *93,6=  192. 

4.  Given  a  =  346,  B  =  50°;  find  the  other  parts. 

5.  Given  c  =  45.7,  B  =  44*50';  find  a  =  324,  b  =  32.2. 

6.  Given  b  =  13.5,  B  =  28''4o';  solve  the  triangle. 

7.  Given  a  =  170,  6  =  350;  find  A  =  25°  54',  B  =  64"  06',  c  =  389. 

8.  Given  a  =  0.81,  c  =  2.54;  solve  the  triangle. 

9.  Given  b=  6.S7,c-  10.6; find ^4  =  st''42',B  =  38°i8',i»  =  8.32. 

10.  Find  the  altitude  of  an  isosceles  triangle  whose  base  is  368, 
and  whose  equal  sides  make  an  angle  of  64°.  Ans.   294. 

II.  Find  the  perimeter  and  area  of  a  regular  pentagon  inscribed 
in  a  circle  whose  radius  is  10.  Ans.   58. 78,  237.76. 

1 2.  Show  that  the  area  of  any'right  triangle  is  equal  to 
either  one  of  the  expressions  ^  be  sin  A  or  ^  ac  sia  B. 

13.  In  the  right  triangle  ABC,  Fig.  27,  AB  =  338, 
angle  B  =  40°;  show  how  to  find  the  length  of  the 
median  AM,  the  length  AS  of  the  bisector  of  the 
angle  A,  and  the  angle  included  between  these  two.  Fig.  37. 


D.qitizeabyG00l^lc 


»t]       SOLUTION  OF  RIGHT  TRIANGLES  BY  NAT.  FUNCTIONS      49 

14.  An  oblique  triangle  ABC  has  AB=  lao,  BC^  150,  and  the 
angle  B  =  6i°$q';  solve  the  triangle. 

Ans.  AC  =  153,  A  ==  65" 41',  C  =  46° 4g'. 
(Suggestion.     Drop  a  perpendicular  from  ^4  or  C  to  the  opposite 
side,  dividing  the  triangle  into  two  right  triangles.) 

15.  Given  one  side  of  an  oblique  triangle  equal  to  57.3,  and  the 
adja(%Qt  angles  equal  to  35° 45'  and  75° 30'  respectively;  find  the 
remaining  parts.  Ans.   59.5,  35.9,  68" 45'. 

(Suggestion.    Draw  the  altitude  from  a  vertex  adjacent  to  the 
given  side.) 
21.  Right  Triangles  Having  a  Small  Angle. 
Oven  tke  hypotenuse  c  and  a  side  b  of  a  right  triangle,  to  solve  the 
triangle  in  case  b  and  c  are  nearly*egual. 
.- — 1       The  angles  A  and  B  are  given  by  the  reladon 

cos  A  =  -  =  sin  B. 
Fig.  38.  c 

It  is  apparent  from  the  figure  that  if  &  is  nearly  equal  to  c,  angle  A 

must  be  very  small  and  angle  B  must  be  neariy  equal  to  90°. 

By  examining  the  table  of  natural  sines  and  cosines  it  will  be  seen 
that  for  small  angles  the  cosines  are  so  nearly  equal  that  there  is  no 
difference  at  all  in  the  first  four  places,  and  similarly  the  sines  of 
angles  near  90°  are  nearly  equal.  Thus,  so  far  as  the  table  shows, 
all  angles  from  0°  to  0°  34'  have  the  same  cosine,  and  likewise  all 
angles  between  o''34'  and  0°  60',  between  i^oo'  and  1°  16',  etc.  It 
follows  that  a  small  angle  cannot  be  accurately  found  from  its  cosine 
nor  an  angle  near  go°  from  its  sine. 

To  avoid  using  the  co^e,  the  following  formula  is  used  whenever 
the  given  parts  6  and  c  are  nearly  equal,  — 


\  c  +  b 


c  +  b 

Proof.    Let  ABC  be  any  right  triangle,  b  the  base,  a  the  altitude, 
c  the  hypotenuse.    Produce  CA  to  O,  making  ^ 

AO=c.  JoinOandB.  Now  angled  (=  C^IS) 
=  angle  AOB  -\-  angle  ABO,  hence  since  tri- 
angle  AOB  is  isosceles,  angle  A  =  twice  the 

Fig.  a). 


D.qitizeabyG00l^lc 


Example  i. 
Solution. 


PLANE  TRIGONOMETRY  [ch, 

Given  b  =  25.7,  c  -  26.8;  to  find  A,  B,  and  a. 
c  —  b  =  26.8  —  25.7  =  I.I, 
c  +  A-  26.8+  25.7  =  52.5. 


=  y  — ^—  =  V  0.020952  = 
=  8°  14',    A  =  16*28', 


3.1447, 


S  -  90°  -  16"  28'  =  73"  32'. 
0  =  6  tan  A  =  25.7  X  0.2956  =  7-6. 
Check.  a*  =  c'-l)'={c~b){c+b). 

0*  =  (7.6)*  =  57.76, 
'(c  -  i)(c+  6)=  1.1  X  sa-S  =  57-75- 
Exercise  14 

1.  Given  h  =  4.75,  c  =  5.25;  solve  the  triangle. 

Ans.  A  =  2$°  13',  B  =  64°  47',  a  =  2.24. 

2.  Given  a  =  9.6,  c  =  10.4;  solve  the  triangle  and  check  your 
results. 

3.  Showthat  taii-  =  ^-^. 

4.  From  Fig.  29  show  that  sin  -  =  \/^^^,  cos-  =  \/^-^ . 

2  •       2C  2  *        2C 

22.  Historical  Note,  The  use  of  tables  of  natural  functions 
dates  back  to  antiquity.  In  the  second  century  B.C.,  Hipparchus,  a 
Greek  astronomer  and  mathematician,  constructed  tables  of  chords 
(double  sines)  which  answered  the  same  purpose  as  a  table  of  sines. 
The  tables  of  Hipparchus  have  been  lost.  The  oldest  table  now 
extant  is  that  of  Ptolemaus  (second  century  A.D.),  givmg  double 
sines  from  minute  to  minute  with  an  accuracy  which  in  our  system 
of  numeration  would  be  expressed  by  five  places  of  dedmab. 

Hindu  mathematicians  as  early  as  the  fifth  century  A.D.  were  in 
possession  of  a  small  table  which  they  memorized,  very  much  as  we 
memorize  our  multiplication  table.  Values  not  given  in  the  table 
were  computed  from  memory  as  occasion  required,  by  means  of  a 
formula  put  in  verse. 

The  first  table  which  approached  in  extent  and  arrangement  the 
tables  now  in  use  is  the  "  Canon  doctrine  triangulorum  "  of  Rheti- 
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cus  (1551).  This  table  gives  each  of  the  six  functions  for  intervals 
of  to"  from  o  to  45.  Like  present  tables,  the  degrees  and  seconds 
proceed  from  top  to  bottom  in  the  left  marginal  columns,  while  the 
complementary  angles  proceed  from  bottom  to  top  in  the  right 
marginal  columns.  Later,  Rheticus  prepared  a  second  table  for 
which  the  sines  of  angles  for  intervals  of  10"  were  computed  to  15 
places  of  decimals,  though  only  10  places  were  retained  in  the  "  Opus 
Palatinum,"  the  name  under  which  the  table  was  published. 

Rheticus'  table  contained  numerous  errors,  which  were  largely  re- 
moved by  Fitiscus,  an  indefatigable  arithmetician  of  the  seventeenth 
ceDtury.  In  addition  to  revising  the  existing  tables  he  computed 
anew  the  sines  of  angles  from  0°  to  7°  for  intervals  of  i'  to  from  20 
to  35  places  of  decimals.  Pitiscus's  improved  tables  were  published 
in  1613  under  the  title  "  Thesaurus  mathematicus."  These  tables 
formed  the  basis  of  aU  subsequent  tables,  until  the  discovery  of 
improved  methods  of  computation  in  recent  times  has  made  it  com- 
paratively easy  to  check  old  tables  or  to  compute  new  ones. 

23.  Review. 

1.  (a)  Define  trigonometry,  explain  the  etymology  of  the  word 
and  tell  how  the  science  originated,  (b)  Define  in  words  the  sine, 
cosine,  and  tangent  of  an  acute  angle,  (c)  Define  the  secant,  co- 
secant, and  cotangent  of  an  angle.  ((Q  What  is  meant  by  theversine 
and  coversine  of  an  angle  ? 

2.  (a)  Name  three  pairs  of  functions  such  that  in  each  pair  either 
is  the  cofunction  of  the  other,  (6)  Explain  the  origin  of  the  terms 
cosine,  cosecant,  and  cotangent,  (c)  Prove  that  sin  .4  =  cos  (90°  —  A), 
cosA=  sin  (90°  —  ^),tan-4=  cot  (90°  ~  A),  {d)  Express  sin  76°  40' 
as  a  function  of  an  angle  less  than  45°. 

3.  (a)  Construct  the  following  angles:  sin"'  J,  cos"'  0.4,  tan"'  0,5, 
cot"'  3,  (b)  Give  from  memory  the  values  of  the  sine,  cosine,  and 
tangent  of  each  of  the  following  angles:  0°,  30°,  45°,  60°,  90°- 
(c)  Draw  a  %ure  and  deduce  the  functions  of  30°  and  45°. 

4.  (a)  Name  three  pairs  of  functions  such  that  in  each  pair  either 
function  is  the  reciprocal  of  the  other.  (&)  Prove  the  relations 
sin'^  +  cos*  .4  —  I,      tan*^  -|-  i  =  sec' -4,      cot*  .,4  +  i  =  csc*^, 

tan  A  = .     (c)  Given  sin  ^  =  - ,  find  each  of  the  other  func- 

cos.i4  5 

tions  ot  A.    (d)  Express  each  of  the  functions  of  A  in  terms  of  tan  .4 . 
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5.  (a)  Reduce  to  its  simplest  form  the  expression 

cosX       I       sim-X" 
I  —  tan  X      I  —  cot  .y 
(b)  Prove  the  Identities,  — 

secA  +  CSC  A  _  tan /I  +  i  _  i  +  cot  A 
sec  il  —  CSC  A      tan  A  —  i      1  —  cot  A 

6.  (a)  What  is  meant  by  a  table  of  natural  functions?  (b)  Which 
functions  increase  and  which  decrease  as  the  angle  increases  from 
0°  to  90°  ?  (c)  What  is  meant  by  the  term  "  interpolation"  ?  by 
the  "  principle  of  proportional  parts"  ?  (d)  How  would  you  find  the 
secant  of  a  given  angle  7  (e)  Can  a  small  angle  be  found  more 
accurately  from  its  sine  or  from  its  cosine  ?  Why  ?  (/)  Can  a  small 
ai^le  be  found  more  accurately  from  its  tangent  or  from  its  cotan- 
gent ?    Why  ? 

7.  (fl)  There  are  four  different  cases  of  right-triangle  problems 
according  as  the  given  parts  are:  I.  The  hypotenuse  and  an  angle, 
n.  One  side  and  an  angle.  III.  One  side  and  the  hypotenuse. 
IV.  Two  sides.    Show  how  to  solve  each  case. 

8.  Prove  the  formula  tan  —  =  \/^ — r ,  and  write  down  a  similar 

B  '        *c+6 

formula  for  tan  — . 

2 

g.  A  flagstaff  AB  stands  on  top  of  a  tower.  To  determine  its 
height,  a  distance  OP  500  feet  long  was  measured  off  in  a  horizontal 
direction  from  the  foot  of  the  tower.  At  P  the  angles  OPA  and 
OPS  were  measured,  and  were  found  to  be  22°  and  28°  respectively. 
Find  the  length  of  the  flagstaff  by  natural  functions,  also  by  the 
graphic  method,  and  compare  your  results. 
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LOGASITHUS 

21.  DeflnitioD  of  Logarithm.  The  numbers  lepresenting  the 
given  parts  of  a  triangle  and  other  numbers  obtained  by  careful 
measurement  usually  contain  three  or  four  significant  figures  and 
sometimes  five,  six,  or  it  may  be  even  seven  significant  figures. 
Multiplication,  division,  the  extraction  of  roots  and  raising  to  powers 
of  such  numbers  by  the  ordinary  methods,  require  a  great  deal  of 
tedious  labor,  most  of  which  may  be  avoided  by  using  another 
method  of  computation,  known  as  the  method  of  logarithms.  This 
method  requires  the  use  of  tables,  by  the  aid  of  which  multiplica- 
tion of  two  or  more  numbers  is  accomplished  by  adding  certaiiL 
other  numbers  found  in  the  tables.  Similarly  dividon  is  reduced  to  a. 
mere  subtraction  of  two  numbers  found  in  the  tables.  To  raise  to  a 
power  or  to  extract  a  root  of  a  number,  the  corresponding  number  in 
the  table  is  multiplied  or  divided  by  the  index  of  the  power  or  root.* 

The  method  of  logarithms  presupposes  that  when  some  positive 
number,  different  from  unity,  has  been  chosen,  every  other  positive 
number  can  be  expressed  as  some  power  (integral,  fractional,  nega- 
tive, or  incommensurable)  of  this  number.  Thus,  if  a  is  some  pod- 
rive  number  not  equal  to  one,  and  N  any  positive  number,  we  assume 
that  a  number  x  can  always  be  found  such  that 
a'  =  N. 

This  number  x  is  called  the  logariihm  of  N  to  the  base  a,  and  is 
usually  written 

X  =  logaiV, 

in  words: 

*  71w  uaefuliiesa  of  the  method  of  logaiithms  may  be  anticipated  from  the 
testimony  of  Laplace,  the  great  French  aatiooomer,  who  said  the  method  of  log- 
arithms "  by  ledudng  to  a  few  daya  the  labors  of  many  months,  doubles,  as  it  were, 
the  life  of  an  astronomer,  besides  freeing  him  from  the  errors  and  disgust  inscpa* 
rable  from  long  calculation,"  The  advantages  which  the  use  of  logarithms  offers 
to  the  astronomer  are  shared,  of  course,  by  a!l  others  who  deal  much  with  numeri- 
cal calcuIatiMi. 

53 
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The  logarithm  *  of  a  number  to  a  given  base  is  the  exponent  of  the 
power  to  which  the  base  must  be  raised  to  produce  the  number. 
For  example,  since 


io'=  loo,               2  =  logioico; 

lo-^iooo,             3  =  Iog.oiooo; 

lo*  =  3.1623,         i  =  logie3-i623; 

;o"'  =  0.1,          —I  =  logioci; 

..5)' =  0.25,            2  =  logo.60.25; 

a?' =  9.                 i  =  logs7  9; 

=  64,    6  =  logi  64,    3  =  1(^4  64,     a 

:  =  log,64. 

'26.  Fundamental  Laws  Govenung  Logaiithms.  Since  loga- 
rithms are  exponents,  the  laws  of  logarithms  are  the  same  as  the 
laws  of  exponents.    Now  the  laws  of  exponents  are,  — 

(a)   A" .  ar  =  &'+', 

X  is  the  l<^rithm  (exponent)  of  the  first  factor, 
y  is  the  logarithm  (exponent)  of  the  second  factor, 
a:  +  y  is  the  logarithm  (exponent)  of  the  product; 
hence, 

The  logarithm  of  the  product  of  two  factors  is  equal  to  the  sum  of  the 
logarithms  of  the  factors,  or 

If  P  =  M-N,  log  i'  =  log  W  +  log  .v. 

Similarly, 

If  P=L'M'N ,  log  i'= log  L  +  log  3/  +  log  AT^-  •  •  . 

Thus  log  IS  =  log  3  + logs,        log  30=  log  2  + log  3  + log  5- 
(6)  a-  -i-  a'  =  a--', 

X  is  the  logarithm  (exponent)  of  the  dividend, 
jp  is  the  logarithm  (exponent)  of  the  divisor, 
a:  —  y  is  the  logarithm  (exponent)  of  the  quotient; 
hence, 

*  From  loios  •  ratio,  and  aritkmos  —  number,  so  called  by  the  Scotch  mathe- 
matician John  Napier,  one  of  the  inventora  of  logarithms,  because,  as  originally 
conceived  of,  logarithms  were  a  set  of  numbers,  as 

h,  k,  I,  m,  n,  etc., 
corresponding  to  a  second  set  a*,  a*,  a*,  a"',  a",  etc., 
the  second  set  being  90  chosen  that  the  ratio  between  any  a 
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The  logarithm  of  the  qttotimt  of  ta/o  numbers  is  equal  to  the  logarithm 
of  the  dividend  diminished  by  the  logarithm  of  the  divisor,  or, 

If  Q  =  M-i-N,  iogQ  =  IogAf-IogiV. 

Thus  log  S  =  log  5  -  1(«  3. 

W  (a-)-  =  a« 

I  is  the  logarithm  of  the  quantity  which  b  to  be  raised  to  the 
nth  power,  nx  is  the  logarithm  of  the  resulting  power;  hence, 

The  logarithm  of  any  power  of  a  number  is  equal  to  the  logarithm  of 
the  number  multiplied  by  the  index  of  the  power  to  which  it  is  to  be  raised, 
or 

If  P'N",  logP^nlogN. 

Thus  log  3'=  5 1*^3- 

(d)        ^  =  a- 

X  is  the  logarithm  of  the  quantity  whose  ifth  root  is  to  be  extracted, 

-is  the  logarithm  of  the  resulting  root;  hence. 

The  logarithm  of  any  root  of  a  number  is  equal  to  the  logarithm  of 
the  manber  divided  by  the  index  of  the  root  to  be  extracted,  or 

If  P'=W,  logi'  =  !2£^. 

» 

Thus  log  V17  =  i  log  17. 

26.  LogarithmB  of  Special  Values. 

(a)  j>  =  a,  hence  loga  =  i,  that  is. 

The  logarithm  of  the  base  is  i. 

ip)  Any  number  divided  by  itself  is  i,  but  by  the  law  of  expo- 
nents a-i-  a  =  a°,so  that  a°  =  i,  and  therefore  logo  1=0,  that  is, 

The  logarithm  of  1  to  any  base  is  o. 

(c)  By  Art.  25  (6),  log^-  log  i  —  log  N,  and  by  (6)  of  this 
article,  1(^  i  —  o,  hence 

that  is. 

The  logarithm  of  the  reciprocal  of  any  number  is  equal  to  minus  the 
logarithm  of  the  number. 
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Definition.    The  logarithm  of  the  reciprocal  of  a  number  is  caUed 
the  COLOGASTTHM  *  of  the  number. 
Thus 

logio  10=  I,  hence  iogm  Vo  ™  —  i  =  cologio  lo; 

logioioo  =  2,  hence  logiD  yiiF  ■-  —  2  =  cologisioo; 

logio  3.1623  =  J, 

Since  ■rr  "  -^  •  -^  >  ^e  have 

N  N 

log  1^  =  log  jtf  +  log  ^  =  log  J/  +  colog  N, 
that  is, 

The  logarithm  of  the  quotient  of  two  numbers  is  equal  lo  the  logarithm 
of  the  dividend  plus  the  cologarithm  of  the  divisor. 

Exercise  15 
I.  Given  s*  =  '^g,  5*  =  35,  5'  =  5;  write  down  the  logarithms  to 
the  base  5,  of  125,  25,  5,  j,  ^,  yis- 

3.  Given  log*  2  =  0.5,  lc^8i  =  4,  logio  3.1623  =  0.5,  logja  =  c; 
write  down  equivalent  expressions  free  from  the  symbol  log. 

Ans.  4"*  =  2,  3*  =  81,  etc. 

3.  Find  logj  27,  logio  10,000,  loga  a,  logi  ^,  logo  a'. 

Ans.   3,  4,  I,  -3.  }• 

4.  Express  in  terms  of  log  2,  log  3,  and  log  5,  the  following: 

log  15,  log  —  ,  log^,  log  100,  log*/^,  log— j-^. 
36  V  2  ^60 

Ans.  log  3  +  log  5,  log  a  +  log  5  -  log  3,  It^  5  ~  log  2  -  log  3, 
2  {log  2  +  log  5),  J  (log  3  + logs-log  2),  T^i  log  2  + J§  1(^3+ A  log  5. 

5.  Given  logioz  =  0.30103,  logio  3  =  0.477^ J.  logio  5  =  0.69897; 

find  logio4,  logioo.3,  logii)0.75,  logio  'Vg,  logioV^^-?. 
t    729 

Ans.   0.60206,  —  I  +  o.477i2,t  —  I  +  0.87506,  0.23299,  0.12224. 

*  Whenever  x  +  y  =  constant,  x  and  y  are  said  to  be  complements  (more 
specifically  arithmetic  complements)  of  each  other.  Now  log  x  +  log  —  ■■  log  i 
=  constant,  hence  log  -  is  the  complement  of  log  x,  which  on  contraction  becomes 
colog  X. 

t  When  10  is  the  base,  the  logarithm  is  always  written  so  that  the  fractional 
part  is  positive. 
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6.  If  t  —  184,  c  ™  59;  find  the  logarithm  of  y  r^^.  a°d  also  of 
fi-  <?.  Am.  0.14434,  448251- 

7.  Show  that  the  fractional  part  of  a  logarithm,  to  the  base  10,  is 
not  chained  if  the  number  is  multiplied  by  10,  or  by  a  power  of  10, 

8.  Compute  to  four  places  of  decimals  the  numbers  whose  \o^- 
rithms  to  the  base  10  are  \,  \,  \,  ^. 

Am.  3.1623,  1.7783,  2.1544-  1.4678. 

27.  The  Common  System  of  Logarithms.  Each  different  base 
determines  a  different  system  of  It^arithms.  The  system  in  com- 
mon use  has  10  for  its  base,  and  is  called  the  common  *  sysiem  of 
Ic^arithms.  Common  logarithms  have  been  carefully  computed  and 
tabulated,  so  that  the  logarithm  of  any  number  can  be  readily  found 
by  referring  to  the  table,  and,  vice  versa,  if  the  logarithm  of  a 
number  is  known,  the  number  itself  can  be  found  from  the  table. 

The  advantage  of  the  common  s)'stem  over  other  systems  of 
logarithms  consists  in  this:  the  fractional  part  of  any  common  loga- 
rithm remains  unchanged  when  the  number  is  multiplied  or  divided 
by  10  or  a  power  of  10.  To  see  this,  let  us  consider  a  special  case, 
say  the  number  whose  logarithm  is  0.5. 

10**  =  10*  =  v^  =  3,16328,    therefore  logf  3.16228  ™  0.5. 
Multiplying  by  10, 

loX  10"'=  10X3.16228, 
or  io'>=  31.6228,      therefore  log 31.6228  =  1.5. 

Similarly 

10***  =  316.228,       therefore  log3i6.238  =  2.5; 
to*'  "  3162.28,       therefore  1(^3162.28  =  3.5; 
10"  ™  31622.8,       therefore  Iog3i632.8  =  4.5;    etc. 
Again,  dividing  by  10,  we  have, 

!^'-.o-'X.o"-3;i5££8 

10  10 

or  10"'+"-*=  0.316228,         log  0.316228  =— 1+  0.5  =  9.5  —10. 

•  This  system  is  also  known  as  the  Briggiian  system,  in  honor  of  Heniy  Briggs 

of  Oxford  (1556-1630),  who  was  the  first  one  to  compute  and  publish  a  table  of 

logarithms  to  the  base  10. 

t  In  the  remainder  of  this  chapter,  and  always  when  computations  are  con- 
cerned, if  no  base  is  expressed,  the  base  10  is  understood. 
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Similarly 

10-*+*-'=  0.0316228,      logo.03i623S  =  — 2  +  o-s  =  8.5  —  10; 
10"*+'-*=  0.00316228,    Iogo.oo3i6228  ""—3  +  0.5  =  7.5  —  10; 
and  so  on,  the  form  9.5  —  10  being  introduced  to  avoid  the  plus 
sign  between  —  i  and  0.5. 

Now  the  logarithms  of  each  of  the  numbers  3.16228,  31.6228, 
316.228,  3162.28,  31622.8,  etc.,  0.316228,  0.0316228,  0.00316228,  etc., 
have  the  same  fractional  part,  namely,  0.5,  while  the  integral  parts 
I,  2,  3,  4,  etc.,  —I,  —2,  —3,  etc.,  plainly  depend  upon  the  position 
of  the  decimal  point. 

For  convenience  the  integral  part  of  the  It^arithm  is  called  the 
characteristic  of  the  logarithm,  and  the  fractional  part  is  called  the 
mantissa. 

Thus,  the  logarithm  of  316.228  is  composed  of  the  characteristic  2 
and  the  mantissa  0.5. 

The  logarithm  of  0.00316228  is  comp<»ed  of  the  characteristic  —3 
and  the  mantissa  0.5. 

We  have  seen  that  the  mantissa  is  independent  of  the  position  of 
the  dedmat  point,  that  is,  it  is  the  same  for  all  numbers  composed 
of  the  same  figures  taken  in  the  same  order. 

28.  Rule  for  the  Characteristic.  We  shall  now  learn  how  the 
characteristic  of  a  logarithm  of  a  number  may  be  determined  before 
the  logarithm  is  known. 

10°  =  I,  or    log  1  =  0; 

jo'  =  10,  or    log  10  =  I ; 

10'  =  100,  or    log  100  =  2; 

10*  "  1000,  or    log  1000  =  3;    etc. 

Since  log  i  =  o    and    log  10  =  i, 

every  number  between  i  and  10  has  a  logarithm  between  o  and  i,* 
or,  every  number  whose  integral  part  has  one  digit  has  a  logarithm 
whose  characteristic  is  sero. 
Since  '  li^'io  ^  i  and  log  100  =  2, 

every  number  between  to  and  100  has  a  Ic^arithm  between  i  and  a, 

*  This  statement  assumes  that  to  the  greater  of  two  numbers  correqxmda  the 
greater  logarithm,  that  is,  it  M  >  N,  \og  M  >  lag  N,  a  theorem  which  can  be 
cauly  proven  by  elementary  algebra. 
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or,  every  number  whose  integral  part  has  hw  digits  has  a  logarithm 
whose  characteristic  is  one. 

Similarly,  every  number  between  loo  and  looo  has  a  logarithm 
between  2  and  3,  or,  every  number  whose  integral  part  has  three  digits 
has  a  logarithm  whose  characteristic  is  heo. 

Every  number  whose  integral  part  has  four  digits  has  a  logarithm 
whose  characteristic  is  three,  and  so  on. 

This  gives  us  the  following  rule: 

I.  The  characteristic  of  the  hgaritkm  of  any  number  greater  than  i 
is  one  less  than  the  number  of  digits  in  the  integral  part  of  the  number. 

Thus,  the  integral  part  of  the  number  31622.8  consists  of  5  digits, 
hence  the  characteristic  of  its  logarithm  is  4. 

The  integral  part  of  3.16228  consists  of  i  digit,  hence  the  charac- 
teristic of  its  logarithm  is  o. 


Again, 


io~^  =  —  =  o.i, 


or  log  1  =  0; 


or  fogo.oi  =  —  2; 


io~*  =  — —  0.000 1,  or  logo.oooi  =  —  4;etc. 

10* 

Hence,  every  number  between  i  and  o.i  has  a  logarithm  between  o 
and  —  I,  or,  every  fraction  greater  than  0.1  has  a  logarithm  whose 
characteristic  is  —  i. 

Similarly,  every  number  between  0.1  and  o.oi  has  a  logarithm  be- 
tween —  I  and  —  a,  or,  every  fraction  greater  than  o.oi  but  less  than 
O.I  has  a  logarithm  whose  characteristic  is  —  z. 

In  like  manner,  every  fraction  greater  than  0.001  but  less  than  o.oi 
has  a  logarithm  whose  characteristic  is  —  3 ,  and  so  on. 

This  gives  us  a  second  rule: 

n.  The  characteristic  of  the  logarithm  of  any  number  less  than  i  is 
a  negative  number  one  more  than  the  number  of  ciphers  between  the 
decimal  point  and  the  first  significant  figure  of  the  fraction. 
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Thus,  the  fraction  0.00316228  has  two  ciphers  between  the  decimal 
point  and  the  first  significant  figure,  hence  the  characteristic  of  its 
logarithm  is  —3  or  7  —  10. 

The  fraction  0.316228  has  no  dpher  between  the  decimal  point 
and  the  first  significant  figure,  hence  the  characteristic  of  its  loga- 
rithm is  —  I  or  9  —  10. 

Exercise  16 

I.  Write  down  the  characteristics  of  the  common  logarithms  of 
367.  36.7.  3670.  3-67-  0.000367,  0.367. 

Arts,   a,  I,  3,  o, —4  or  6  —  10, —I  or  9  —  10, 

3.  log  635  =  2.80377;  ^'Tite  down  the  logarithms  of  6.35,  63500, 
0.63s,  0.0000635. 

Ans.   0.80277,  4.80277,  9.80277  —  10,  5.80277  —  10. 

3.  How  many  digits  are  there  in  the  integral  part  of  the  number 
whose  logarithm  is  3.1567;  1-6533;  0.6831? 

4.  To  the  number  57  corresponds  the  mantissa  75587;  what  is  the 
number  whose  logarithm  is  1-75587;  2.75587;  0.75587;  9.75587  —  10? 

'<«^-   S7;S7o;S-7;o-57- 

5.  To  the  number  673  corresponds  the  mantissa  82802;  find  the 
logarithm  of  673;  of  (673)*;  of  V673;  of  '^(673)*. 

Ans.   2-82802;  s-65604;  1.41401;  1.88535. 

6.  Iog3  =  0.47712;  how  many  digits  are  there  in  3";  in  3"*;  in  30"; 
in  27*?  Ans.   12:48;  23;  8. 

7.  Write  down  the  cologarithms  of  the  numbers  in  problem  2. 

^wj.  9-19723  -  10;  5.19723  -  10;  0-19723;  4I97>3- 

8.  log  5  =  0.69897;  find  the  logarithm  of  j;  of  ^;  of  0.05;  of 
V^;  ofVi;  of  Vos;  ofVj. 

Ans.   9.30103  —  10;  8.60206  —  10;  S.69897  —  10;  0.34948; 
9.65052  —  10;  9.89966  —  10;  9.76701  —  10. 

9.  To  the  niunber  3  corresponds  the  mantissa  47712,  and  to  the 
number  7  corresponds  the  mantissa  84510;  find  the  logarithm  of  21; 
of  ?;of  V0.3  X49;of  VS- 

Ans.   1.33333;  9-63202  —  10;  0.58366;  9.96363  —  10. 
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lo.  The  formula  for  the  amount  (-4 )  of  a  principal  {P)  put  out  on 
compound  interest  at  (R)  per  cent  for  (0  years,  the  interest  being 
compounded  annually,  is 

-''(■  +  ^)' 

wheoce 

log^-logP+Mog^+-^\ 

Find  the  nimiber  of  digits  in  the  amount  of  $i  at  compound 
interest  at  6  per  cent  for  loo  years,  the  mantissa  corresponding  to 
io6  being  .03531.  Ans.  3  digits. 

29.  Tables  of  Common  Logarithms.  Our  next  step  is  to  leam 
how  to  use  a  table  of  logarithms  in  actual  computation. 

Common  logarithms,  except  those  belonging  to  numbers  which 
are  integral  powers  of  10,  cannot  be  exactly  expressed  in  dednials. 
We  must  therefore  omit  all  the  figures  after  a  certain  decimal  place. 
Just  where  to  stop  depends  upon  the  accuracy  desired.  If  some  of 
the  numbers  which  enter  a  given  problem  are  the  results  of  measure- 
ment, as  is  frequently  the  case,  their  accuracy  will  not  ordinarily 
exceed  four  or  five  figures,  consequently  it  will  be  useless  to  retain 
more  than  five  figures  in  the  decimal  part  of  their  logarithms.  In 
other  words,  a  table  of  logarithms  which  contains  the  mantissas  to 
five  places  will  answer  for  the  solution  of  most  practical  problems 
io  which  approximate  answers  are  all  that  is  necessary  or  possible. 
Such  a  table  is  known  as  a  five-place  table  of  logarithms. 

The  expianadons  which  follow,  and  all  the  answers  in  this  book 
obtained  from  logarithmic  computation,  are  based  upon  a  five-place 
table. 

When  a  five-place  table  is  used,  it  is  not  worth  irtille  to  retain 
more  than  five  significant  figures  in  the  answers  to  the  problems, 
and  even  dien  fte  last  figure  is  not  always  exact. 

When  more  than  five-place  accuracy  is  required,  and  even  when 
the  fifth  place  must  be  known  with  certainty,  larger  tables  must  be 
used.  Tables  containing  six  places,  seven  places,  eight  places,  ten 
places,  eleven  places,  twenty  places,  and  partial  tables  containing  up 
to  two  hundred  and  sixty  places,  have  been  published.  There  ara 
also  smaller  tables  containing  three  and  four  places  only.' 

Tables  containing  more  than  seven  places  are  seldom  used,  for  seven- 
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place  tables  meet  practically  every  demand  of  present-day  science. 
The  results  obtained  by  means  of  a  seven-place  table  are  as  exact  as 
the  most  careful  measurements  obtained  by  the  most  skillful  observers 
by  means  of  the  most  precise  instruments  under  the  most  favorable 
conditions. 

30.  To  Find  the  Logarithm  of  a  Given  Number. 

(a)  Wken  the  given  number  has  four  figures.  Hie  characteristic  is 
found  by  the  rule  in  Art.  a8.  To  find  the  mantissa,  enter  that  line 
of  the  table  which  begins  with  the  number  made  up  of  the  tint  three 
figures  of  the  given  number  and  take  out  that  number  of  the  line 
which  is  found  in  the  coluom  headed  by  the  fourth  figure  of  the 
given  number. 

The  number  thus  found  constitutes  the  third,  fourth  and  fifth 
figures  of  the  required  mantissa.  The  first  and  second  figures  are 
found  in  the  column  headed  by  o  either  in  or  above  the  line  in  which 
the  third,  fourth  and  fifth  figures  are  found,  except  when  these  figures 
as  given  in  the  table  are  preceded  by  a  star  (*)  in  which  case  the  first 
two  figures  are  found  in  the  next  following  line. 

Example  i.  From  the  specimen  p^e  of  logarithms,  page  63,  we 
find 

mantissa  log  6315    ™  80037,     hence  log  6315    =  3.80037; 
mantissa  Ir^  65.24  ^  81451,      hence  log  65.24  =  1.81451; 
mantissa  I<^  6.608  =  83007,      hence  log  6.608  =  0.82007. 
(6)  When  the  given  number  has  less  than  four  figures.    We  know 
that  the  mantissa  of  the  logarithm  of  a  niunber  is  not  changed  if  the 
number  is  multiplied  or  divided  by  10  or  by  some  power  of  10.    After 
we  have  determined  the  cliaracteristic  of  a  I<^rithm  we  may  then 
annex  as  many  ciphers  to  the  given  number  as  we  need  to  make  up 
four  places  and  find  the  mantissa  of  this  new  number  by  case  (a). 
ExAUPLE  2.    Find  the  logarithm  of  64. 

The  characteristic  of  log  64  is  i .  The  mantissa  of  1<%  64  is  the  same 
as  the  mantissa  of  log  6400,  which  by  case  (a)  is  found  to  be  80618. 
Hence, 

log  64  =  1.80618. 
(c)  When  the  number  has  more  than  four  figures. 
Example  '3.    Find  the  logarithm  of  6435.4. 
The  characteristic  of  log  6435.4  =s  3. 
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By  (a),  the  nmntissa  of  log  64.25  =  80787 
the  mantissa  of  log  6426  =  80794 
diSerence  for  i  =         7 
Now  the  mantissa  of  log  6425.4  is  evidently  larger  than  80787  and 
less  than  80794,  and  since  6425.4  lies  A  the  way  between  6425  and 
6426,  we  will  assume  that  the  mantissa  of  log  6425.4  lies  -fis  the  way 
between  80787  and  80794.    We  must  therefore  increase  the  smaller 
of  the  two  mantissas  by  A  of  the  difference  between  the  two,  that  is, 
by  A  of  7. 

^  of  7  =  3.8  or  3  to  the  nearest  integer, 
and  the  mantissa  of  log  6435.4  =  80787  +  3  =  80790. 
Hence 

log  6435.4  =  3.80790. 

We  have  here  assumed  the  principle  of  proportional  parts  for  loga- 
rithms of  numbers,  namely,  that  for  small  changes  in  the  number,  the 
change  in  the  logarithm  is  proportional  to  the  change  in  the  number. 

Example  4.     Find  the  logarithm  of  6.5487. 

The  characteristic  of  log  6.5487  =  o.  The  mantissa  of  log  6,5487 
is  the  same  as  the  mantissa  of  log  6548.7. 

mantissa  log  6548  »  8i6ti 
mantissa  log  6549  =  81617 
difference  for  i  =         6 
difference  for  0.7  =  0.7  of  6  =  4.3  or  4  to  the  nearest  int^;er. 
Hence     mantissa  log  6548.7  =  81611  +  4  =  81615, 
and  log6.S487  =  0.81615. 

Example  5.    Find  log  0.000635945. 

The  characteristic  of  log  0.000635945  =  —  4  or  6  —  10. 

The  mantissa  of  log  0.000635945  is  the  same  as  the  mantUiiji  of  log 

6359-45- 

mantissa  log  6359  =  80339 

mantissa  log  6360  =  80346 
difference  for  i  =         7 
difference  for  0.45  =  0.45  of  7  =  3.15  or  3  to  the  nearest  integer. 
Hence  mantissa  log  6359.45  =  80339  +  3  =  80343, 

and  log  6359-45  "  6.80343—  10. 
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ExAUPLE  6.     Find  the  cologarithm  of  65,021. 
By  definition,  Art.  26,  the  cologarithm  of  a  Dumber  is  the  loga- 
rithm of  the  reciprocal  of  that  number,  hence 
colog  65.021  =  i(^i  —  log  65.021. 

log  I  "  o  =  10  —  10 

log  65.021  =    r. 81306 
colog  65.021  =    8.18694"  —  10. 

31.  To  Find  tiie  Number  Coirespooding  to  a  Given  Logarithm. 

(a)  When  the  given  mantissa  can  be  found  in  the  table.  The  char- 
acteristic is  used  only  to  determine  the  position  of  the  decimal  point 
after  the  number  has  been  found.  Find  the  given  mantissa  in  the 
table.  The  first  three  figures  of  the  number  sought  are  found  in 
the  same  line  with  the  mantissa,  in  the  column  on  the  left,  and  the 
fourth  figure  is  found  at  the  top  of  the  column  containing  the  given 


Example  i.    Find  the  number  whose  logarithm  is  5.82158. 

Find  the  given  mantissa  821 58  in  the  table  (see  specimen  page,  p.  63). 
The  number  in  the  left-hand  column  and  in  the  same  line  with  the  given 
mantissa  is  663,  and  the  number  at  the  top  of  the  column  containing 
the  mantissa  83158  is  i,  hence  the  significant  figures  of  the  required 
number  are  6631.  The  characteristic  is  5,  hence  the  integral  part 
of  the  required  number  has  6  places,  that  is,  the  required  number 
'is  663100. 

ExAUFLE  2.    Fmd  the  number  whose  logarithm  is  8.81043  —  ^°- 

Corresponding  to  the  mantissa  81043  we  find  in  the  table  the  num- 
ber 6463.  The  characteristic  is  8  —  10  or  —  2,  hence  by  the  rule 
for  the  characteristic  the  required  number  is  a  decimal  fraction  with 
one  dpher  preceding  the  first  significant  figure. 

Therefore  the  required  number  is  0.06463. 

(i)  When  the  given  mantissa  cannot  be  found  in  the  table,  two  other 
consecutive  mantissas  can  always  be  found  in  the  table,  one  of  which 
is  a  httle  smaller  and  the  other  a  little  larger  than  the  given  man- 
tissa. The  four  figures  corresponding  to  the  smaller  of  these  man- 
tissas will  be  the  first  four  figures  of  the  required  number;  the  fifth 

•  The  subtraction  is  performed  fri>m  left  to  right  by  subtracting  each  figure 
from  9  except  the  last  one,  which  is  subtracted  from  10,  thus:  i  from  9^8,  8  from 
g  —  I,  I  from  9  —  8,  3  from  9  =  6,  o  from  g  =  q,  6  from  10  »  4. 
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figure,  and  sometimes  the  axth,*  can  then  be  found  by  interpola- 
tion from  the  principle  of  proportional  parts. 
Example  3.    log  N  =  1-80395,  ^  ^'^  ^■ 

The  table  does  not  contain  the  mantissa  80395,  but  it  contains 
the  two  consecutive   mantissas  80393  '^'^  S0400,  one  of  which  is 
smaller  and  the  other  larger  than  the  given  mantissa.    The  num- 
bers corresponding  to  these  mantissas  are  6367  and  6368  respectively, 
mantissa  log  6367  =  80393 
mantissa  log  636S  =  80400 
difiference  for  1  —        7 

Since  the  given  mantissa  lies  between  80393  ^^^  S0400,  we  infer  that 
the  number  corresponding  to  the  given  mantissa  lies  between  6367 
and  6368;  let  it  be  denoted  by  6367  +  x,  we  then  have 
mantissa  log  6367  =  80393 
mantissa  log  6367  +  a:  —  80395 
difference  f  or  a:  =         2 
and  the  principle  of  proportional  parts  gives 

I  :  7  =  a; :  2,  that  is,  i  =  f , 

and  the  number  corresponding  to  the  given  mantissa  is  6367J.  It 
still  remains  to  determine  the  decimal  point.  The  characteristic  is 
1,  hence  the  required  number  is 

N  =  63.67?  =  63.673  to  five  figures. 

ExERasE  17 
(In  this  exercise  the  specimen  page  of  logarithms  may  be  used.) 

1.  Find  the  logarithms  of  the  following  numbers:  6315,  632.5 
6.454,  0.0655.  0.0065. 

Ans.  3.80037,2.80106,0.80983,8.81624—  10,7.81291  —  10. 

2.  Find  the  cologarithms  of  each  of  the  numbers  in  i. 

Ans.  6.19963  —  10,  7.19894— 10,  9.19017— 10, 1. 18376,  a. 18709. 

*  Iq  the  fiist  part  of  the  table,  the  sixth  significant  figure  of  a  number  may  be 
(ound  by  interpolation.  In  the  latter  part  of  the  table,  where  the  difference  in 
the  mantissas  corresponding  to  a  difference  of  i  in  the  numbers  is  much  smaller 
than  ID  the  first  part  of  the  t&ble,  the  sixth  figure  of  the  number  obtained  by  the 
principle  of  pn^rtSonal  parts  caDDot  be  depended  on. 
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3.  Find  log  63.454.  log  65.061,  log  6.6095,  ^°S  0.0064159. 

Ans.   1.80246,  1.81332,  0,82017,  7-80725  —  10. 

4.  Hnd  the  numbers  whose  logarithms  are:  t.80277,  2.80584, 
0.81003,  9.81351  —  10,  8,80017  ~  ^°.  3.81184. 

Ans.  63.50,  639.5,  6.457)  0-6509.  0.06312,  6484. 

5.  Find  the  numbers  whose  logarithms  are:  1.80958,  2.81933, 
0.81006,  9.80002  —  10,  8.80032  —  10,  3.83506. 

Ans,  64.503,  659,51,  6.4574,  0.63099,  0.063127,  6684.3. 

6.  log  63.275  »  X,  log  y  =  1.81864;  find  x  and  y. 

Ans.  X  =  1.80124,  y  "^  65.863. 

7.  Wthout  multiplying  or  dividing  the  numbers,  find  the  loga- 
rithms of  66.027  X  0.65034,  6301  -^  6.454,  (6535.4)*,  ^63.375. 

Ans.   1.63287,  3.98958,  7.63055, 0.90062. 

8.  JV  =  V 64550;  find  log  N  and  then  N.  ' 

Ans.   log  iV  =  0.80165,    ^  ~  6.3336. 

9.  Find  (6.3096)*  by  means  of  logarithms.  Ans.   loooo. 

10.  Find  the  logarithms  of  sin  40°,  cos  48°  30',  cot  8°  50'. 

Ans.   9.80808  —  10,  9.S2125  —  10,  0.80854. 
(Suggestion.     First  find  the  natural  functions  of  the  given]  angles 
and  then  find  the  logarithms  of  the  resulting  numbers.) 

11,  Find  the  first  three  significant  figures  and  the  number  of 
figures  in  the  integral  part  of  the  twenty-fifth  power  of  6.2. 

Aw.  645,  20  places. 

32.  Directions  for  tiie  ITse  of  Logaritiims.  The  followmg 
directions  will  aid  the  student  in  an  intelligent  use  of  logarithmic 
tables. 

(d)  In  finding  the  logarithm  of  a  given  number,  or  in  finding  the 
number  corresponding  to  a  given  logarithm,  the  interpolation  should 
be  performed  mentally  and  only  the  complete  result  set  down  in 
writing. 

(&)  In  writing  down  the  cologarithm  of  a  number,  the  subtraction 
from  10  should  be  performed  mentally  and  from  left  to  right. 

(c)  The  results  obtained  by  logarithms  are  approximations  only. 
By  neglecting  the  sixth  and  following  significant  figures  of  a  number 
the  inaccuracy  introduced  can  never  exceed  one-half  a  unit  in  the 
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fifth  place,  that  is,  the  error  camiot  exceed  the  li^  part  of  i  per 
cent. 

(rf)  When  the  sixth  figure  of  a  number  is  5,  and  we  wish  to  retain 
only  five  significaat  figures,  it  is  immaterial  whether  we  increase 
the  fifth  figure  by  i  or  leave  it  unchanged.  In  case  we  increase 
the  fifth  figure  by  i  the  resulting  number  will  be  too  large  by  half  a 
unit  in  the  fifth  place;  if  we  leave  the  fifth  figure  unchanged,  the 
number  will  be  too  small  by  half  a  unit.  In  order  to  cause  the 
inaccuracies  arising  from  this  source  to  offset  one  another,  it  is  cus- 
tomary, on  dropping  a  final  5,  to  increase  the  preceding  figure  by  i 
when  it  is  odd,  but  to  leave  it  unchanged  when  it  is  even. 
'     Thus,  0.154755  becomes  0.15476, 

but  0.154745  becomes  0.15474; 

■one-half  of  4-23453  becomes  2.11726, 

tut  one-half  of  4-33463  becomes  a.11732, 

when  the  results  are  abridged  to  five  places. 

(e)  Sometimes  the  nature  of  the  problem  b  such  that  a  four-place 
table  would  give  all  the  accuracy  required.  In  that  case  the  fifth 
figure  of  the  mantissa  in  the  table  may  be  omitted  and  the  fourth 
figure  increased  by  i  if  the  omitted  figure  exceeds  5.  If  the  final 
figure  of  the  mantissa  given  in  the  table  is  marked  with  a  stroke, 
thus  5,  on  omitting  it  the  preceding  figure  is  left  unchanged;  but  if 
the  final  5  is  unmarked,  the  preceding  figure  is  increased  by  i.  The 
reason  for  this  is  that  the  final  5  of  a  mantissa  is  itself  the  result  of 
approximation,  that  is,  it  is  either  in  defect  (5  plus  something  less 
than  i),  or  it  is  in  excess  (4  plus  something  greater  than  J),  and  the 
latter  case  is  distinguished  from  the  former  by  printing  a  stroke 
over  the  5. 

Thus  from  the  table, 

log  2.078  =  0.31765  =  0.3176, 

but  log  2.079  =  0-31785  =  0-3179. 

when  abridged  to  four  places. 

(/)  Every  logarithm  consists  of  two  parts, — the  mantissa,  which 
is  always  positive,  and  the  characteristic,  which  is  always  integral 
(or  o),  but  may  be  negative  as  well  as  positive.  When  the  character- 
istic is  negative,  it  is  customary  to  change  the  form  of  the  logarithm 
by  adding  and  subtracting  10. 
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Thus,       log  0.4563  =  —  I  +  0.65916  is  written  9.65916  —  10, 
logo.oo32=  —3+0.50515  is  written  7.50515  —  10. 
This  is  done  in  part  to  avoid  mistakes  which  might  arise  from  con- 
fusing the  positive  and  the  negative  parts  of  logarithms. 

For  similar  reasons,  if  a  logarithm  whose  characteristic  is  negative 
is  to  be  divided  by  2,  as  in  extracting  a  square  root,  we  first  modify 
its  fonn  by  adding  and  subtracting  20;  if  the  logarithm  is  to  be 
divided  by  3,  we  first  add  and  subtract  30;  and  generally,  if  the 
logarithm  whose  characteristic  is  negative  is  to  be  divided  by  n, 
we  first  modify  its  form  by  adding  and  subtracting  ion. 
Thus,        log  0.03254  =  -  2  +  0.51242  =  8.51242  - 

i  of  log  0.03254  =  i  of  (18.51242  —  2o)  =  9.25621  - 
4  of  log  0.03254  =  i  of  (28.51242  -  30)  =  9.50414  - 
^  of  log  0.03254  =  i  of  (38.51242  —  40)  =  9.63811  - 
i  of  log  0.03254  =  i  of  (48.51242-  50)  -  9.70248-  10,  etc 
(g)  The  difference  between  two  consecutive  mantissas  is  called  the 
tabular  difference  and  is  printed  under  D  in  the  last  column  on  each 
page  of  logarithms.    At  the  bottom  of  each  of  the  first  three  pages 
of  logarithms  the  tabular  diEferences  which  occur  on  the  page  are 
multiplied  by  each  of  the  nine  digits  expressed  as  tenths.    The  re- 
sulting tables,  known  as  tables  of  proportional  parts,  are  used  as  an 
aid  in  interpolation. 

Example  i.     Find  by  logarithms  the  product  of  37.543  by  0.85734. 
Solution.    Denote  the  product  by  x. 

From  table  I,  log37-S43    =    1-57453 

log  0.85734  =    9-93315  -  10 
By  Art.  25,  (a),  log  x  =    1.50768 

By  Art.  31,  and  the  table,  x  =  32.187. 

Example  2.    Find  by  logarithms  the  quotient  of  6.3725  divided 
by  82.756. 

Solution.    Denote  tlie  quotient  by  x. 

From  the  table,  Ic^  6.3725  =  0.S0431 

By  Art  a6,  (c),  and  the  table,      colog  82.756  —  8.08220  —  10 
log  a:  =  8.88651  -  10 
From  the  table,  x  =  0.077003. 
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ExAUPLE  3.    Find  the  square  root  of  0.89355. 
SolutioQ.  log  0,89355  = 


IogVo.89355  = 
^0-89355  = 


Dividing  by  2, 
Hence 


ExAUPLE  4.     Find  x,  if  x*  =  (0.5824)*. 
Solution.  log  0,5824  = 

Multiplying  by  2,  log  x"  = 


Dividing  by  3, 


logx: 


Example  5. 


8..i';X(62.5)*xV';.673    . 


(1,256)' X  623.7  XV5.736 

Solution.     By  the  rules  of  Art.  25, 

loga;  =  log  8.35  +  2  log  62.5 +  i  log  5, 
+  3  colog  1.256  +  colog  623,7  H 
log  8-35 

log  62.5  =  1.79588 
2  log  62.5  =  2  X  1.79588 
log  S.673  =  0-75381 
ilogS-673  =  iXo.7S38i 
colog  1.256  =  9.90101  —  10 
3  colog  1,256  =  3  X  (9.90101  —  10) 
colog  623.7 
colog  S-736  =  934139  —  10 
J  colog  5.736  =  i  X  (39-»4i39  -  30) 

log  a; 


9.95112  -  10 
«  19.95112  —  20 
=  9-975S6-IO 
-    0.94528. 

=  9.76523  —  10 
=  19-53044  -  20 
=  39-S3Q44  -  30 
=  9.84348  —  10 
=    0,69740, 

find  jp. 


Exercise  18 


Solve  by  logarithms: 

1,  3.784  X7-843- 

2.  67.845X0.03457. 
3-  0-67375  -f-  3-468. 
4.   92.57  -5-  1-3785- 


■673 

i  colog  5.736. 
0.92169 

3-59176 

0.37690 

9.70303  — 10 
7.20502  —  10 


3I-S4553  -  30 

1-S4SS3 
3S-II8. 


Atts.  29.678. 
Ans.  0.19438. 
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5.  (684.7)*  X  (o.03873)».  Ans.   27.a36. 

6.  (0.S003)*  ^  Vs^tJ. 

7.  73284.5.  Ans.   5.05. 

8.  (o.ijs6j)">.  

1.56  X  37-8  XVSiS^a.  ^„.  „.,3„6. 

67-574 
(ioo.4<  X  1 


(37.S)'X  V617.5 


./.1W6X> 
V  1.056  X  a.: 


6  X  27.3 


1.056  X  a.738  X  10 
„      V(a7..l)'Xa.^.7 
V(a8.9a)'  X  16.5 ' 

13.  The  area  of  a  triangle  is  given  by  the  formula 

.4  -  Vs  (s  -  »)(>  -  *)(s  -  c), 
where  a,  i,  c  represent  the  three  sides  of  the  tiiangle  and  i  half  their 
sum.     Find  A  when  a  =  617.34,  b  =  345.65,  c  =  467.75. 

Ans.  80137. 

14.  In  Art.  ar  it  was  shown  that 

ta.i=^» 
2         ^  c  +  b 

where  6  is  a  side  of  a  right  triangle,  c  the  hypotenuse,  and  A  the  angle 

between  b  and  c.    Find  A  when  c  =  325.76,  6  =  324.13. 

Ans.   5''44'- 

15.  Solve  the  equation  2' =  3.573.*  Ans.   1,8371, 

16.  F^d  X  in  (3.1416)'  =  9.8697. 

1 7.  Solve  the  equation 

3**—  12  X  3'+  II  =  o.  Ans.  X  =  0,012.1827. 

18.  Solve 

«*  +  e  *  =  4,    where  e  =  2,7183. 

Ans.   X-  ±  2.6339. 
*  Snch  ui  equation  as  this,  in  which  the  ankDom  quantity  appears  as  an 
eipoDcnt,  is  c^ed  an  acpcnmUal  equalion.    It  li  solved  by  first  taking  logarithms 
of  botli  sides  of  the  equation,  thus: 

x\og2  =  log  3.573. 
th"!  is,  0.30103  r  -  o.SS303i 

from  iriiich  x  —  1.8371. 
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33.  J^lication  of  LogarlthinB.  The  solution  of  triangles,  which 
furnishes  the  most  inqrartant  application  of  logarithms,  will  be 
fully  considered  later  on.  At  present  we  give  a  few  miscellaneous 
problems  which  are  especially  adapted   to  solution  by  logarithms. 

Exercise  19 

Many  of  the  following  list  of  problems  require  for  their  solution 
the  compound  interest  formula,  Problem  lo,  Exercise  16. 

1.  Find  the  amount  on  $100  for  100  years  at  4%  compound 
interest     (log  1.04  =  0.0170333.)  -4ms.  $5050.4. 

2.  In  what  time  will  a  sum  of  money  double  itself  at  8  %  com- 
pound interest  ?  Ans.   9.007  yrs. 

3.  A  man  bequeaths  $500,  which  is  to  accumulate  at  compound 
interest  until  the  interest  for  one  year  at  5  %  will  amount  to  at  least 
$300,  after  which  the  yearly  interest  is  to  be  awarded  as  a  scholar- 
ship. How  many  years  must  elapse  before  the  scholarship  becomes 
available,  assuming  that  the  original  bequest  is  made  to  earn  5  % 
compound  interest  ?  Ans.   51  yrs. 

4.  At  what  rate  of  interest  must  the  bequest  in  Problem  3  be 
invested  in  order  that  the  scholarship  may  become  available  in 
40  yrs.  ?  Ans.  6.4  %. 

5.  In  1624  the  Dutch  bought  Manhattan  Island  from  the  Indians 
for  about  $24.  Suppose  that  the  Indians  had  put  their  money  out 
at  compound  interest  at  7  %  and  had  added  the  interest  to  the  prin- 
cipal each  year,  how  large  would  be  the  accumulated  amount  in 
1910  ?    {From  White's  Scrap  Book  of  Mathematics.) 

Ans.  In  round  numbers  $6,000,000,000.  The  actual  valuation  of 
Manhattan  and  Bronx  real  and  personal  property  in  1908  was 
*S.»35.399.98o. 

6.  The  population  of  the  state  of  Washington  in  1890  was  349,400 
and  in  1900  it  was  518,100.  What  was  the  average  yearly  rate  of 
increase  ?  Assuming  the  rate  of  increase  to  remain  the  same,  what 
should  be  the  population  in  igio  ?         Ans.   4  %;  767,970,  nearly. 

7.  The  founder  of  a  new  faith  makes  one  convert  each  year,  and 
each  new  convert  makes  another  convert  each  year,  and  so  on. 
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How  long  would  it  require  to  convert  the  whole  earth  to  the  new  faith, 
assuming  that  the  population  of  the  world  is  1,500,000,000  P 

Atis.  Between  30  and  31  yrs. 
8.  The  combined  wealth  of  the  United  States  and  Europe  was 
estimated  (1908)  to  amount  to  about  $450,000,000,000.  Let  us 
assume  that  the  entire  wealth  of  the  world  amounts  to  $10'*.  How 
long  would  it  take  $1  put  out  at  compound  interest  at  3  %  to  equal 
or  exceed  this  amount  ?  Ans.   935  yrs. 

34.  To  Cranpute  a  Table  of  Common  Logaritlims. 

A  table  of  logarithms   may  be   computed   from   the  successive 
square-roots  of  10  and  multipUcations. 

io*=Vio=  3.16228,  (i) 

10 *  =  v^io?-  V3.I6228  -  1.77828,  (2) 

io>  =  Vjoj-v'i.77828=  1.33352,  (3) 

ioA  =  v'io*  =  Vi.333S2  =  1.15478.  {4) 

By  definition,  the  common  logarithm  of  a  number  is  the  power  to 
which  10  must  be  raised  to  produce  that  number,  hence  from 


to"  =  1,15478, 

[oA  =n  roi  =  1.33352, 
[oA  =  iqA+A  s.  iqA  • 


log  1.1548*=  tV  =  0.0625; 
log  1-3335  =  A  =  0.1250; 
=  1-33352  XiiS478=  I-S3992. 

log  1-5399=  A  =  0.1875; 

=  1.53992  X  1. 15478  =  1-77828, 

log  1.7783  =  A  =  o. 
10*  =  1.77828  by  (s). 

:  loA  •  lO*  =  1.77828  X  1. 15478  =  2-05352, 

log  2.0535  =  A  -  o- 
=  loft  ■  10"  =  2.05352  X  1. 15478  =  a.37136. 
log  2.3714  =  A  -= 
=  loA  .  loA  =  2.37136  X  1. 15478  =  2-73840, 
log  2.7384  =  tV  = 
loA  s=  ioA*A  =  10*  .  10*  =  2-73840  X  1.15478  -  3.16225, 

log3.i623  =  T^  =  o. 
Check.     loT^  -  10*  «  3.16228  by  (1). 
10*  =s  loA**  —  iqA  .  10*  =  3.16228  X  1.15478  =  3-65174, 
'023-6517  -  A  = 
*  Only  5  figures  are  carried  in  order  to  secure  accuracy  in  the  last  figure  of  all 
the  numbers  in  the  list. 


Check. 

■oA- 

ioA  = 

,„A** 

ioA  = 

,o**A 

„A- 

,oft*A 
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loi*  =  10**1^  =  loA  .  loA  =  3.65174  X  1. 15478  =  4.21696, 

log4.ai7c  =  Ig  =  0.6250; 
loH  =  iqH+A  =  10^^  •  lo*  =  4.21696  X  1.15478  =  4.86966, 

log  4.8697  =  H  =  0.6875; 
io*i  =  iot**A  =  loH  .  10*  =  4.86966  X  1.15478  =  5.62339, 

log  5.6234  =  \i-  0.7500. 
Check.      10+*  =  lo'  =  10*  ■  lo*  -  3.16228  X  r.77828  =  5.62342  by 

(i)  and  (2). 
loW  =  ioH*A  =  jqH  .  jqA  =  5.62342  X  1-15478  ™  6.49382, 

log  6.4938=  H  =  0.8125; 
loii  =  loW+A  _  loH  .  lo*  =  6.49382  X  1. 15478  -  7.49892, 

log  7.4989=  \%  =  0.8750; 
lot*  =  ioil*A  =  laW  .  iqA  =  7.49892  X  1.15478  =  8.65960, 

log  8.6596  =  IS  =  0.937s; 
10"  =  10"*"  =  lo"  •  10"  —  8.65960  X  1.15478  =  9.99993, 

log  10.000  =  if  =  1.0000. 
Check,       10^*  ™  10'  =  10. 

Each  check  is  on  the  four  lines  just  preceding,  and  in  each  case 
there  is  exact  agreement  to  five  figures  between  the  results  of  the 
check  and  the  result  of  the  iine  just  preceding.  The  discrepancy  in 
the  dxth  figure,  where  it  occurs,  is  due  to  the  fact  that  all  our  re- 
sults axe  approximations  only. 

We  have  thus  computed  the  numbers  whose  mantissas  are  dis- 
tributed between  o  and  i  at  intervals  of  ^. 

Similarly,  with  the  aid  of 

lo*  -  v'loA  s  Vi. 15478  =  1.07468, 

loA  =  ^/IoA  =  \/i.o7486  =  1.03663,   etc., 

longer  lists  of  numbers  could  be  computed  whose  mantissas  differ 
by  a'a,  Ai  etc.  By  continuing  this  process  the  interval  between  suc- 
cessive mantissas  can  be  made  small  at  will.  When  the  difference 
between  successive  mantissas  has  been  made  sufficiently  small,  the 
mantissa  corresponding  to  any  number,  intermediate  to  two  num- 
bers m  the  list  already  foimd,  may  be  found  by  interpolation.    If 
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now  the  numbers  on  the  left  are  selected  at  equal  intervals  and  tabu- 
lated, together  with  their  mantissas,  we  shall  have  a  table  of  common 
logarithms.* 

The  characteristics  need  not  be  tabulated,  for  they  can  always  be 
determined  from  memory  by  the  two  rules  of  the  preceding  article. 
In  most  of  the  tables  the  decimal  points  are  also  omitted;  for  in- 
stance, we  find  in  most  tables  corresponding  to 

the  number  the  mantissa 

4753  67697, 

meaning  that  .67697  is  the  fractional  part  of  the  logarithm  of  any 
number  whose  significant  figures  are  4753. 

The  method  just  explained,  simple  as  it  is,  is  not  the  method  by 
which  the  existing  tables  of  logarithms  have  actually  been  calcu- 
lated. We  shall  leam  later  that  other  methods  exist  by  means  of 
which  logarithms  may  be  calculated  with  much  greater  ease  and 
^>eed. 

36.  RelatioD  between  logj?  and  logfrN.  We  will  now  show  that 
the  logarithms  of  the  same  numbers  to  two  different  bases  are  pro- 
portional, so  that  when  the  logarithm  of  a  number  to  a  given 
base,  as  the  base  lo,  is  known,  the  logarithm  of  the  same  number 
to  any  other  base  may  be  obtained  from  it  by  multiplying  the  known 
logarithm  by  a  certain  constant.  It  is  therefore  unnecessary  to 
actually  construct  logarithmic  tables  to  more  than  one  base. 

To  prove  that 

logfcJV  =  /tloggN,   where  fi  is  the  constant  - — — . 
loga* 

Proof.    Let              log^iV  =  x,     from  which  6*  =  iV,            (i) 

and            logttJV  =  y,     from  which  a"  =  JV.           (2) 
From  (i)  and  (2) 

6'  =  a".  (3) 
Now  let 

6   =a',  (4) 

*  The  student  will  observe  that  In  the  original  arrangement  the  numbers  on 
the  right  (mantissas)  are  at  equal  intervals.  In  this  form  the  table  is  Icnown  as 
a  table  of  atUUogantknu.  A  table  of  ontilogarithms  would  serve  the  main  purposes 
of  computation  as  well  as  a  table  of  logarithms.  Tables  of  antilogarithma  hava 
been  published  and  are  used  by  some  computers. 
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and  substitute  (4)  in  (3),  then 

{a')'  =  a"  =  a", 
from  which  ex  =  y, 

or  a;  =  2,  (s) 

where  from  {4),  c  ■=  loga&. 

Putting  in  {5)  for  x  and  y  their  values  from  (i)  and  (2),  and  M  for- 

we  have 

where 

(6)  may  also  be  written 


If  in  (7)  we  put  N  =  a,ve  obtain  (since  loggCt  =*  i) 


log„6 


that  is, 

^g^a  ant^  logab  are  reciprocals. 

The  constant  multiplier  ft  is  called  the  modulus  of  the  system  of 
logarithms  whose  base  is  b  with  reference  to  the  system  whose  base 
iss. 

36.  Natural  or  Hyperbolic  Logarithms.  Theoretically  any  posi- 
tive number  different  from  i  may  serve  as  the  base  of  a  system  of 
logarithms,  but  in  practi<%  only  two  systems  are  used.  The  first  is 
the  common  sysUm,  used  exclusively  in  numerical  computations;  the 
other  is  known  as  the  system  of  natural  or  hyperbolic  logarithms, 
which  is  used  extensively  in  theoretical  investigations. 
The  base  of  the  natural  system  '  is  an  incommensurable  number, 
*  Natural  or  hyperbolic  logarithms  are  known  also  as  Napierian  logarithms  in 
honor  of  John  Napier  (1550-1617),  though  this  name  is  a  misnomer,  since  neither 
Napier  nor  any  of  his  contemporaries  had  any  conception  of  the  number  c  or  the 
system  of  logarithms  which  has  t  for  its  base.  Napier's  base  is  the  number 
0.307879,  which  happens  to  be  nearly  equal  to-.  The  discovery  of  natural  loga- 
rithms as  well  ta  the  name  is  due  to  Nicolas  Mercator  (1630-16S7), 
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known  as  e,  the  twin  sister  of  the  number  r,  which  like  x  has  many 
remarkable  properties,  e  is  defined  as  the  limit  which  (i  +  -)  ap- 
proaches, as  X  increases  indefinitely.  It  will  be  shown  later  that  this 
limit  is  equivalent  to  the  series 

i  +  i-|-i+-^  +  --i— + ^ +  .  .  .  , 

2       a. 3       2-3-4      2-3'4-5 

from  which  the  approximate  value  of  e  is  readily  found  to  be 

e  =  a.yiSaS  •  ■  ■  . 

By  the  preceding  article  we  find  the  modulus  of  the  natural  system 
of  logarithms  with  reference  to  the  common  system  is 


log  2.71828       D.434294 

Exercise  20 

1,  Use  the  results  of  Art.  34  to  compute  to  four  places  the  number 
whose  common  logarithm  is  ^  =  0.15625.  Ans.   1.4330- 

2.  By  a  method  similar  to  that  of  Art.  34  compute  to  four  places 
the  number  whose  common  logarithm  is  };  also  to  four  places  the 
number  whose  common  logarithm  is  \.  Ans.   2.1544,  1.2913. 

3,  Similarly  compute  the  number  whose  common  logarithm  is  ^. 

Ans.   14678. 

4.  Given  log  102  »  0.30103;  compute  logs  10.  Ans.   3-3ii9. 

5-   Show  that  lagi^N  =  }-^SJL  =  0.434394  X  log^. 
log.  10 

6.  Find  log«  100,  log,  1000,  log,  0.01,  logi  a. 

Ans.   4.60518,  6.90777,  —  4.60518,  0.69315. 

7.  Use  the  results  of  Art.  34  to  compute  log,  3.65174. 

Ans.   1. 2952 1. 

8.  Given  logii)3;  find  log«  to,  logiT  1000. 

Ans.     — -^ — ,        ~ — . 
zlogio3  logio3 

g.   Show  how  to  obtain : 

logarithms  to  the  base  8  from  logarithms  to  the  base  3 ; 
Ic^arithms  to  the  base  3  from  logarithms  to  the  base  9. 

Ans.    Divide  by  3;  multiply  by  2. 
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10.  Prove  that 

lOgifl  •  logji  •  I<^o'^  =  I. 

11.  Given log4  ~  0.60106,  log9  =  0.95434;  find  log  6. 

Ans.   log  6  =  0.77815. 

37.  Tables  of  LogariQimic  Trigonometric  Functioiis.    In  the 

solution  of  triangles  and  elsewhere  we  constantly  encounter  expres- 
sions involving  trigonometric  functions.  Suppose  it  were  required  to 
compute  the  value  of 

_  .125.6  sin  a.i°4s' tan  18°  24' 
cos  37"  30' 
It  is  plain  that  we  might  first  find  the  values  of  the  several  trigono- 
metric functions  from  the  table  of  natural  functions;  thus,  -— 

sin  23° 45'  =  0.4027,  Un  18°  24' =  0.3327,  cos  37° 30' =  0.7934. 
With  these  values  the  expression  above  written  becomes 
J.  _  32.';.6  X  0.4027  X  o..i.'^37  _ 
0-7934 
Solving  by  logarithms  we  have 

log  325.6  =    2.51268 

log  0,4027  =  log  sin  23°  45'  =    9.60498—10 

log  0-3327  "  log  tan  18°  24'  =    9.52205  -  10 

coiog  0.7934  =  colog  cos  37°  30'       =    0.10051 
logx  =    1.74022 
*  -  54-983- 
It  will  be  observed  that  in  order  lo  obtain  log  an  23"  45'  we  con- 
sulted two  different  tables:  first,  the  table  of  natural  sines,  to  find 
sin  33°  45'  =  0.4027;  second,  the  table  of  logarithms,  to  find  log  0.4027 
=  9.60498  —  10.    To  avoid  the  necessity  of  referring  to  two  tables, 
the  logarithms  of  the  sines,  amines,  tangents  and  cotangents  have 
been  separately  calculated  and  arranged  in  a  new  .table,  known  as 
the  table  of  logarithmic  trigonometric  functions  *.    The  table  con- 
tains the  values  of  the  logarithms  of  the  sines,  cosines,  tangents 
and  cotangents  of  angles  between  0°  and  90°. 

We  know  that  the  sine  and  cosine  of  every  angle  and  the  tangent 
of  every  angle  less  than  45°,  as  well  as  the  cotangent  of  any  angle  be- 

•  The  choice  of  the  term  is  unfortunate.  Trigonometric  logarithms  would  be 
much  better.  It  is  of  interest  to  know  th&t  Napier's  tables,  the  first  tables  ever 
published,  tivtt  tAbks  of  loguithmic  trigonometric  functions. 
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tween  45°  ajid  90°,  is  less  than  unity,  consequently  the  characteristics 
of  the  Ic^arithms  of  these  functions  will  be  negative.  To  avoid 
native  characteristics,  each  n^;ative  characteristic  has  been  replaced 
by  a  positive  characUristic  by  adding  10.  For  example,  while  the 
true  value  of 

log  sin  23°  45'  ~  -  1  +  0.60498  =  9.60498  -  10, 

the  table  gives 

log  sin  23°  4S'  =  9.60498. 

This  latter  value  is  called  the  tabular  logarithmic  sine,  hence 

To  find  the  true  value  of  a  logarithmic  sine  the  corresponding  labuiar 
I  logarithmic  sine  must  be  diminished  by  10. 

Since  the  secant  is  the  reciprocal  of  the  cosine,  and  the  cosecant 
the  reciprocal  of  the  sine,  we  have 

The  logarithmic  secant  or  cosecant  may  be  obtained  by  taking  the 
cologarithm  of  the  cosine  or  sine  respectively,  that  Is,  by  subtract- 
ing the  tabular  logarithmic  cosine  or  sine  from  10. 

38.  To  Find  the  Logarithmic  Trigonometric  Functions  of  an 
Angle  less  than  90°. 

(a)  When  the  angle  is  less  than  45",  we  find  the  number  of  degrees 
at  the  top  of  the  page  and  the  number  of  minutes  in  the  left-hand 
column.  The  values  of  the  log  sin,  log  tan,  log  cot,  log  cos,  as  indi- 
cated at  the  head  of  the  column,  are  then  found  in  the  same  line  as 
the  minutes. 

If  seconds  are  given,  they  may  be  reduced  to  a  fractional  part  of  a 
minute,  and  the  value  of  the  logarithmic  function  may  be  found  by 
interpolation,  just  as  was  done  in  finding  logarithms  of  numbers. 

Example  i.  Find  the  log  sin,  log  cos,  log  tan  and  log  cot  of 
11"  2l'. 

Remembering  that  certain  of  the  characteristics  as  given  in  the 
table  are  too  large  by  10,  we  find  from  table  II 

log  sin  rr°  21'  =  9.29403  —  10, 
log  tan  ir"  21'  =  9.30261  —  to, 
log  cot  11°  ai'  =  0.69739, 
log  cos  11°  21'  =  9.99142  —  10. 
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Example  2.     Find  log  sin  15°  24'  36". 
From  the  table  we  find, 

log  sin  15°  24'  =  9.43416 
log  sin  15° as'  =  94^461 
difference  for  i'  =  45 

36"=  0.6',         difference  for  0.6'  =  0.6  X  45  "-  27, 
hence        log  sin  15°  24' 36"  =  942416  +  37  =  9.42443. 

Example  3.    To  find  log  cos  a7°36'4o". 
From  the  table  we  find 

log  cos  27''36'  =  9-94753 

log  cos  27°  37'  =  9-94747 

difference  for  i'  =  6 

40"=  0.6J',         difference  for  0.65'  =  4, 

hence  log  cos  37°  36' 40"  =  9-94753  -  4  =  9-94749- 

Observe  that  in  this  example  the  difference  was  subtracted  from  the 
mantissa  of  the  logarithm  of  the  smaller  angle,  because  the  logarithm 
of  the  cosine  decreases  as  the  angle  increases. 

(b)  When  the  angle  is  more  than  4$°  and  less  than  90°,  we  find  the 
degrees  at  the  bottom  of  the  page  and  the  minutes  in  the  right- 
hand  column.  The  values  of  the  log  sine,  log  tangent,  log  cotangent 
and  log  cosine  as  indicated  at  the  foot  of  the  column  are  then  found 
in  the  same  line  as  the  minutes. 

Example  4.     Find  log  tan  61°  10'  27". 
From  the  table  we  find 

log  tan  61°  10'  «  0.25923 

log  tan  61°  11'  =  0.25953 
difference  for  1'  =  30 

27"  =  0.4J',       difference  for  04J'  =  4J  X  30  =  13.5, 

hence         log  tan  61°  10'  27"  =  0.25923  +  13.5  =  0.25936. 

The  difference  13.5  is  additive  because  the  log  tangent  increases  with 
the  angle. 
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ExAHFix  5.    Find  log  cot  75°  51'  15". 

log  cot  75°  51'=    9.40159 

log  cot  75°  52'  =    9.40106 

difEerence  for  i'  =  53 

is"  =  0,25',       difEerence  for  0.25'  =  13, 
hence  log  cot  75°  51' 15"  =    9.40146  —  10. 

The  difference  13  is  subtracted  because  log  cot  75°  52'  is  less  than 
log  cot  75°  51'. 

In  general  when  interpolating: 

For  sines  and  kmgenis  the  difference  must  be  added  to  the  function 
of  the  smaller  angle,  because  the  sine  and  tangent  of  an  angle  in- 
creases as  the  angle  increases. 

For  cosines  and  cotangents  the  difference  must  be  subtracted  from 
the  function  of  the  smaller  angle,  because  the  cosine  and  cotangent 
(rf  the  angle  decreases  as  the  angle  increases. 

39.  To  Find  ttie  Angle  Corresponding  to  a  Given  Logarithmic 
Trigonometric  Function. 

When  the  given  number  can  be  found  in  the  table,  the  number  of 
degrees  is  found  at  the  top  or  bottom  of  the  page,  according  as  the 
name  of  the  function  appears  at  the  top  or  bottom  of  the  column. 
The  number  of  minutes  is  found  in  the  same  line  with  the  given 
function,  —  in  the  left  colimm  if  the  degrees  are  taken  from  the  top 
of  the  page,  in  the  right  column  if  from  the  bottom. 

When  the  given  number  cannot  be  found  in  the  table,  two  con- 
secutive numbers  can  always  be  foimd,  one  of  which  is  slightly 
smaller,  the  other  slightly  larger  than  the  given-  number.  The  re- 
quired angle  can  then  be  found  by  interpolation. 

Example  i.     Given  log  sin  x  =  8.73997;  to  find  x. 

The  number  8.73997  is  found  in  the  first  column  on  page  30  of  the 
tables.  This  column  has  log  sin  written  at  the  top  and  log  cos  at 
the  bottom.  Since  the  given  number  is  to  be  a  log  sine,  the  degrees 
are  taken  from  the  top  of  the  page  and  the  number  of  minutes  from 
the  left-hand  column  in  line  with  the  number  8.73997.    We  thus  find 

ExAifPLE  2.     Given  log  cos  y  =  8.73997;  to  find  y. 
The  given  number  is  the  same  as  in  Example  i,  but  this  time  it 
represents  a  log  cosine.    Therefore  we  take  for  the  required  angle 
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the  number  of  degrees  at  the  bottom  of  the  page  and  the  number 
of  minutes  found  m  the  right-hand  column,  opposite  the  number  in 
the  Ubie.    Result,  y  =  86"  31'- 

It  ^ould  be  observed  that  the  given  mantissa  73997  appears  a 
second  time  in  the  table,  namely,  on  page  60,  first  column.  But 
the  numbers  in  that  column  have  the  characteristic  9,  while  the 
given  characteristic  is  8.  Beginners  sometimes  overlook  the  charac- 
teristic and  are  thus  led  into  mistakes. 

Example  3,  Given  tog  tan  x  =  0.08685;  to  find  x. 
The  number  0.08685  cannot  be  found  in  the  table,  but  on  page  66, 
third  column,  are  found  the  next  smaller  number  0.08673  ^^^  ^^ 
next  larger  number  0.08699.  "^he  difference  between  these  two  is 
26,  and  to  the  smaller  of  the  two  corresponds  the  angle  5o°4i', 
that  is, 

mantissa  log  tan  50°  41'  =    08673 
but  mantissa  log  tan  x  ~    08685 

difference        =  iz. 

K  we  denote  byrf"  the  difference  between  so°4i'  and  x,  the  principle 
of  proportional  parts  gives  us 

d"  :  12  =  60"  :  26,  that  is,  d"  =  if  X  60"  =  28", 
and  the  required  angle  is  x  =  50°  41'  28". 

ExAJiFLE  4.    Given  log  cos  x  =  9.87561  —  10;  to  find  x. 
mantissa  log  cos  41°  19'  =  87568 
mantissa  log  cos  41°  ao'  =  87557 
difference  for  i'  or  60"  =        11. 
Also  mantissa  log  cos  41°  19'  ~  87568 

mantissa  log  cos  x  =  87561 

difference  for  d"  =         7 

and  d"  -.7  =  60"  :  n,  "i"  ™  -/i  X  60"  ="  38", 

hence  the  required  angle  is  x  =  41°  19'  38". 

EXEKCISE    21 

From  the  table  of  logarithmic  trigonometric  functions  find: 

1.  log  sin  13°  24',  Ic^  cos  25°  12',  log  tan  10°  02',  log  cot  17°  00'. 

Ans.  9-36502,9.95657,  9.24779,  0.51466. 

2.  log  sin  73"  11',  log  tan  46°  17',  log  cot  65"  13',  log  cos  67°  59'- 

Ans.   9.97866,  0.01946,  9.66437,  9.57389. 
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3.  log  sin  as°i2'3o",  log  tan  36° 30'  15",  log  sin  70*15' 40". 

Ans.   9.62932,  9.86938,  9.97370. 

4.  log  cos  16°  26'  4S",  log  cot  9°  27'  42",  log  cot  54°  25'  09". 

Ans.   9.98186,  0.77818,  9.85456. 

5.  log  sin  42°  15'  10",  log  cos  17°  10'  54",  log  tan  51°  18'  57". 

Ans.   9.82763,  9.98017,  0.09653. 
By  means  of  the  table  find  x,  when  there  is  given: 

6.  log  sin  a:  =  9.77980,  log  tan  x  =  0.40017,  log  cos  a;  =  9-795S8- 

Ans.  37"  02',  68"  18',  51°  21'. 

7.  log  sin  X  =  9.68931,  log  cos  a;  =  9.89609,  log  tan  x  =  0.16999. 

Ans.   29"  16' 30",  38°  04' 30",  55°  56' 15". 

8.  log  tan  X  =  0.30562,  log  sin  x  =  8.97296,  log  sin  x  =  9.97296. 

Ans.  63°  40'  36",  5°  23'  30",  69°  S9'  24". 

9.  log  sin  X  =  log  a  +  log  sin  32°  10'  15"  +  log  cos  32°  10'  15". 

Ans.  X  =  64°  20'  30". 

10,  Verify  the  relation 

log  cos  27°  10' 40"  =  log  (cos  i3''3s'2o"  -  sin  13°  35' 20") 
+  log  (cos  13°  35'  20"  +  sin  13°  3S'  ao"). 
(Suggestion.    Use  the  natural  function  table  to  find  the  quantities 
within  the  parentheses.) 

11.  Given  tan  x  =  4.6525;  find  x  without  usii^  a  table  of  natural 
functions. 

la.   Given  (sin  x)'  ==  0.253;  fin*!  ^-  -^'"-  ^  =  7°  18' 40". 

40.  Logarithmic  Functions  of  Angles  near  0°  or  90°.  When 
the  angle  is  very  small,  say  less  than  2°,  the  It^rithms  of  the 
sine,  tangent  and  cotangent  vary  so  rapidly  that  the  principle  of 
proportional  parts  fails  to  apply  with  sufficient  accuracy,  causing 
the  results  obtained  by  interpolation  to  be  unreliable.  The  same 
remark  applies  to  the  logarithms  of  the  cosine,  cotangent  and  tangent 
of  an  angle  near  90°,  say  between  88"  and  90°.  In  such  cases  tables 
may  be  used  which  give  the  required  functions  for  sufficiently  small 
intervals  of  the  angle,  say  for  each  second.  When  such  tables  are 
not  available  the  following  rules  may  be  employed. 

If  the  ang^  is  less  than  2°  and  only  tenths  of  minutes  are  con- 
sidered,— 
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The  log  sin  or  log  tan  of  the  angle  may  be  found  by  increasing  the 
logarithm  of  the  number  of  minutes  in  the  angle  by  6.46373-10. 

Conversely, 

The  angle  corresponding  to  a  given  log  sin  or  log  tan  may  be  found  by 
diminishing  the  given  log  sin  or  log  tan  by  6.46373-10.  The  resulting 
number  ts  the  logarithm  of  the  number  of  minutes  in  the  required  angle. 

ExAUPLE  I.    To  find  log  sin  0°  50.7'. 


log  so.  7  =  I 


log  sin  50-7'  = ' 

Given  log  tan  x  =  i 

log  tan  X  =  i 


70501 
46373  - 


50724  -  I 
507^4  -  I 
46373  -  I 


loga;=  2.04351 

x=  iio.s'=  I'so.s'- 
These  rules  are  based  on  the  theorem,  which  will  be  proved  later,  that 
the  sine  and  tangent  of  a  small  angle  are  each  approximately  equal 
to  the  length  of  the  arc  subtended  by  the  angle  at  the  center  of  a 
drcle  whose  radius  is  the  unit  of  measure,  so  that  for  very  small  angles 
the  measure  of  the  arc  may  be  substituted  for  either  the  sine  or  the 
tangent  of  the  corresponding  ai^le.  Now  the  measure  of  an  arc  in 
terms  of  the  radius  is  found  by  multiplying  the  number  of  minutes  in 
the  arc  by  0.0002909,  for  since  the  semi-circumference  (the  arc  sub- 
tending an  angle  of  180°  =  10800')  measures  3.14159  .  .  .  when  the 
radius  is  i,  each  minute  of  arc  measures  3.14159  -i-  toSoo  =  0.0002909. 
Log  0.0002909  =  6.46373  —  10,  consequently  if  the  log  sin  or  log  tan 
of  a  small  angle  is  increased  by  this  amount  the  result  will  be  the  loga- 
rithm of  the  number  of  minutes  in  the  corresponding  angle. 

When  the  angle  is  less  than  2°  and  the  exact  number  of  seconds 
are  considered  the  foregoing  rule  fails.  In  such  cases  a  special  table, 
known  as  the  S  and  T  table,  is  commonly  employed. 

41.  Use  of  the  S  and  T  Table  (Table  m).  For  small  angles 
the  ratio  of  either  the  sine  or  tangent  to  the  length  of  the  arc  of  unit 
radius  is  nearly  constant,  that  is 

— ~t  as  well  as  —^1  is  nearly  constant, 

X  X 

X  bdng  the  ratio  of  the  length  of  the  arc  to  the  radius. 
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On  taking  logarithms  we  have 

log  sin  X  —  log  X,  as  well  as  log  tan  «  —  log  a:,  is  nearly  constant. 

Let  us  put 

log  sin  3C  —  1<^  a:  =  5,  and  log  tan  x  —  log  x  =  T, 
then  on  transposing  log  x  we  obtain 

log  sin  a;  =  log  a;  +  S  (i) 

and 

log  tan  K  =  log  jc  +  r.  (j) 

The  values  of  S  and  T,  corresponding  to  various  values  of  x  ex- 
pressed in  seconds,  have  been  carefully  calculated  and  assembled  in 
Table  III,  The  given  ai^e  x  is  first  reduced  to  seconds,  and  the 
corresponding  value  of  5  or  7  is  then  taken  from  the  table.  This 
value  increased  by  log  x  gives  log  sin  x  or  log  tan  x,  as  the  case 
may  be. 

Conversely,  if  log  sin  x  or  log  tan  x  is  given  and  x  is  to  be  found, 
we  take  S  oi  T  from  the  table,  subtract  it  from  log  sin  x  or  1(^  tan  x^ 
as  the  case  may  be,  and  obtain  log  x,  from  which  x  is  found. 

The  log  cosine  or  log  cotangent  of  an  angle  near  90°  may  be  foimd 
from  the  same  table  by  substituting  for  the  cosine  of  the  angle  the 
sine  of  its  complement,  and  for  the  cotangent  of  the  angle  the  tan- 
gent of  its  complement.  All  this  will  be  better  understood  by  fol- 
lowing through  the  examples  which  are  worked  out  below. 

The  characteristics  of  5  and  T  are  negative,  so  that  —  to  must  be 
appended  to  each  value  taken  from  the  table. 

Example  i 
(^ven  x  =  0°  56'  26";  to  find  log  sin  x. 

x  =  0°  56'  36"  -  3386". 
j^plying  (i),  logi  =  3.52969 

From  Table  HI,  S  =  4-68556  -  10 


log  sin  a:  =  8.21525  —  10. 

Example  2 
Given  log  sin  a:  =  8.21524  ~  10;  to  find  x. 

log  sin  X  =  8.21534  —  10 
From  Table  III,  S=  4.68555  -  10 

By  (i),  logs: -3-52969 

X  =  3386"  =  0°  56'  26". 
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Example  $ 
To  find  log  tan  t"  lo'  51". 

i"  10'  51"=  4351"- 
Applying  (.2),  log  4251  =  3.62849 

From  Table  IH,  T  =  4-68564  -  10 

It^tan  1°  10'  51"  =  8.31413  -  '°- 

Example  4 
Given  log  tan  *  =  8.31413  -  10;  to  find  x. 

log  tan  a:  -  8.31413  —  10 
Trom Table  HI,  T  -  468564  -  10 

Subtracting,  log  x  =  3.62849 

X  =  4251"  =  1°  10'  51". 

Example  5 
To  find  log  cos  89°  25'  11". 
log  cos  89°  25'  11"  =  log  sin  0°  34'  49" 
0°  34'  49"  =  3089". 
Applying  (i),  log  2089  =  3.31994 

From  Table  ni,  S  =■  468557  -  ^o 

log  sin  0°  34'  49"  =  8.00551  —  10 
log  cos  89°  25'  11"  =  8.00551  —  10. 

Example  6 
log  cos  a;  =  8.00551  —  10;  to  find  x. 
log  cos  a:  =  log  sin  {90°  -  x). 

log  sin  (90°  —  x)  ~  8.00551  —  10 
From  Table  HI,  5  =  4-68557  -  'o 

log  (90°  -  x)  =  3.31994 
90°  —  a:  =  1089"  =  o"  34'  49" 
X  ==  90°-  0°  34'  49"  =  89°  25'  11". 

Example  7 
To  find  1(^  cot  i"  o'  29". 
log  cot  1°  o'  29"  = 


log  tan  1°  o'  29" 
=  —  log  tan  1°  o'  3 
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Then,  as  in  Example  3, 

log  tan  1°  o'  29"  =  8.34541  —  10 
log  cot  i"  o'  39"  =  10  — .  S.24S4I 
=  1. 75459- 

EXAICPLE  8 

log  cot »  ™  1.75459;  to  find  X. 

log  cot  a:  =  -  log  tan  3c  =  1-75459. 

log  tan  X  =  8.Z4541  —  10. 
Then,  as  in  Exanq)le  4, 

X  ^  1°  o'  29". 

ExE&asE  22 
I.   Knd  log  sin  i"  20'  02",  log  tan  o"  45'  45",  log  cos  &&"  54'  36". 

Ans.   8.36696  —  10,  8.12414  —  10,  8.27928  —  10. 
a.  Find  log  sin  0°  50'  50",  log  cos  89°  01'  55",  log  tan  1°  15'  17". 

3.  What  would  have  been  the  error  in  each  of  the  functions  in  2, 
if  their  values  had  been  found  from  table  II  by  interpolation  ? 

4.  Find  each  of  log  tan  88°  05'  20",  log  cot  89°  16'  50"  from  Table 
ni,  and  check  your  result  by  Table  II. 

5.  Given  log  sin  a:  =  8.22925  —  10,  log  tan  y  =  8.43340  —  10;  find 
xandy.  Ans.  a:  =  0°  58'*i7",  y  =  1°  33' 14". 

42.  Histoiical  Note.  With  the  awakening  of  science  in  the  six- 
teenth century,  measurement  became  more  precise,  the  resulting- 
numbers  more  comple:(,  and  computation  more  and  more  tedious 
and  time-consuming.  The  demand  for  shorter  methods  of  com- 
putation than  were  then  known  led  to  the  invention  of  loga  ithms. 
It  is  therefore  not  very  strange  that  the  method  of  logarithms  should 
have  been  developed  independently  and  almost  simultaneously  by 
two  mathematicians,  John  Napiier,  a  Scotchman,  and  Jost  Buergi,  a 
German.  Napier's  tables  were  published  in  1614.  Buergi's  tables 
were  computed  before  i6iibut  not  published  till  1620-  Both  Napier's 
and  Buergi's  tables  were  soon  superseded  by  Briggs'  tables.  Briggs' 
tables  contained  fouo-teen  place  logarithms  of  all  numbers  from  i  to 
30,000  and  from  90,000  to  100,000.  Briggs'  tables  were  completed 
by  Adrian  Vlacq  (1628),  who  shortened  Briggs'  tables  to  ten  places, 
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and  computed  the  logarithms  of  the  remaining  numbers  from  30,000 
to  90,000, 

Briggs'  and  Vlacq's  tables  are  substantially  the  same  as  the  tables 
in  use  to-day,  though  the  tables  have  been  checked  and  parts  of  them 
recomputed  many  times.  The  most  complete  check  was  under- 
taken by  the  French  authorities  in  1784.  It  required  the  work  of 
nearly  one  hundred  mathematicians  and  computers  for  over  two 
years.  The  resulting  tables,  giving  fourteen  place  logarithms  of  all 
integers  from  i  to  200,000,  besides  natural  sines  and  logarithmic 
sines  and  tangents,  have  never  been  published.  Two  manuscript 
copies  are  preserved,  one  at  the  Observatory,  the  other  at  the  Insti- 
tute in  Paris. 
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CHAPTER  V 

LOGARTTHHIC  SOLUTION    OF     RIGHT  TRLUfGLES  AND 
APPLICATIONS 

43.  Logaiithmic  Solution  of  Right  Triangles.  In  Article  lo  it 
was  shown  how  to  solve  right  triangles  by  means  of  natural  functions. 
Now  we  shall  employ  logarithms,  which  as  a  rule  shorteos  the  work. 
We  shall  illustrate  each  of  the  cases  which  may  arise  by  an  example. 

Example  i. 


Given    a  =  316.5, 
c  "  521.2. 

Solution. 

(a)  To  find  ^  and  £. 

sin  .4  =  - , 
c 
log  sm  .4  =°'  log  «  +  col(^  c. 

loga  =  2.50037 
cologc  "  7.28300  —  10 


Required  A  = 
B- 


37   23-5. 
52°  36.5', 


(6)  To  find  b. 

cos  A  =  — ,  or  0  = 

log  i  =  log  c  +  1. 
2.71700 


cos.^, 
;  cos  A. 


9.90009  —  10 


log  cos  A 

log  6  =  2.61709 
h  =  414.1. 


log  sin  .^  =  9.78337  -  10 
^  =  37°  33.5'. 
-8=  52°  36-5'- 
(c)  Check.    If  our  result  for  b  is  correct,  it  must  satisfy  the  rela- 
tion fl*  +  6»  =  c",  or  c*  -  6»  =  (c  +  b)  {c  -  b)  =  a\ 
from  which  log  {c -\-  b)  +  log  {c  —  b)  =  2  log  a, 

c  +  b~  521.2  +  4t4-i  =  93S-3. 
c  -  i  -  521.2  -  414.1  -  107.1. 
log  (c+b)  ~  2.97095  log  a  =  2.50037 

log  (c  —  b)  =  2.02979  2 

S. 00074  5.00074 

Since  b  checks,  A  may  be  assumed  to  be  correct  also,  for  b  was  found 
from  A. 
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EXAUPLE  3. 
Given     a  =  6-325. 
6  =  7.328. 

Solution. 

(a)  To  find  A  and  B. 
l&aA  =  - . 


S   Required  A  =  40°  47.9', 
1  B  =  49°  13. i', 

c  =  9.680. 

(6)  To  find  c. 
sin-4  =  ■ 


sin  A ' 
log  c  =  log  a  +  colog  sin  A 
1(^  a  =  0.80106 
colog  sin  4  =  0.18483 
log  c  =  0.98589 
c  =  9.680. 


Ic^  tan  A  =  log  o  +  colog  b, 
log  a  =  0.80106 
colog  b  =  9.13501  —  10 
1(^  tan  A  =  9.93607  —  10 
A  =  40"  47.9'. 
B  =  49°  13.1'. 
(fi)  Check.    c»  -  6*  =  «»,  log  (c  +  6)  +  log  (c  -  6)  =  3  l<^o. 
c  +  b  =  9.680  +  7.338  =  17.008, 
c^b  =  9.680  —  7.338  =    3,353. 
log  (c  +  6)  =  1.23065  tog  0  =>  o.Soto6 

log  (c  -  A)  =  0.37144  a 

1.60209  1.6031Z 

Here  there  is  a  slight  discrepancy  in  the  check.  The  discrepancy  is 
in  the  last  figure  only;  that  is,  if  the  mantissas  of  the  final  results 
are  cut  down  to  four  figures,  each  side  is  1.6031.  Agreement  in  the 
first  four  figures  of  the  mantissas  of  the  final  logarithms  of  the  check 
is  all  that  can  be  expected  when  a  five-place  table  is  used. 


Example  3. 

Required 

Given  c  =  35-:i4S> 

fl-^ 

f^ 

a  =  15.079, 

A  =  35'  24'  30". 

^ 

*  =  31-745. 

Solution. 

Fig 

3»- 

ii     -     U4      ;(5      JO      . 

(a)  To  find  0. 

(»)  To  find  b. 

sin -4=^. 

c 

logo=  logc  +  log 

sin^ 

log  6  =  log  c  +  log  cos  i*. 

logc  =  1.54586 

log  c  =  1.54586 

log  sin  ^  =  9.63Z53  - 

10 

log 

COS^   =  9.9558a  -   10 

log«=  1.17838 

log  b  -  1.50168 

a  =  15.079. 

l>  =  31-745- 
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(c)  Check. 


Iog(e  +  S)  +  log(, 

C-*)-2l0gfl. 

c  +  6  =  66.890, 

c-b  =  3.400. 

log(e  +  «.i.8»S3(S 

logfl=  1.17838 

logfr- 

■ »)  -  0.53148 

2 

a.3S684 

2.35676 

EXAHPLE4. 

r 

Given  b  =  as. 

01,                    1,'lfio' 

^        Required  a  =  11.57, 

S-65' 

■■»'■      ^1^., 

£  =  27.56, 

-*        Fig-  33. 

A  =-  24°  50'- 

Solution. 

(0)  To  find  0. 

(i)  To  and  c. 

UnB  = 

=  * 

smS  =  ^ 

a' 

c 

loga- 

log i+ log  cots. 

log  c  -  log  &  +  colog  sin  B. 

log»- 

1.39811 

log  ft  =  1.39811 

logcotS  =  . 

9-66537  —  10         colog  sinS  =  0.04214 

log.-: 

1.06348 

log  c- 1.44025 

a  =  : 

E 1-574. 

c  =  27.56. 

(c)  a«ck. 

log  ic  +  b)  + logic - 

-W-2l0g«. 

c  +  b   =52.568,     c 

-  b  =  a.548. 

log(c+ J)  =  1.7307a 

loga=  1.06348 

log(c 

—  b)  =  0.40620 

2 

2.12692 

2.12696 

Example  5. 

*  =  .14.04.     . ^^^^stoT 

B   Required  A  =  10°  02.7' 
J"                  -8  =■  79"  57.3' 

Fig.  34. 

a  =  6.030. 

Solution.  In  this  problem  the  given  side  and  hypotenuse  are 
so  neariy  equal  that  the  method  employed  in  Example  3  does  not 
give  suffidently  accurate  results.  We  therefore  use  the  formulas  of 
Art.  21. 
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(a)  To  find  A  and  B.  (6)  To  find  a. 

sin^  =  -. 


log  tan  -  =  i  [log  {c~b)  +  colog  (c  +  6}]. 


log  a  =  \ogc  +logmiA. 
log  c  =  1.53870 
log  sin -4  =  9.34163  —  10 
c-~  b  =  34-57  -  34.04  =  0.53,  log  a  =  0.78033 

c  +  b  •=  34.57  +  34.04  =  68.61.  a  =  6.030. 

log  (c  -  ft)  =  9.72438  -  10 
colog  (c  +  6)  =  8.16361  -  10 
2)17.88789  -  30 
log  tan  i  A  =  8.94394  —  10 

l^=S''0l'2^" 

A  "  10°  02'  44",  or  10°  2,7'  to  the  nearest  tenth  minute. 
B  =  79°  57'  16",  or  79"  57.3'  to  the  nearest  tenth  minute. 

(e)  Check. 

log  (c  +  6)  +  log  (c  -  &)  =  a  log  a. 
c  +  b=  34.57  +  34.04  =  68.61, 
c-b  =  34.57  -  34.04  =  0.53. 
log{c4-ft)=  1.83639  logff  =  o.78o33 

log  ic~b)  =  9.73428  —  10  2 

1.56067  1.56066 


Exercise  23 

Solve  the  foUowing  problems  by  logarithms,  computing  all  angles 
to  the  nearest  second  and  all  sddes  to  five  significant  figures.  It  is 
expected  that  the  student  check  his  results  when  no  answers  are 
given. 


.92,  c  =  289.64. 

Find  A  -  35"  40'  33",  B  =  54°  19'  27' 
Find^ 


a  ~  43.148,  ft  =  84.107. 
ft  =  2.5346,  c  =  3.7133, 
a  =  0.37640,  ft  =  0.28634. 
o  =  547-5.  ^  =  33"  15' 
a  =  6700,  B  =  ij"  30' 


235.28. 
27°  09' 29",  c  =  94.530. 
Finds,  A,  B. 
Find  A  and  B. 
Find  ft  =  867.10,  c  =  1025.4. 
Find  ft  and  c. 
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7.  C  =  672-34,  A  =  35"  16'  3$". 

Find  B  =  54°  43'  35",  a  =  388.26,  6  =  548.90. 

8.  c  =  1.001,  B  —  4S°  45'  45".  Find  a  and  b. 

9.  c  =  369.27,  ft  =  135.64.     Find  A  —  50°  20'  54",  5  =  384.31. 

10.  c  -  5464.35,  «  =  54S2I3-  Find  -8  =  3°  49'  57". 

44.  Nttmber  of  Significant  Figures.  Numerical  problems  are  of 
two  kinds: 

(a)  Those  in  which  the  given  numbers  are  exact  numbers. 

(b)  Those  in  which  the  given  numbers  are  approximaU  only.  For 
example,  when  we  say  that  each  of  the  sides  of  a  hexagon  inscribed  in  a 
drde  with  unit  radius  is  i,  and  each  angle  120°,  i  and  120  are  exact 
numbers,  that  is,  the  ddes  in  question  are  to  be  considered  neither 
more  nor  less  than  i,  and  the  angles  neither  more  nor  less  than 
120".  On  the  other  hand,  when  we  say  that  the  side  of  a  field  meas- 
ures 631.7  feet  and  the  angle  at  a  comer  73°  37',  the  numbers  631.7 
and  73°  37'  are  mere  approximations.  So  far  as  we  know  the  exact 
length  of  the  measured  side  may  be  any  number  between  631.65 
and  631.75  and  the  measured  angle  may  have  any  value  between 
73"  36.5'  and  73°  37-5'- 

I.  When  the  given  numiers  of  a  problem  are  exact  numbers,  the 
results  asked  for  can  be  carried  out  to  as  many  significant  figures  as 
the  number  of  figures  in  the  mantissas  of  the  l<^rithms  used  in  the 
solution.  In  this  book,  where  the  computations  are  based  on  a  five- 
place  table,*  lengths  must  be  limited  to  five  s^nificant  figures  and 
angles  to  seconds.  Even  then  the  fifth  figure  and  the  number  of 
seconds  cannot  always  be  relied  upon. 

11.  Wken  the  given  numbers  of  a  problem  are  the  results  of  measure- 
ment, the  answers  need  not  contain  more  significant  figures  than 
the  least  accurate  of  the  given  parts.  Thus,  if  one  side  of  a  triangle 
is  measured  to  the  nearest  inch  and  another  to  the  nearest  tenth  of 
an  inch,  the  answer  for  the  third  side  need  only  be  given  to  the 
nearest  inch.  The  following  directions  will  assist  the  student  to 
make  consistent  measurements  and  to  avoid  useless  calculations. 

I.  Distances  expressed  to  three  figures  call  for  angles  expressed 
to  the  nearest  J^w  minutes,  and  vice  versa. 

*  Five-place  tables  answer  most  of  the  demands  of  applied  science.  The  In* 
struments  ordinarily  used  by  engiueers  read  angles  to  the  nearest  minute  only. 
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2.  Distances  expressed  to  four  figures  aill  for  angles  expressed 
to  the  nearest  terOk  of  a  minule*  and  vice  versa. 

3.  Distances  expressed  to  jive  figures  call  for  angles  expressed 
to  the  nearest  second,  and  vice  versa, 

4.  Distances  expressed  to  six  figures  call  for  angles  expressed  to 
the  nearest  tenth  of  a  second,  and  vice  versa.  A  six-place  table  must 
be  used  to  obtain  like  accuracy  in  the  answers. 

5.  Distances  expressed  to  seven  jigures  caU  for  angles  expressed  to 
the  nearest  hutidredlk  of  a  second,  and  vice  versa.  A  seven-place  table 
is  necessary  to  obtain  like  accuracy  in  the  answers. 

In  this  connection  the  student  should  observe  that,  whenever  a 
number  is  the  result  of  measurement  or  other  approximation,  a  cipher 
to  the  right  of  a  decimal  fraction  has  a  distinct  significance  and  cannot 
be  dropped  at  will,  as  is  customary  in  dealing  with  exact  numbers. 
For  example,  the  square  root  of  3  is  approximately  represented  by 
each  of  the  numbers  1.7,  1.73,  1.732,  1.7320,  1.73205,  etc.,  the  ap- 
proximation being  closer  the  more  figures  we  write;  but  1.7,  when 
used  as  an  approximation  for  V3,_has  not  the  same  meaning  as 
r.70,  for  the  former  means  that  V3  has  some  value  between  1.65 
and  1.75,  while  the  latter  means  that  the  number. represented  has 
some  value  between  1.695  ^°^  ^'7°5i  which  is  not  true.  Simi- 
larly the  numbers  63,  62.0,  62.00,  when  they  represent  measures  of 
distances  or  other  quantities,  are  not  equivalent.  The  first  implies 
that  the  measurement  has  been  carried  out  to  the  nearest  unit,  the 
second  to  the  nearest  tenth,  and  the  third,  62.00,  that  the  measure- 
ment has  been  nude  to  the  nearest  hundredth  of  a  unit. 

16.  Applied  Problems  Involving  Right  Trian^es.  The  follow- 
ing six  sections  deal  with  applied  problems  involving  the  solution  of 
right  triangles.  The  problems  are  grouped  with  reference  to  the 
questions  dealt  with,  and  the  problems  in  each  set  are  so  arranged 
that  the  more  difficult  come  last.  It  is  not  expected  that  any  one 
student  work  every  problem,  but  only  as  many  as  may  be  necessary 
to  make  him  reasonably  familiar  with  the  method  of  solvii^  right 
triangles  by  means  of  logarithms.  After  that  an  additional  hour  or 
two  may  profitably  be  spent  in  the  analysis  of  the  more  difiScuIt 
problems  involving  two  or  more  right  triangles.  In  problems  where 
no  answer  is  given  the  result  must  be  checked  by  the  student. 
•  The  nearest  10"  is  somewhat  closet. 
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46.  Heights  and  Distances 

Exercise  34 

1.  From  a  point  185  feet  from  the  foot  of  a  wireless  telegraph 
mast,  the  top  of  the  mast  was  found  to  form  an  angle  of  51°.  Find 
the  height  of  the  mast.  Ans.   237  ft. 

2.  A  man  walking  along  a  straight  road  observes  a  church  in  a 
direction  making  an  angle  of  50°  with  the  road.  After  walking 
another  mile,  he  comes  to  the  crossroad  on  which  the  church  is 
located.  The  roads  cross  at  right  angles.  How  far  is  the  church 
from  the  intersection  of  the  roads?  Ans.   1.19  miles. 

3.  The  summit  of  a  moimtain,  known  to  be  14,450  feet  h^h,  is 
seen  at  an  angle  of  elevation  of  29°  15'  from  a  camp  located  at  an 
altitude  of  6935  feet.  Compute  the  air-line  distance  from  the  camp 
to  the  summit  of  the  mountain.  Ans.    2.9  miles. 

4.  The  ratio  of  the  height  of  a  roof  to  its  span  is  one-fourth 
(quarter  pitch),  what  is  the  inclination  of  the  roof  to  the  horizontal 
line?  Ans.  26°  34'. 

5.  During  a  storm  a  tree  was  broken  into  two  parts  which  re- 
mained connected.  The  broken  part  made  an  angle  of  35°  with  the 
ground  and  its  top  reached  a  mark  165  feet  from  the  foot  of  the  tree. 
Required  the  height  of  the  remaining  stump  and  the  height  of  the  tree 
before  it  broke.  Ans.   116  ft.,  317  ft. 

6.  In  constructing  a  grand-stand,  timbers  28  ft.  long  are  to  be 
inclined  at  an  angle  of  25°  and  supported  by  four  uprights,  one  at 
each  end  and  two  at  equal  distances  between  the  two  ends.  Hov 
far  apart  must  the  uprights  be  placed  and  what  are  their  lengths, 
the  shortest  being  6  ft.  long? 

7.  A  flagpole  25  ft.  long  stands  on  a  building  whose  height  is 
unknown.  From  a  point  at  the  same  level  as  the  foot  of  the  build- 
up the  angles  of  elevation  of  the  top  and  bottom  of  the  flagpole  are 
measured  and  are  found  to  be  57"  and  53°  respectively.  Required 
the  height  of  the  building. 

Ans.   By  natural  functions,  156  ft. 

8.  From  the  top  of  a  tower  the  angle  of  depression  of  a  point  in 
the  same  horizontal  plane  with  the  base  of  the  tower  is  observed  to 
be  47°  13'.  What  will  be  the  angle  of  depression  of  the  same  point 
as  seen  from  a  position  halfway  up  the  tower?        Ans.  38°  93'. 
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Q.  A  spheric&I  balloon  whose  radius  is  10  ft.  subtends  an  angle  of 
1°  46',  while  from  the  same  position  and  at  the  same  time  the  angle 
of  elevation  of  the  center  of  the  balloon  is  54,°.  Determine  the 
height  of  the  center  of  the  balloon.  Ans.   535  ft. 

ro.  An  observer  finds  that  the  top  of  a  spire  due  south  of  him  has 
an  angle  of  elevation  of  25°  36'.  He  goes  to  a  point  650  ft.  east  of 
his  first  position  and  now  finds  that  the  spire  bears  40°!  a'  south- 
west.   Find  the  height  of  the  spire. 

II.  It  was  found  that  the  shadow  of  a  tall  factory  chimney  length- 
ened 85  ft.  while  the  sun's  elevation  changed  from  59°  to  43°.  Re- 
quired the  height  of  the  chinmey.  Ans.   167  ft. 

47.  Problems  for  Engineers.  It  is  suggested  that  the  student  use 
the  graphic  method  in  checking  the  problems  in  this  set  to  which  no 
answers  are  given. 

Exercise  25 

1.  A  branch  railroad  is  to  be  constructed  from  a  point  A  to  a. 
second  point  B  which  is  5.95  miles  east  and  9.36  miles  north  of  the 
first.  What  will  be  the  direction  of  the  road,  assuming  that  it  fot- 
lows  a  straight  line?  Ans.  N.  3a''37'  E. 

2.  To  determine  the  width  of  a  stream  a  surveyor  measures  a 
line  AB  375  ft.  long  along  one  bank.  At  B  he  turos  a  right  angle 
and  his  assistant  places  a  stake  in  the  line  of  sight  at  C  on  the  oppo- 
site bank  of  the  stream.  The  angle'^^C  measures  64° 42'.  How 
wide  is  the  stream  ?  Ans.   793  ft. 

3.  On  a  map  on  which  i  inch  represents  1000  ft.,  contour  lines 
are  drawn  for  differences  of  100  ft.  in  altitude.  What  is  the  actual 
inclination  of  the  surface  represented  by  that  portion  of  the  map 
at  which  the  contour  lines  are  one-fourth  inch  apart? 

Ans.   31°  48'. 

4.  A  bolt  3  inches  in  diameter  has  six  threads  to  the  inch.  What 
is  the  inclination  of  the  thread  to  a  cross  section  of  the  bolt  ? 

Ans.   i°3i.2'. 

5.  A  car  track  runs  from  ^4  to  B,  a  horizontal  distance  of  1275  ft. 
at  an  incline  of  7°  45',  and  then  from  B  to  C  a  horizontal  distance  of 
1585  ft  C  is  known  to  be  509  ft.  above  A.  What  is  the  average 
inclination  of  the  track  from  B  to  C? 
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6.  Two  towns  j4  and  B,  of  which  5  is  25  miles  northeast  of  A,  are 
to  be  connected  by  a  new  road.  Ten  miles  of  the  road  is  constructed 
from  A  in  the  direction  N.  23°  E.,  what  must  be  the  length  and  direc- 
tion of  the  remainder  of  the  road,  assuming  that  it  follows  a.  straight 
line?  Ans.    16.17  niiles,  N.  58°  23.8'  E. 

7,  A  surveyor  wishes  to  ascertain  the  distance  between  two  io- 
accessible  objects  A  and  B.  He  starts  from  a  point  C  in  a  straight 
line  with  A  and  B  and  measures  in  a  direction  at  right  angles  to  AB 
a  distance  CD  equal  to  500  ft.  At  D  he  measures  the  angles  sub- 
tended by  AC  and  BC  and  finds  them  to  be  75°  35'  and  34°  46' 
respectively.  Find  the  distance  between  A  and  B  on  the  supposi- 
tion,— 

(b)  That  C  is  between  A  and  B, 
lb)  That  B  is  between  A  and  C. 

Ans.   (a)  2292,  (6)  1598. 

8.  One  end  of  a  connecting  rod  AB,  5  ft.  long,  is  fastened  to  a 
crank  BO,  t  ft.  long,  while  the  other  end  is  fastened  to  a  crosshead  A 

which  is  constrained  to  move  along  AO. 
How  far  from  the  extreme  position  P  of  the 
crosshead  will  -4  be,  — 

{a)  When  OB  is  perpendicular  to  AB? 
Fig-  3S-  lb)  When  angle  BOA  =  60°? 

Ans.    (a)  Vzd  -  4  =  1-099  ^t. 
(6)  i\/^+i-4=i-3a4ft. 
(Suggestion.     In  case  (6)  drop  a  perpendicular  BC  from  B  to  AO, 
find  OC  and  BC,  then  from  the  triangle  ABC  find  AC.) 

9,  Two  railroad  tracks  intersect  at  an  angle 
of  54°  16'.  They  are  to  be  connected  by  a  curve 
AB  of  100  ft.  radius.  Find  how  far  from  the 
intersection  point  O  of  the  tracks  the  curve  begins 
and  the  length  of  the  curve. 

Ans.  OB  =  51.35  ft.    Arc^B=   94-7i  ft-  F«- 36. 

ro.  Two  pulleys  whose  radii  are  18  inches  and  30  inches  respec- 
tively are  8  ft.  apart  from  center  to  center.  Find  the  length  of  the 
belt  connecting  the  pulleys,  — 

(a)  K  the  pulleys  are  to  turn  in  the  same  direction, 
(6)  II  the  pulleys  are  to  turn  in  opposite  directions. 
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48.   Applications  from  Physics. 

Exercise  26 

1.  The  horizontal  distance  between  the  two  extreme  positions  of 
a  pendulum  39.1  indies  long  is  5.73  inches.  Through  what  angle  does 
it  swing?  Am.   8°  n'. 

2.  Two  forces  of  10  and  34  lbs.  respectively  act  at  right  angles  to 
each  other.  Find  the  resultant  force,  and  also  the  angle  which  the 
resultant  makes  with  the  first  of  the  two  given  forces. 

Ans.    26  lbs.,  67°  23'. 

3.  What  force  is  necessary  to  roll  a  barrel  weighing  500  lbs.  onto  a 
platform  6  ft.  high  along  an  inclined  ladder  13  ft.  long? 

Ans.    250  lbs. 

4.  A  ball  weighing  300  lbs.  rests  on  a  smooth  plane  inclined  at  an 
angle  of  12°  30'  to  the  horizontal.  What  force  is  necessary  to  keep 
the  ball  from  rolling  down  the  plane, 

(a)  If  the  force  acts  parallel  to  the  inclined  plane  ? 
(jb)  If  the  force  acts  in  a  horizontal  direction  ? 

Ans.    {a)  64.93  It's.,  (6)  66.51  lbs. 

5.  A  block  of  wood  rests  on  an  adjustable  inclined  plane.  As  the 
inclination  of  the  plane  reaches  29°  37'  the  block  begins  to  slide. 
Find  the  coefficient  of  friction.* 

6.  An  automobile  moving  at  the  rate  of  45^miles  per  hour  is  over- 
taken by  a  shower.  As  seen  from  the  automobile  the  raindrops 
seem  to  come  down  at  an  angle  of  30°  with  the  vertical.  Find  the 
velocity  of  the  raindrops,  assuming  that  their  actual  direction  is 
vertical.  Am.   37.5  ft.  per  sec. 

7.  Through  what  angle  must  a  fir  log  30  ft.  long  and  54  inches  in 
diameter,  standing  on  end,  be  tilted  before  it  begins  to  fall?  The  log 
is  assumed  to  be  c^indricat  in  shape.  Am.    7°  33'. 

8.  According  to  Wollaston  the  intensity  of  sunlight  is  equal  to 
61,000  standard  candles  acting  at  a  distance  of  i  meter.  What  is 
the  intensity  of  sunUght  striking  a  surface  at  an  angle  of  31°  08'  27"? 

Am.   s=f2ioc.p. 

9.  The  fans  of  a  windmill  are  inclined  25°  to  the  plane  of  the  wheel 
which  is  at  right  angles  to  the   direction   from   which  the   wind 

*  The  coefficient  of  friction  is  equal  to  the  tangent  of  the  angle  of  inclioation 
oi  the  plane  on  which  the  block  rests. 
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blows.    What  fraction  of  the  wind's  force  is  eftective  in  turning  the 
wheel?  Ans.   0.383. 

10.  Aweight  of  437  lbs.  is  suspended  and  pushed  17°  30'  out  of  the 
verticil  fagr  a.  horizontal  force.  Required  the  horizontal  force  neces- 
sary to  hold  the  bot^  in  this  position. 

11.  What  is  the  (^bccment  CM  of  a  ray  of 
light  AB  in  passing  through  a  (^ass  plate  PQ, 
o.ai5  inches  thick,  at  an  angle  of  55*4/  with 
the  perpendicular  EB,  the  index  of  refraction  *  p 
from  air  to  glass  being  appronmately  %. 

Ans,   0.098  in. 

13.  A  sail  ship  sails  against  the  wind  at  an  an^e  of  6o^    The  stuls 
are  set  so  as  to  make  an  angle  of  15°  with  the  direction  OV  of  the 
ship.    What  part  of  the  wind's  force  is  effec- 
tive in  producing  the  forward  motion  of  the 
ship?  Ans.   0.183. 

(Suggestion.  Let  WO  be  the  (Urection  of 
the  wind,  OS  the  direction  in  which  the  saU 
b  set.  Decompose  a  unit  of  the  wind's  force 
RO  into  two  components,  RP  parallel  to  the 
sail  and  PO  perpendicular  to  the  sail,  PR  has 
no  effect  on  the  sail,  and  may  therefore  be  disregarded.  The  other 
component  PO  may  again  be  resolved  into  two  components,  namely, 
PQ  perpendicular  to  the  direction  of  the  ship  and  QO  in  the  direc- 
tion of  the  ship.  PQ  is  neutral  so  far  as  the  forward  motion  of  the 
ship  is  concerned,  leaving  QO  as  the  only  part  of  the  wind's  force 
effective  in  the  direction  OV.) 

13.  A  person  whose  eye  is  at  E,  10  ft.  above  the  level  of  the  water 
PI,  observes  at  I  the  image  of  the  foot  of 
a  pile  driven  in  the  water.  The  horizontal 
distance  of  the  observer,  from  the  place  *^«^ 
where  the  image  is  formed.  Is  so  ft.,  his 
distance  from  the  pile  is  65  ft.  What  is 
the  length  PF  of  the  pile  below  the  surface 
of  the  water,  the  refractive  index  from  air 
to  water  being  approximately  J. 


Rg.  38. 


*  Index  of  RefrActioii 


IW-  39- 

Ans.   49.7  ft. 
_  aine  of  angle  of  incidence 
sine  of  angle  of  lefractioD ' 
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14.  Two  bodies  A,  weighing  2  lbs.,  and  S, 
we^hing  3  lbs.,  are  so  placed  that  B  is  exactly 
»o  ft.  west  oi  A.  A  moves  north  and  B  west, 
each  at  the  rate  of  13  ft.  per  second.  What 
is  the  direction  and  the  velocity  of  their  com- ' 
mon  center  of  gravity?  F«-  4°- 

Ans.   33"  41';  8.65  ft.  per  sec. 
(Suggestion.    Ixx^ate  the  center  of  gravity,  C,  in  two  positions,  as 
C  and  C.    Find  EC  and  EC,  then  solve  the  triangle  CEC'.) 

15.  The  arms  of  a  lever  an  FA  =  a.34  and  PB  =  5.27  respec- 
tivdy.  At  the  extremity  ^  of  the  first  arm,  a  force  of  5.34  miits 
-  acts   in  a   direction    making  an   angle    of 

\  y"  a=  63"  4s'  with  FA  produced.    What  force 

6\a    f  a/4\        inust  be  applied  at  B,  the  extremity  of  the 

second  arm,  in  a  direction  making  an  angle 

^  =  51°  15'   with  FB  produced,   in   order 

that  there  may  be  equilibrium? 

16.  Six   forces,  .,4  =  15,   S  =  6,   C  =  5.7,   D  —  7.9,   E  —  12.3, 
F  =  10,  act  on  the  same  point  and  in  the  same 
plane. 

The  angle  between  A  and  S  is  12"  30', 
the  angle  between  A  and  C  is  31"  ai', 
the  angle  between  A  and  D  is  47°  46', 
the  angle  between  A  and  E  is  58°  10', 
the  angle  between  A  and  F  is  72°  18'.  „ 

Required  the  resultant  force  and  the  direction 
it  makes  with  ^.  Ans.  S^-S'.  36''34'- 

(Suggestion.  Resolve  each  force  into  two  components,  one  along 
FA,  the  other  in  a  direction  perpendicular  to  PA.  Sum  the  com- 
ponents along  each  of  these  directions  separately.  The  sums  are  the 
rectangular  components  of  the  required  force.) 

49.  Problems  in  Nsvig&tion.  In  the  following  problems  it  is 
assumed  that  the  student  is  acquainted  with  the  divisions  of  the 
mariner's  compass.  On  the  mariner's  compass  the  total  angular 
space  about  a  point  is  divided  equally  into  32  divisions,  each  of 

which  is  called  a  pinvt,  that  is,  a  point  is  equivalent  to  ^ —  =  11'  15'. 

32 
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Each  point  is  divided  into  two  half-points,  each  half-point  into  two 
quarter-points.  In  the  figure  below,  the  names  of  the  32  points 
are  indicated  by  their  abbreviations.  Between  north  and  east  the 
points  read: 

North  by  east,  north  northeast,  northeast  by  north,  northeast, 
northeast  by  east,  east  northeast,  east  by  north,  and  similarly  fop 
each  of  the  other  quadrants. 


Fig.  43- 

In  the  following  problems  the  surface  of  the  earth  is  considered  a 
plane  and  the  distances  straight  lines,  not  arcs.  By  a  mile  is  under- 
stood a  sea  mile  or  knot,  which  is  the  length  of  a  minute  of  arc  meas- 
ured on  the  earth's  equator  so  that  the  earth's  circumference  measures 
exactly  360  X  60  =  21,600  sea  miles.    A  sea  mile  is  approximately  i  J 


Definitions.  The  east  and  west  conqx>nent  of  a  course,  or  dis- 
tance between  two  points,  is  called  the  departure  of  the  course  or 
distance,  the  north  and  south  component  is  called 
the  difference  in  latitude,  that  is,  if  WN  repre- 
sents any  course  or  distance,  and  a  right  triangle 
WSN  is  formed,  by  drawing  through  W  a  line  east 
and  west,  and  through  N  a  line  north  and  south, 
WS  is  called  the  departure,  and  SN  the  difference 
Kg-  44-  in  latitude  of  the  course  or  distance  WN. 

In  nautical  problems  difference  in  latitude  is  usually  expressed  in 
d^rees  and  minutes  (i  mile  =  i'). 
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Exercise  37 

1.  A  ship  sails  N.E.  by  E.  at  the  rate  of  8  knots  per  hour.  Find 
the  rate  at  which  it  is  moving  due  north. 

Ans.  4J  knots  per  hour. 

2.  A  ship  sails  S.E.  by  S.  a  distance  of  578  miles.  Find  its  de- 
parture. Ans.   321. 1  miles. 

3.  A  vessel  sails  W.  by  S.  untU  the  departure  is  315  miles.  Find 
the  actual  distance  saUed.  Ans.   321.2  miles. 

4.  A  ship  sails  from  latitude  47°3o'  N.  on  a  course  N.W.  by  N. 
685  miles.     Find  the  latitude  arrived  at. 

Ans.    Diff.  in  latitude     =  569.6  miles  =  569.6'  =  g°  29.6'. 
Required  latitude  =  47"  30'  +  9°  29.6'  =  56°  59.6'. 

5.  A  ship  sails  S.W.  by  S.  a  distance  of  1225  miles.  Find  the 
difference  in  latitude  between  the  first  and  last  positions  of  the  ship 
and  the  departure  made. 

6.  A  ship  sails  from  latitude  10°  24'  N.  and  after  30  hrs.  reaches 
latitude  15°  a6'  N.  Its  course  was  N.N.E.  Find  the  averse  speed 
of  the  ship.  Ans.   6.57  miles  per  hr. 

7.  A  ship  sails  from  latitude  35°  58'  N.  on  a  course  between  S.  and 
E.  a  distance  of  359  miles  to  a  point  whose  latitude  is  32°  16'  N. 
Find  the  course  of  the  ship.  Ans.   S,  51"  48'  E. 

8.  A  vessel  sails  from  latitude  5°  21'  S.  on  a  course  N.E.  by  N.  a 
distance  of  976  miles.    Find  the  new  latitude  and  the  departure. 

Ans.   8°  11' N.,  542.3  miles. 

9.  A  steamer  bearing  W.  by  N.  with  a  speed  of  12  knots  has  a 
current  setting  port  *  broadside  across  her  track  which  after  5  hours 
brings  her  to  an  island  located  108  miles  from  her  starting  point. 
Find  the  true  course  of  the  ship.  Ans.   N.N.W. 

10.  One  port  ^  is  19  miles  due  N.  of  a  second  port  B.  Two 
vessels  leave  the  two  ports  at  the  same  time,  one  from  B  sailing 
due  E.  at  the  rate  of  9  knots  an  hour,  the  other  from  A.  The  ves- 
sels meet  5  hours  out  of  port.  Determine  the  speed  and  the  course 
of  the  second  vessel.  Ans.   9.77  knots,  S.  67°  07'  E. 

11.  From  a  "crow's  nest"  110  ft.  above  the  water,  the  angle  of 
depression  of  a  rock  just  above  the  water  was  found  to  measure 

*  The  left-hand  side  of  the  ship  as  one  faces  ahead,  —  opposed  to  starboard. 


D.qitizeabyG00l^lc 


S^  RIGHT  TRIANGLES  AND  APPUCATIONS  103 

15°  36'.      Find   the   distance  from  the  rock  to   the  foot  of  the 
mast.  Ans.  394  ft. 

12.  A  feny,  whose  speed  in  still  water  is  4  miles  per  hour,  crosses 
a  channel  whose  current  is  3^  miles  per  hour.  How  much  will  she 
have  to  "  bear  up  "  in  order  to  make  the  nm  straight  across,  and 
how  long  will  it  take  her  to  cross,  the  channel  being  7  miles  wide? 

13.  An  observer  on  board  ship  notices  that  the  time  between  the 
flash  of  a  gun  from  a  fort  located  N.W.  by  W.  and  the  report  is  5 
seconds.  After  sailing  N.E.  by  N.  the  gun  was  heard  again,  and  this 
time  the  interval  between  the  flash  and  the  report  was  10  seconds. 
Find  the  distance  sailed  and  the  bearing  of  the  fort  from  the  second 
position  of  the  ship.  Ans.  9440  ft.,  S.  63''45' W. 

(Assume  the  velocity  of  sound  to  be  1090  ft.  per  second.) 

14.  A  ship  sailing  due  N.  observes  two  lighthouses  in  a  line  due 
W.,  and  two  hours  later  the  bearings  of  the  lighthouses  are  found  to 
be  S.  by  W.  and  S.W.  by  W.  respectively.  The  distance  between  the 
lighthouses  is  known  to  be  10  miles.  Find  the  rate  at  which  the 
ship  is  moving. 

15.  A  man-of-war  sailing  due  N.E.  at  a  uniform  speed  of  30  knots 
observes  at  9.30  a.m.  a  fort  bearing  N.N.W.  Twenty-four  minutes 
later  the  fort  is  due  N.W.  Find  the  distance  and  bearing  of  the  fort 
from  the  ship  at  10.15  *■•*■  ■^'"-   ^°-54  miles,  N,  64°  55'  W. 

60.   Get^rapIUcal  and  Astronomical  Problems. 

Exercise  zS 

1.  The  shadow  of  a  vertical  pole  35  ft.  high  is  51  ft,  long.  What  is 
the  sun's  altitude  (angle  of  elevation)?  Ans.   34°  27.6'. 

2.  In  Fig.  45,  let  the  drcle  center  £  represent  the  earth  and  the 
drcle  center  Af  the  moon.  The  angle  i'J/'£, 

formed  by  the  line  of  centers  ESf  and  a 

line  drawn  from  M  tangent  to  the  earth, 

is  known  as  the  moon's  equatorial  hori- ' 

zontal  parallax  and  measures  57'  02".    EP, 

the   earth's   mean  radius,  is  3959  miles. 

Determine  EM,  the  distance  of  the  moon  '^'  *^' 

from  the  earth.         Ans.  By  use  of  S  and  T  table,  238,650  miles. 
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3.  In  Fig.  45,  the  angle  REM,  formed  by  the  line  of  centers  ME 
and  a  line  drawn  from  E  tangent  to  the  moon,  is  known  as  the  moon's 
angular  semidiameter  and  measuies  15'  34".  Use  the  result  of  the 
last  problem  and  determine  RM,  the  moon's  radius. 

Ans.  By  use  of  S  and  T  table,  1080.6  miles. 

4.  The  sun's  equatorial  horizontal  parallax  (see  Problem  2)  is  8.8". 
The  radius  of  the  earth  is  3959  miles.  Find  the  distance  of  the 
sun  from  the  earth.  Also  the  sun's  diameter,  the  angular  semi- 
diameter  being  16'  02".        Am.   92,798,000  miles,  865,620  mUes. 

5.  The  largest  angle  between  Venus  and  the  sun  as  seen  from  the 
earth  is  47°  30'.  Using  the  sun's  distance  as  given  in  Problem  4,  find 
the  distance  of  Venus  from  the  sun,  the  orbit  of  Venus  being  assumed 
circular. 

6.  In  Fig.  46,  EO  represents  the  earth's  radius 
(  =  3959  miles).  Find  AP,  the  radius  of  the  arctic 
drcle,  latitude  66°  33'.  Ans.    1577  miles. 

7.  Prove  that  lengths  of  two  parallels  of  latitude 
are  to  each  other  as  the  cosmes  of  the  latitudes.  ^-  *•*■ 

8.  One  degree  of  longitude  on  the  equator  is  approximately  6q.i 
miles.  Determine  the  length  of  a  degree  of  longitude  at  Seattle, 
47°  40'  N.  latitude.  Ans.   46.5  miles. 

9.  Prove  that  the  lengths  of  the  degrees  of  longitudes  at  different 
latitudes  are  to  each  other  as  the  cosines  of  the  latitudes. 

ro.  If  one  minute  of  arc  of  longitude  in  latitude  60°  measures 
1012.7  yards,  how  long  is  the  radius  of  the  earth,  assuming  the  earth 
to  be  a  sphere  ? 

11.  A  ship  sails  due  W.  540  miles  in  latitude  36° N.  What  is  the 
difference  in  longitude  between  the  initial  and  final  positions  of  the 
ship?  Ans.  9°  40'. 

12.  How  hi^  above  the  Pole  would  an  observer  have  to  be  to 
have  the  Arctic  Cirde  for  his  horizon  ?    (Use  the  data  of  Problem  6.) 

Ans.   357  miles. 

13.  Beginning  at  latitude  40°  N.,  two  consecutive  section  lines  run 
directly  north  for  a  distance  of  100  miles.  How  far  apart  are  they 
at  their  northern  end?  Ans.  5166  ft. 
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14.  The  shortest  shadow  cast  by  a  vertical  rod  35  ft.  long  at  noon 
is  31  ft.,  the  longest  shadow  cast  by  the  same  rod  at  noon  is  56  ft. 

Find  the  approximate  latitude  of  the  place. 

Explanation.  The  shortest  shadow,  OS,  Fig. 
47,  is  cast  on  June  31,  the  longest  shadow,  OL, 
on  December  31.  HaUway  between  these  dates 
the  sun  will  be  on  the  equator;  its  elevation 
above  the  horizon  at  noon  will  then  be  the 
latitude  of  the  place,  that  is,  angle  OEP  in 
the  figure,  where  EP  bisects  the  angle  LPS.  Ans.  $2°  59'. 

15.  A  wall  runs  east  and  west;  Its  shadow,  measured  at  right  angles 
to  the  wall,  Is  10  ft.  wide.  The  altitude  of  the  sun  is  35°  30',  its 
azimuth  (angular  distance  west  of  the 
south  point)  is  37°  45'.  Determine  the 
Iieight  of  the  wall. 

(Suggestion.  Let  WE  represent  the 
wall,  FL  the  width  of  the  shadow 
measured  at  right  angles  to  the  wall, 
MP  the  direction  of  the  sun.  Then  angle  ., 
FiSP  is  the  sun's  altitude  and  angle 
ifFL  its  azimuth.  The  problem  in- 
volves two  right  triangles,  namely,  MFL  and  PFM,  in  which  FL, 
angle  MFL  and  angle  PMF  are  given  and  PF  Is  to  be  found.) 

16.  Each  of  two  observers  notices  a  bright  meteor.  To  the  first 
observer,  A,  the  meteor  appeared  directly  south  and  at  an  elevation 
of  54°.  To  the  second  observer,  B,  stationed  40  miles  west  of  A,  the 
meteor  appeared  56°  east  of  the  South  point.  On  comparii^  the 
times  of  observation  it  was  ascertained  that  the  same  meteor  had 
been  observed.    Compute  the  height  at  which  the  meteor  was  seen. 

(Suggestion.  In  Fig.  48  consider  i  to  be  A's  position,  M,  B's 
position,  and  P  the  position  in  which  the  meteor  was  observed. 
PF  represents  the  height  of  the  meteor.) 

17.  Find  the  greatest  distance  at  sea  at  which 
a  mountain  14,500  ft.  high  can  be  seen,  the  earth 
Deing  considered  a  sphere,  radius  3960  miles,  and 
the  distance  sought  being  the  chord  joining  the 
point  at  sea  to  the  foot  of  the  mountain. 

Ans.  By  S  and  T  functions,  137.4  miles. 


Fig.  48. 


D.qitizeabyG00l^lc 


lo6  PLANE  TRIGONOMETRY  [chap.  V 

(Su^estion.  The  distance  sought  is  5F  =  a  •  50  •  sin  J  {SOF)  and 
cos  SOF  =  — — ,  but  as  OS  and  OM  are  nearly  equal,  it  is  better  to 
use  the  formula  in  Article  ai  for  the  determination  of  angle  SOF.) 

61.  Geometrical  Applications.  Many  geometrical  problems  can 
be  solved  by  properly  dividing  the  given  figures  into  right  tri- 
angles and  solving  these.  Thus,  an  isosceles  triangle  is  divided  into 
two  equal  right  triangles  by  drawing  a  perpendicular  from  the  vertex 
to  the  base;  any  rhombus  is  divided  into  four  right  triangles  by  its 
two  diagonals;  any  obUque  triangle  is  equal  to  the  sum  or  difference 
of  two  right  triangles,  formed  by  drawing  the  perpendicular  from 
any  vertex  to  the  opposite  side;  any  regular  ploygon  is  divided  into 
as  many  equal  isosceles  triangles  as  the  figure  has  sides,  by  the  lines 
joining  the  vertices  of  the  polygon  to  its  center;  etc. 

ExAUPLE  >.  Two  sides  of  a  rhombus  meet  at  an  angle.  The 
Iei^;tfa  of  on6  side  is  a.    Find  the  lengths  of  the  diagonals. 

Solution.     By  definition  the  sides  of  a 
rhombus  are  equal  and  from  geometry  it 

J^^.c   is  known  that  the  diagonals  intersect  at 

right  angles  and  bisect  the  angles  of  the 


--4- 


^*  S*-  Let  BAD  =  fl  be  the  given  angle,  and 

AB  =  AD  =  a,  the  given  side. 

In  the  right  triangle  ABO,  two  parts,  namely,  the  hypotenuse  a 
and  the  acute  angle  -  are  known,  hence  we  may  find  AC  and  OB. 

AO  -  a  cos  ^6,    and    BO  =  a  sin  )  9, 
hence 

AC=  aAO=2acos\9,    and    BZ?  =  2SO  =  sasin J9. 

In  particular,  if  the  given  side  is  15  and  the  given  angle  38°,  we  have 

AC  =  30  cos  19"  =  28.365, 

BD  —  30  sin  19"  =  9.768,  by  the  use  of  natural  functions. 

Example  2.    The  radius  of  a  circle  is  r.    To  find  the  perimeter 
and  area  of  a  regular  inscribed  polygon  of  n  sides. 
Solution.    By  definition  the  sides  of  a  regular  polygon  are  equal. 
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Let  O  represent  the  center  of  the  circle  and  AB  one  side  of  the 
inscribed  polygon. 

The  angular  noagnitude  about  0  is  360°  and,  ^ce 

there  are  n  sides,  angle  AOB  =  2 

Triangle  AOB  is  isosceles,  so  that  if  OC  is  drawn  I 
from  0  peipendicular  to  AB,  it  will  divide  the  tri- 
angle AOB  into  two  equal  right  triangles. 

In  the  right  trian|^e  AOC,  the  hypotenuse  equals 

r  and  the  acute  angle  AOC  equals  ^^  =  ^^,  hence  AC  and  OC 

2n  n 

can  be  found. 

.^  .    180"  ^w,  180° 

AC  =  fsin .         OC  =  rcos > 

n  » 

^B-  aAC='  arsin~, 
n 

and  the  perimeter  =  »  '  AB  =  anrsin 

n 

Also  the  area  of  the  triangle  ^OS  -  J  ■  ^B-OC=  r»  sin  —  cos  ^, 

n  n 

and  the  area  of  the  entire  polygon  ~  n  times  the  area  of  triangle  AOB 

.  .    180°       180° 

=  »r  sin cos 

n  n 

In  particular,  if  r  ^  95  and  the  %ure  is  a  heptagon,  n=  y,  and  we 
have 

Angle  AOC  =  ^^  =  as*  4^'  S^-S" 
Perimeter  =■  14  •  95  •  sin  ^— -  ■ 


log  14  =  1.14613  log  7  =  0.84510 

log  95  =  1.97772  3  log  95  =  3-95544 

logmn^ —  =9-63737-10 
7 

leg  perimeter  =  2.7613a 


perimeter  =  577.06.  log  area  =  4.39363 

area  =  34696. 
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Example  3.    A  right  pyramid  has  for  its  base  a  square  whose 

side  is  2  a.    The  angle  formed  by  a  face  and  the  base  of  the  pyramid 

is  0.    Determine  the  altitude,  slant  height  and  lateral  edge  of  the 

pyramid,  also  the  angle  made  by  a  lateral  edge  and  the  plane  of  the 

base,  and  the  angle  between  the  lateral  edge  and  the  edge  of  the  base. 

Solution.    Let   V-ABCD  represent  the  pyramid,  VO  its  altitude 

and  VM  its  slant  height.    Join  M  and  0.    Then  MA  =  MO  =  a, 

and  angle  VMO  -=  6.    Further,  let  y 

k  =  altitude  VO, 

s  =  slant  height  i/V, 

t  =  lateral  edge  A  V, 

a  =•  angle  VAO,  made  by  a  lateral 

edge  and  the  plane  of  the  -* 

base,  ^«S'- 

(3  =■  angle  VAM,  made  by  a  lateral  edge  and  an  edge  of  the 
base. 

In  the  right  triangle  VMO,  a  and  $  are  given,  hence  k  and  s  may  be 
found.    Solving, 


In  the  right  triangle  VMA,  a  is  given  and  s  has  just  been  found, 
hence  /  and  /3  may  be  found.    Solving, 


$  -=  tan"'-,  /  =  o  sec  (J,  or  —  Vfl*  + A 

a 

Finally,  from  the  right  triangle  VAO, 

■  -iff 
a  =  sm   '- . 

As  a  numerical  example  take  the  ^de  of  the  base  equal  to  10,  and 
the  angle  6  =  60°.    Then  0=5, 

and  altitude,  A  =  5  tan  60"  =  5  V3, 

dant  height,  s  =  5  sec  60°  =  10, 
lateral  edge,  /  =  Vs'  +  lo*  -  5  ^5, 

a  =  an-' Va  =  50°  46' 08", 
fi  =  tan"' 3  =  6$°  36' 06", 
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EXEKCISE  39 

1.  The  base  of  an  isosceles  triangle  is  12  and  the  angle  at  the 
vertex  is  48°.    Find  the  altitude  of  the  triangle.  Ans.   13.48. 

2.  The  chord  of  a  circle  is  20  ft.  loi^  and  the  angle  at  the  center 
subtended  by  it  is  42°  10'.    Find  the  radius  of  the  drde. 

Am.   27.80. 

3.  The  angle  between  two  lines  is  50°  21' 24"  and  a  circle  whose 
radius  is  2380  ft.  is  tangent  to  both  of  them.  Find  the  distance 
from  the  intersection  of  the  two  lines  to  the  point  of  tangency, — 

(a)  When  the  circle  lies  in  the  smaller  angle, 
(6)  When  the  drde  lies  in  the  larger  angle  formed  by  the  two 
lines.  Ans.   5062.8,  1118.8. 

4.  The  radius  of  the  inscribed  circle  of  an  equilateral  triangle  is  r. 
Find  the  radius  of  the  drcumscribed  drde. 

5.  A  chord  of  a  drde  subtends  at  the  center  an  angle  of  80"  24'. 
In  the  same  drde,  how  large  is  the  angle  subtended  by  a  chord  half 
aslongP  Ans.  37°  29.4'. 

(Suggestion.    Call  the  length  of  the  chord  a.) 

6.  The  side  of  a  regular  octagon  is  7.    Find  the  area. 

Ans.   336.59. 

7.  The  radius  of  a  drcle  is  r;  show  that  a  side  of  a  drcimiscribed 
regular  polygon  of  n  sides  is  2  r  tan . 

8.  One  ode  of  a  right  triangle  is  27.5  and  the  adjacent  acute  angle 
is  54"  38'.  Compute  the  length  of  the  perpendicular  from  the  ver- 
tex of  the  right  angle  to  the  hypotenuse,  and  the  segments  into  which 
the  hypotenuse  is  divided. 

9.  Solve  the  preceding  problem,  using  a  for  the  given  side  and  B 
for  the  given  angle. 

Ans.  p  =  a  "dn  B,  m  =  a  cos  B,  n  =  a  sin  B  t&n  B,  where  p  is 
the  perpendicular,  m  and  n  the  segments  of  the  hyp>otenuse,  m  being 
the  segment  adjacent  to  B. 

10.  In  an  oblique  triai^Ie  two  sides  and  the  included  angle  are 
given,  namely  a  =  25.37,  ^  ~  3^-^^)  C  =  35°  27'-  Find  the  remain- 
ing parts.  Ans.  A  =  43°  35.9',  B  =  100°  s7-i'-  c  =  21.34. 

(Suggestion.  Divide  the  triangle  into  two  right  triangles  by  drawing 
a  perpendicular  from  one  of  the  vertices,  A  or  B,  to  the  opposite  side.) 
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11.  In  an  oblique  triangle  one  side  and  two  adjacent  angles  am  . 
given,  namely  c  =  lo,  -4  =  60°,  B  =  75°.    Find  the  remaining  garts. 

Ans.   C=45°.a=5"^6,6  =  5(i+V3). 
(Suggestion.    Divide  the  triangle  into  two  right  ^ 
triangles  by  drawing  a  perpendicular  from  £  to  the 
side  opposite.) 

12.  A  regular  parallelopiped  has  for  its  base  a 
rectangle  whose  dimensions  are  AB  =  8,  ^  D=  10, 
and  its  altitude  AA'  =  ig.    Find  the  an^es  which  i^ 
the  diagonal  AC  makes  mth  AD,  with  AC  and 
with^^B.  T^KSa- 

13.  A  right  pyramid  has  3  a  for  an  edge  of  the  regular  hexagon 
which  forms  its  base  and  an  altitude  equal  to  a.  Find  the  angles 
which  a  lateral  edge  makes  with  an  edge  of  the  base,  with  the  plane 
of  the  base,  and  the  angle  which  a  lateral  face  makes  with  the  plane 
of  the  base. 

Ans.   tan-' 2  =  63°  26',  tan-*i  =  26°  34',  tan"' J  V3  =  30°. 

14.  Verify  trigonometrically  the  following  practical  rule  for  in- 
scribing a  r^ular  pentagon  in  a  drcle: 

Let  0  be  the  center  of  the  circle,  OA  and  OC  two  perpendicular 
radii.     Bisect  OA  in  M.    Take  MR  equal  to  MC.    With  C  as  center 
and  CR  as  a  radius,  draw  an  arc  cutting  the  circle  in  P.    Join  C  and 
P.    PC  will  be  the  side  of  the  pentagon. 
(Suggestion.    Assume  the  radius  of  length  r. 
From  triangle  OCM  find  CM  =  RM. 
From  triangle  COR  find  CR  =  CP. 
From  triangle  COS  {SC=iPC)  find  angle 
Fig.  54.  SOC,  which  should  be  36°.) 


62.  Oblique  Triangles  Solved  by  Rigjit  Triangles.  Every 
oblique  triangle  may  be  solved  by  decomposing  it  into  right  triangles. 
This  is  done  by  drawing  a  perpendicular  from  one  of  the  vertices  of 
the  triangle  to  the  opposite  side.  In  three  of  the  four  cases  the 
perpendicular  can  be  so  chosen  that  two  of  the  given  parts  become 
parts  of  one  of  the  right  triangles.  This  triangle  having  been  solved, 
two  parts  of  the  other  right  triangle  become  known.  The  second  tri- 
angle may  now  be  solved,  and  with  this  all  the  parts  of  the  original 
triangle  become  known.    The  fourth  case  (given  the  three  sides) 
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requires  a  somewhat  different  method.    We  vill  take  up  eadi  case 
separately. 
Case  I.    Given  one  side  and  two  adjacent  angles,  as  b,  C,  A. 


Fig.  55- 

Let  ABC  represent  the  triangle.  From  A  or  C,  say  C,  draw  a  per- 
pendicular CD  to  the  opposite  aide,  or  opposite  side  produced. 

Let  CD  =  p,AD  =  m,  DB  =  n,  angle  ACD  =  0,  angle  BCD  =  4,, 
Three  different  figures  may  arise,  — 

the  left-hand  figure,  when  A  and  B  are  both  acute, 
the  middle  figure,  when  A  is  acute  and  B  obtuse, 
the  right-hand  figure,  when  A  is  obtuse. 

In  the  right  triangle  ACD,  b  and  angle  CAD  are  known,  hence  p,  m, 
and  9  may  be  found. 

From  C  and  S,  4>  may  be  found. 

Having  found  ^  and  f,  we  know  two  parts  of  the  right  tiiai^e 
BCD,  hence  j  and  n  and  the  angle  CBD  may  be  found. 

Knowing  m  and  n,  c  may  be  found. 

To  check  the  answers,  we  repeat  the  solution,  drawing  the  per- 
pendicular from  A  instead  of  from  C. 

Case  n.  Given  two  sides  and  the  angle  opposite  one  of  these  sides, 
asa,b,  A. 


ng.  s6- 


In  this  case  draw  the  perpendicular  from  that  vertex  which  lies 
between  the  two  given  sides  a  and  h. 

li  a  <  b,  two  different  triangles  exist  which  have  the  given  parts, 
as  in  Fig.  56,  left,  il  a  ^  b,  only  one  triangle  exists. 
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In  the  right  triangle  CAD,  b  and  A  are  given,  beace  p,  m  and  9 
(=  angle  ACD)  may  be  found. 

Next  con^der  the  right  triangle  BCD.    p  and  a  are  known,  hence 
n  and  ^  ( •=  angle  BCD)  may  be  found. 

Finally, 

^B-c  =  OT+B,    C=9  +  ^,    B- 180'- (^  +  0- 

The  second  solution,  if  there  is  one,  as  in  the  figure  to  the  left,  is 
given  by 

AB'^e  =  m-n,  ACB'  =C  =S-4>,  ^B'C=£'=i8o»-U+C')- 
Check.    From  triangle  ACD,  m^b  cos  ^, 
From  triangle  CDB,  n  =  a  cos  £, 
and  since  m  +  »  =  c,  we  must  have 

6  cos  A-\-  a  cos  B^  c. 
Case  m.    Given  too  sides  and  on  included  angle,  ash,c,A. 


Fig.S7- 

Draw  the  perpendicular  from  B  or  C,  say  C. 

In  the  right  triangle  ACD,  b  and  angle  CAD  are  known,  hence  p 
and  m  may  be  found. 

Knowing  m  and  c,  n  may  be  found. 

Having  found  p  and  n,  we  know  two  parts  of  the  right  triangle 
BCD,  hence  a  and  angle  CBD  may  be  found. 

Finally,  angle  ACB  =  180°  ~  {A -\-  an^e  ABC). 

Here,  as  in  Case  I,  three  different  figures  are  pos^ble,  ac(»rding  as 

A  and  B  are  both  acute  (left-hand  figure), 

A  acute  and  B  obtuse  (middle  figure), 

A  obtuse  (right-hand  figure), 
but  the  above  analysis  applies  to  each  figure  alike. 

A  check  is  obtained  by  repeating  the  solution  with  the  perpen- 
dicular drawn  from  B. 
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Case  IV.    Given  the  three  sides,  a,  b,  c. 

In  the  first  three  cases  we  were  able  so  to  choose  the  vertex,  from 
which  the  perpendicular  was  drawn,  that  one  of  the  right  triangles 
contained  two  of  the  given  parts.  Id  the  present  case  this  is  not 
posable.    The  apparent  difficulty  is  easily  overcome  as  follows,  — 


Kg.  58. 
In  either  of  the  figures  58  we  have 
from  the  triangle  CAD,  f  =  i^  -  m*, 

from  the  triangle  CDB,  f~a*-n*, 

hence  i*  —  m*  =  a*  —  «•, 

from  which  6*  —  o*  —  m*  —  n'  =  (ot  +  w)  (m  —  «). 

We  now  have, 

in  the  left  figure,  in  the  right  figure, 


d  from  (i), 


-  „  =  ^-a'  =  y-a*  =  {b  +  a){b-a) 
m  +  fi  c  c 

y-g'  ^  y-a*  ^  (6  +  a)(ft  -  a) 


tiom  which,  ance  a,  b,  c  are  given. 


may  be  found. 
We  then  have  in  either  case, 

(*  +  n)  +  (v,-n)^ 

a  *^ 

We  now  know  two  parts  in  each  of  the  right  triangles  CAD  and 
CDB,  and  from  these  the  angles  A  and  B  may  be  computed. 
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As  a  check  the  solution  may  be  repeated  with  the  perpendicuhir 
diavn  from  one  of  the  other  vertices. 

Example.  Given  a  =  45-652,  b  "  62.735,  <-  ~  S'-^S^i  to  find  the 
angles. 

Solution.  „-,-(>  +  °)(»-°) 

c 

*  +  o  -  62.735  +  45.652  =  108.387,  log  (6  +  a)  =  2.03498 

b-a-  62.735  -  45-653  =  17-083,  log  (ft  -  o)  =•  1.23257 

c  =  51.238.  cologc  "  8.29041 

log  («-«)  =  1.55796 

M-M  =  36.138* 

„_  (.m  +  n)  +  (,m-n)  _  51.238+36.138  _  ^  ^^ 


From  the  right  triangle  CAD,  From  the  right  triai^le  CDB, 

^  =  cosA.  5-C0S5. 

b  a 

log  m  =  1.64036  log  n  =  0.87795 

colog  h  =  S.30249  colog  a  =  8.34054 

log  cos  j4  =  9.84385  —  10        log  cosB  =  9.21849—  10 
A  =  45°  51'  46",  3  =  80°  28'  49", 

C  =>  180°  ~{A  +  B)  =  53^39'  24". 
Check.    Interchanging  6  and  c  in  the  above  formula,  we  find 
c  +  a=  51.238  +  45.652  =  96.890,         log  (c  +  a)  =  1.98628 
c-a=  51.338-45653=    5-586,        log  (c- a)  =0.74710 
6  =  62,735,  colog  b  =  8.20249 

log  Cm  -  «)  =  0.93587 
m~n  =  8.6272. 
^  ^  (wt  +  n)+(OT-w)  ^  62.735  +  8.6272  ^  ^j  gg^^ 


,  =  (fft  +  «)  -  (w  -  «)  ^  62.735  -  8.6272 


■■  27.054. 


*  If  this  result  were  greater  than  c,  we  would  have  the  right-hand  figure  ii 
Fig.  s8,  and  we  should  have  taken  nt  +  n  -  (>  +  a)  (i  -  a)  ^ 


D.qitizeabyG00l^lc 


Sa]  RIGHT  TRIANGLES  AND  APPLICATIONS  llj 

^=C03^.  ~=C03C. 

c  a 

log  m  =  1.55243  log  «  -  1.43223 

colog  c  =  8.29041  colog  a  "  8.34055 

log  cos  ^  —  9.S4284        log  cos  C  =  9.77378 

A  =4S''5i'si".  C  =  S3''39'34"> 

5  =  180°  -  U  +  O  -  8o°a8'4s".* 

Exercise  30 
Only  a  few  triangles  are  given  here  for  solution  by  the  method  of 
right  triangles,  for  soon  we  shall  study  a  better  method,  by  means  o£ 
which  the  computation  can  in  most  cases  be  shortened. 

I.   Givena  =  342.56,  b  =  125.72,  C  =  37° 42'  24"- 

Ans.   A  =  124°  44'  28",  B  =  17°  33'  08",  c  =254.97- 
a.   Given  b  =  134.5,  c  =  235.2,  A  =  127° 36.3'. 

Ans.  a  =  334.7,   B  =  18"  33.9'. 

3.  A  =  25'  25'  2s"i  *  "  50°  S°'  S°"i  c  =  278.98. 

Am.    C  =  103°  43' 45",   0=123.29,   4=222.70. 

4.  C  -  127" 36.5',  A  =  28''3i.3',  b  =  312.9. 

Ans.  c  =  612.55,   0  =  369.22,  B=23''s2'3'' 

5.  o  =  630.50,  b  =  527-39.  -4  =-  65"  37'  12". 

Ans.   B  =  49°  37'  38",   C  =  64°  45'  10",   c  =  626.13. 

6.  6  =  1825,  c  =  1563,  B  =  22°  13.7'.     Find  the  remaining  parts. 

Ans.   C=  14°  54.8',   i4  -  142"  51.5',   0  =  2913. 

7.  o  "  3.537i  b  =  6,667,  c  =  5.001.     Find  the  remaining  parts. 

8.  a  ==  4,  £  =  5,  c  =  6.     Find  the  remaining  parts. 

Ans.   A  =  41°  24.6',   B  =  55°  46.3',   C  =  82°  49.1'. 

•  When  cbecking  five-place  distances  and  anglea  expremed  lo  seconds  obtained 
from  five-place  tables,  the  results  will  generally  be  found  to  agree  only  to  four 
placet  for  distances  and  Co  the  nearest  tenth  of  a  minute  <6")  for  angles.  This  is 
because,  as  we  have  already  observed,  the  fifth  place  of  a  number  and  the  sec- 
onds of  ajk  angle  obtained  from  a  five-place  table  are  not  necessarily  accurate. 
When  cut  down  to  the  nearest  tenth  of  a  minute,  the  results  of  the  two  compubt- 
tions  in  the  above  example  agree,  each  giving 

,,1  -  4S°5'-8'.    S-8o'>j8.8',     C  -  53° 39.4'. 
Tite  sdudcai  may  therefore  be  assumed  to  be  correct. 
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9.  Find  the  ratio  between  the  sides  of  a  triangle  whose  angles  are, 
A  =  50°,  B  =  60°,  C  =  70*. 

Ans.   a  :b  :c  =  0.7660  : 0.8660  : 0.9397. 

10.  In  a  quadrilateral  ABCD,  Fig.  59,  the 
following  parts  are  known : 

AB  =  673,  BC  =  589,  CD  =  ZJ3, 
angle  B  =  105°  06',  angle  C  =  127°  38'. 

It  is  required  to  find  the  length  of  AD  to  the 
nearest  unit.  Ans.   1017.  Fig-  59- 
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FDWCTIONS  OF  AH  OBTUSE  ANGLE 

ReasoQ  for  a  New  Definition.  In  a  right  triangle  no  angle 
can  exceed  90°,  but  when  the  triangle  is  oblique  one  of  its  angles  may 
be  obtuse,  that  is,  one  of  its  angles  may  have  any  value  between  90° 
and  180°.  In  order  to  solve  oblique  triangles  in  the  simplest  way 
possible,  we  must  define  the  trigonometric  functions  for  obtuse 
angles.  This  is  best  done  by  means  of  the  conception  of  rectangular 
coordinates. 

63.  Rectangular  Coordinates.  LetX'Xand  Y'Y  be  two  Unes, 
indefinite  in  length,  intersecting  at  right  angles  at  0.  The  two  lines 
divide  their  plane  into  four  parts,  known 
as  the  first,  second,  third  and  fourth, 
quadrants  respectively,  as  indicated  by 
the  numerals  I,  II,  III,  IV,  in  Fig.  60. 

Let  P  be  any  point  in  the  plane  of 

the  lines  X'X  and  Y'Y,  and  let  PF  be 

p.    .  the  perpendicular  drawn  from  P  to  X'X. 

Join  0  and  P.    OP,  the  distance  of  P 

from  O,  is  always  positive  and  is  designated  by  r. 

OF,  generally  represented  by  x,  is  called  the  abscissa  of  the  point 
P.  It  is  considered  positive  if  P  is  to  the  right,  negative  if  to  the 
left  of  Y'y. 

FP,  generally  represented  by  y,  b  called  the  ordinate  of  the 
point  P.  It  is  considered  positive  if  P  is  above,  negative  if  below 
X'X. 

Conadered  together,  OF  or  x  and  FP  or  y  are  known  as  the  rec- 
tangular coordinates  of  the  point  P. 

X'X  and  Y'Y  are  called  the  coordinate  axes,  or  axes  of  reference; 
X'X  is  the  «-axJs,  or  axis  of  abscissas;  Y'Y  is  the  y-axis,  or  axis  of 
ordinates;  O  is  called  the  origin. 

The  abscissa  of  a  point  is  always  written  first  and  the  ordinate 
second.    Thus,  by  the  point  {a,  b),  we  understand  the  point  for 
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which  X  =  a,  y  =  b,  that  is,  the  point  whose  abscissa  is  a  and  whose 
ordinate  is  b. 

From  what  has  been  said  it  is  plain  that: 

In  the  first  quadrant,  x  is  positive,  y  is  positive,  r  is  positive; 

in  the  second  quadrant,  x  is  negative,  y  is  positive,  r  is  positive; 

in  the  third  quadrant,  x  is  negative,  y  is  negative,  r  is  positive; 

in  the  fourth  quadrant,  x  is  positive,  y  is 


negauve,  r  is  posiUve. 
For  every  point  on  the  x-axis,  y  =  o;              ^. 

\        B       ^ 

for  every  point  on  the  y-axis,  x  =  o; 
for  the  origin,  a:  and  y  are  each  o. 

Thus,  m  Fig.  6i,                                                          ng.6i. 
if  for                               P„x=A,y  =  y. 

-then  for  Pt,    r  =  —  4,  y  =  3;        then  for  B,    x 
im  Pt,    a:=— 4,y=— 3;           ioiA',    x 
ioiPt,     3:-4,  y=-3;                 for -B',     x 
for  A,    a;  =  4,  y-o;                   for  0,    x 

=  0,  y  =  3; 
=  -  4,  y  =  0 
=■  0,  y  -  -  3 
=  0,  y  =  0; 

"but  each  of  the  distances  OPi,  0P%,  OPt,  OP,  equals  V  3*  +  4*= 

^  =  5- 

M.   Definition  of  the  Trigonometric  Functions  of  Any  Angle 

Less  than  180°. 
Let  angle  XOB  =  9  represent  any  angle  less  than  180°.    Take  O 

for  an  or^jin,  OX  for  the  positive  x-axis,  and  draw  OY  perpendicular 
to  OX.  Then  OB  will  be  in  the  first  or  second 
quadrant  according  as  9  is  acute  or  obtuse. 
Now  take  any  point  P  on  OB  and  denote  by 
r  the  distance  of  this  point  from  the  origin, 
and  by  x  and  y  the  rectangular  coordinates 
of  this  point  with  reference  to  OX  and  0¥ 
as  axes.     The   tr^nometric   functions  of  9 

are  then  defined  as  follows,— 

.    »      «      ordinate  a        i 

sm  0  =  «■  =  rrr 1  esc  0  =  -: — 5 , 


distance 
ordinate 
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It  will  be  observed  tlmt  when  the  angle  6  is  acute,  these  definitions 
agree  with  those  given  in  Art.  7 ;  for  x,  y  and  r  are  the  base,  altitude 
and  hypotenuse  respectively  of  the  right  triangle  which  we  there 
used  in  defining  the  trigonometric  functions  of  an  acute  angle. 

56.  The  Signs  of  the  Functions  of  an  Obtuse  Angle.  In  the  first 
quadrant,  x  and  y,  as  well  as  r,  are  positive.  Hence  all  the  functions 
are  positive  for  an  angle  in  the  first  quadrant.  In  the  second  quad- 
rant, X  is  negative,  y  and  r  are  positive,  hence  the  ratios  -  and  ^  are 

negative,  while  ^  remains  positive,  that  is,  the  cosine  and  tangent 

and  their  reciprocals  are  negative,  while  the  sine  and  its  reciprocal 
are  positive. 

The  functions  of  an  obtuse  angle  are  all  negative,  except  Ike  sine  and 
its  reciprocal,  which  are  positive. 

66.  Fundamental  Relations.  Of  the  six  fundamental  relations,  — 
an  6  •  CSC  0=  i,  sin' 9  +  cos' fl  =  i, 

cos  8  •  sec  8  =  I,  tan'  6  +  i  =  sec'  0, 

tan0.cot6=i,  cot'9+ i  =  csc'd, 

the  first  three  rest  upon  the  definitions  of  the  cosecant,  secant  and 
cotangent,  and  hold,  therefore,  whether  $  is  acute  or  obtuse,  and  the 
last  three  depend  upon  the  relation  x'  +  y*  =  t',  which  is  true 
whether  x  is  poative  or  negative.  These  six  fundamental  relations 
hold,  therefore,  for  the  functions  of  obtuse  angles  as  well  as  for  the 
functions  of  acute  angles. 
Also, 


— -,  whether  x  is  positive  or  n^ative,  hence 


the  two  relations,  — 

tm9-^,  cotO- 

COS  6 

also  bold  true  when  9  is  an  obtuse  angle. 
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67.  Functtons  of  Supptemeotaiy  An^es. 

Let  XOP  =  $  \x  any  angle  less  than  180", 
and  draw  OP'  so  as  to  make  angle  P'OX' 
equal    to    angle    XOP.      Then    angle    XOF 

=  180°  -  e. 

If  OP  and  OP"  are  taken  equal,  the  two 
triangles  OAP  and  OA'P'  will  be  geometrically 
equal,  and  we  have 


€08(180"- 6; 
tan  (i8o°-  ft; 
CSC  {180°-  ft; 
sec  (180° 

cot  (180"-  e; 


OP'       OP 

-OA 
OP 


A'P'  , 
OA'  ' 


AP 
-OA  ' 


AP  ^ 
~  OA 


sin  (180°  — ff)      slnfl 


-7—  =  CSC  6, 


tan  (180°— P)       —  tanfl 


By  comparit^  our  results  we  observe  that  the  signs  on  the  right 
are  those  of  the  functions  in  the  second  quadrant,  hence  it  appears 
that,— 

Any  function  of  {iSo"  —  0)  equals  plus  or  minus  the  same  function 
of  6,  Ike  sign  being  that  of  the  function  in  the  second  quadrant. 

The  rule  Just  given  enables  us  to  express  the  functions  of  an 
obtuse  angle  in  terms  of  the  fimctions  of  an  acute  angle,  thus: 

sin  116°=  sin  (180°  —  64°)  =  sin  64°, 
cos  116°=  cos  (180°  —  64°)  =  —  cos  64°, 
tan  1 16"=  tan  (180°  —  64°)  ■»  —  tan  64°, 
esc  116°=  CSC  (180''  —  64*)  =  csc(34°, 
sec  116°=  sec  {180"  —  64°)  =  —  sec  64°, 
cot  116"=  cot  (180°  —  64°)  =  —  cot  64°. 
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68.  Functions  of  (90°  +  0) .  Let  angle 
XOP  =  9  be  any  acute  angle  and  draw  OP" 
perpendicular  to  OP.  Thai  angle  XOP'  = 
9o°+ff.  If  OP'  is  taken  equal  to  OP,  the 
triangles  AOP  and  A'OP*  are  geometrically 
equal,  and  we  have 

A'P'  _  OA  ^„„  f^ 

oP-op'^  ""se, 

OA'  ^  -  AP  ^  _AP  ^ 
OP'        OP    "      OP 


Sin  (90°+ 8)  = 
cos  (go"  +  9)  = 


-sin  9, 


OA' 


-AP 


AP'" 


csc(90°+6)- 
sec  (90°+ 8)  = 


sin  (90° +  9)      cos  9 


-cot  8, 


secfl, 


s  (90°  +  9) 


-  sin9 


cot  (90°  +  6)  -  - 


-=  -tan9. 


tan(90°  +  ff)      —  cotfl 
Again  the  signs  on  the  right  are  the  signs  of  the  functions  in  the 
second  quadrant,  hence, — 

Any  function  of  {po°  +  9)  «S  equal  to  plus  or  minus  the  corresponding 

cafunction  of  6,  the  sign  being  that  of  the  function  in  the  second  quadrant. 

This  rate,  like  that  of  the  preceding  article,  enables  us  to  express 

the  functions  of  an  obtuse  angle  in  terms  of  the  functions  of  an  angle 

less  than  90°.    Thus, 

sin  116°  =  sin  {90°  +  26°)  =  cos  26° 
cos  116°  ■  cos  (90°  +  26°)  =  —  sin  26°, 
tan  1 16°  =  tan  (90°  +  26°)  =  —  cot  26°,  etc. 


69.  FtmctioDS  of  180°.  If  in  Fig.  62,  9  is  taken  equal  to  180°, 
OP  must  coincide  with  OX',  the  abscissa  rf  P  will  be  —  f  and  its 
ordinate  zero,  hence 

sin  180°  =  -  =  o,  csciSo"  =  -=  w, 


5 180°  ■■ 


sec  180°  =  —  =  —  I, 

—  I 

cot  180°  =  -^  =  —  00 , 
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The  results  in  the  last  line  need  some  explanation.  The  tangent  and 
cotangent  of  every  obtuse  angle  is  negative,  hence  their  lio&ting 
values,  as  the  angle  approaches  i8o°,  is  negative.  Numerically  these 
limiting  values  are  o  and  oo,  the  minus  signs  merely  indicate  that 
these  values  have  been  approached  through  a  succession  of  negative 
magnitudes. 

60.  Angles  Coiresponding  to  a  CMven  Function.  Since  the 
cosine,  secant,  tangent  and  cotangent  of  every  obtuse  angle  is  nega- 
tive, we  can  tell  whether  the  angle  corresponding  to  one  of  these 
functions  is  obtuse  or  acute  by  noting  the  algebraic  sign  of  the 
function.  But  the  sine  and  cosecant  are  positive  whether  the  angle 
is  acute  or  obtuse.  In  fact,  since  the  sines  and  cosecants  of  supple- 
mentary angles  are  equal  in  every  respect,  there  will  always  be  two 
angles,  one  acute  and  the  other  obtuse,  which  will  correspond  equally 
well  to  a  given  sine  or  cosecant.  This  is  expressed  by  saying  that 
the  angle  corre^>onding  to  a  given  sine  or  cosecant  is  ambiguous. 

Examples.    If  cos  fl  =  i,B  must  equal  60°, 

and  if  cos  $  ~  —  i,9  equals  the  supplement  of  60°,  or  120°. 

If  tan  9  =  1,0  must  equal  45°, 
and  if  tan  9  =  —  i,$  equals  the  supplement  of  4,5°,  or  135°. 
If  sin  fl  =  Jjffmay  be  either  30° or  its  supplement,  150". 

EXEBCISE  31 

1.  Locate  the  points  whose  coordinates  are  x  =  8,y  =  6;x  =  —  8, 
y  =  —  6;x  =  —  8,y  =  6;x  =  8,y  =  —  6;  and  in  each  case  compute 
the  distance  of  the  point  from  the  origin. 

2.  Locate  tlie  points  a:  =  g,  y  =  o;  a;  =  o,  y  =  5; «  =  ~  ii  >  =  —  i; 
x=  o,y  =  —  I. 

3.  The  distance  of  a  point  from  the  origin  is  3,  and  its  abscissa  is 
I ;  find  its  ordinate  and  locate  the  point. 

Ans.  Two  solutions,  y  =  ±  V3. 

4.  The  distance  of  a  point  from  the  origin  is  10  and  its  ordinate 
is  Vjo;  find  the  absdssa  and  locate  the  point. 

5.  Make  out  a  table  containing  the  sine,  co^e  and  tangent  of 
each  of  the  angles  120°,  135°,  150°. 
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6.  Construct  the  angles,  having  given  the  following  functions: 
a«^  =  -S,  tan-B=  -3,  sintf  =  |. 

7.  Express  the  following  functions  in  terms  of  functions  of  the 
supplementary  angles:  sin  115°,  tan  165°,  cos  125°!  *^t  100°,  sec  170°, 
sin  145°,  cos  136°,  tan  95". 

8.  Express  in  terms  of  an  angle  less  than  45°  the  following: 

sin  95°,  cos  120",  tan  100°,  sec  114°,  sin  125°. 

9.  Express  in  two  ways  in  terms  of  an  acute  angle,  first  by  means 
of  the  rule  of  Art.  57,  second  by  means  of  the  rule  of  Art.  58,  each 
of  the  following:- 

sin  127°  3s'  n">  cos  157°  54'  36",  tan  140°  ii'  25.3". 
Which  of  the  two  methods  is  the  easier  ? 

to.   Use  the  table  of  natural  functions  to  find  the  following  func- 
tions: an  112"  30',  cos  156°  25',  tan  162°  50',  sin  105°,  cos  175°  10', 
tan  126°  14'. 
II.  6  being  any  obtuse  angle,  prove  the  following  relations: 
sin  (i9  —  90*)  =  —  cos  tf,     CSC  (fl  —  90°)  =  —  sec  fl, 
cos(tf— 90°)=       sintf,    sec(e  — 9o'0=       csc9, 
tan(tf-9o°)  =  -  cot  9,    cot(ff-  90*0  =  -  tanff. 

61.  Review. 

1.  (a)  What  is  meant  by  the  logarithm  of  a  number  to  a  given 
base  o?  (i)  Show  that  1<^  ai  ™  log  o  +  log  6,  It^  o*  =  &  log  a. 
{c)  What  is  the  logarithm  of  i  ?  (d)  What  is  meant  by  a  cologarithm  ? 
(«)  Given  lc%  4  =  o.6ozo6;  find  log  16,  log  2,  log  \. 

2.  (a)  What  is  meant  by  the  common  logarithm  of  a  number? 
(A)  Give  from  memory  the  common  logarithms  of  10,  100,  o.i,  o.oi, 
10',—  ,  Vio,  Vio,  Vioo.  (c)  What  is  meant  by  the  characteristic 
of  a  conunon  logarithm?  What  by  the  mantissa?  (rf)  Give  the 
characteristics  of  the  Ic^arithms  of  the  following  numbers:  15, 
153,  6.23,  0.05,  0.0105.  (*)  Give  the  rule  for  the  characteristic  of  a 
niunber  greater  than  i ;  of  a  dedmal  fraction  less  than  i. 

3.  Explain  how  a  table  of  common  Ic^rithms  might  be  con- 
structed by  extracting  square  roots  only.  Find  the  nimiber  whose 
It^arithm  is  3,  without  consulting  the  table. 
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4.  Prove  that  It^oJV  =     °^    ;  also  show  that  log^  ■  logai  =  i. 

logfca 

5.  What  is  meant  by  the  principle  of  pnqrartional  parts?  Read 
again  Art.  32. 

6.  Work  Problems  13  and  14,  Exercise  18. 

7.  What  is  meant  by -an  exponential  equation?  Solve  Problem  18, 
Exercise  18. 

8.  (a)  Read  i^in  Art.  44.  (6)  What  accuracy  is  called  for  in  the 
angle  of  a  triangle,  when  the  sides  are  given  correct  to  three  places? 
To  four  places?  (c)  How  accurately  can  a  number  be  determined 
with  the  aid  of  a  five-place  table  of  logarithms  ?  An  angle  ?  (d)  When 
should  a  six-place  table  be  used  ?    When  a  seven-place  table  ? 

9.  (a)  How  many  degrees  constitute  a  point  of  a  mariner's  com- 
pass? (6)  How  many  degrees  in  the  angle  between  N.  and  N.E. 
by  N.?  Between  N.E.  by  E.  and  E.N.E.?  (c)  What  directi<m  is 
<^posite  to  the  direction  S.E.  by  S.? 

10.  Explain  how  to  solve  each  of  the  four  cases  of  oblique  triangles 
by  means  of  right  triangles. 

11.  (a)  What  is  meant  by  the  rectangular  coordinates  of  a  point? 
(b)  The  line  joining  the  origin  to  a  point  i'  is  5  units  in  length  and 
makes  an  angle  of  30°  with  the  positive  direction  of  the  x-axis. 
What  are  the  rectangular  coordinates  of  the  point  P?  (c)  What  are 
the  coordinates  of  the  point  P,  if  OP  makes  an  ai^le  of  150°  with 
OX? 

13.  (a)  Define  the  sine,  co^e  and  tangent  of  an  obtuse  angle. 
(6)  Prove  that  an  (180°  —  ^)  —  sin  ^,  cos  (180°  —  j4)  =  —  cos^, 
tan   (90°  +  j4)  =  —  cot  j4.     (c)  Complete  the  equations 

tan  {180°  —  A)  =     ,  sin  (90°  +  ^)  -     ,  cos  (90"  + ^)  —     . 

13.  (a)  Find  sin  123°,  cos  136°,  tan  105°  30'.  (6)  Find  x  in 
each  of  the  equations:  sin  x  =  0.3433,  cos  x  =  —  0.9061,  tan  c  <= 
—  ao9i3,  X  being  in  each  case  the  angle  of  a  plane  triangle. 
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PROPERTIES  OF   TRIAITGLBS 


In  this  chapter  we  shall  develop  certain  properties  of  triangles 
which  will  enable  us  to  compute,  from  a  sufSdent  number  of  given 
parts,  the  remaining  sides  and  angles,  the  area  and  other  magnitudes 
related  to  the  triangle.  The  principal  applications  of  the  results 
developed  in  this  chf^ter  will  be  treated  in  a  separate  chapter. 

62.  The  Law  of  Sines. 

(a)  First  proof.  Let  ABC  be  any  plane  triangle.  Draw  the  per- 
pendicular h  from  one  of  the  vertices  C  of  the  triangle  to  the  oppo- 
ate  side  AB  (Fig.  65),  or  AB  produced  (Fig.  66). 


Rg.  6s. 

In  Fig.  6s, 
in  the  right  triangle  ACD 

h=  bmiA, 
and  in  the  tight  triangle  BCD 

A  =  a  sin  £. 


Kg.  66. 

In  Fig.  66, 
in  the  r^ht  triangle  ACD 

h  =  bwiA, 
and  in  the  right  triangle  BCD 
A  =  a  sin  (180'  -~  B)  =  asin  B. 


Hence,  whether  the  triangle  is  acute  or  obtuse,  we  have 
k^b!an.A  =  asinB, 

a     ^     b 
^A      sinB 
Similarly,  by  drawing  a  perpendicular  from  B  to  the  opposite  side, 
or  the  oppo^te  side  produced,  we  obt^ 
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SO  that  we  may  write 

sin^      siii£      sinC 

Equation  (i)  oiay  be  otherwise  written  thus,— 

a :  ft  :  c  3  Edn  ^  :  sin  A  :  sin.  C.  (3) 

Equation  (i)  or  (2)  embodies  what  is  known  as  the  Law  of  Sints, 
■which  states  that,  — 

In  any  triangle  the  sides  are  proportional  to  the  sines  of  the  opposite 
angles. 

(b)  Second  proof.    The  Law  of  Sines  may  be  proven  in  another 
way,  which  at  the  same  time  brii^  out  the  mean- 
ing of  the  ratios  in  equation  (i). 

Circumscribe  a  drcle  about  the  triangle  ABC 

and  denote  by  D  the  diameter  BA',  drawn  throu^ 

one  of  the  vertices,  as  B.    Join  A'  and  C.    A'BC  is 

a  right  triangle  (Why?),  and  therefore 

Fig.  07, 


But  angle  A'  =  angle  A  (angles  inscribed  in  the  same  arc  are  equal), 
hence 


and  sinularly 

sin^' 

sin^ 

from  which 

sinB' 

D- 

u  =  _»_=_£_«_£_,  M 

sin^      EdnB     dnC 
that  is,  — 

The  ratio  of  any  side  of  a  triangle  to  the  sine  of  the  angle  opposite  is 
numerically  equal  to  the  diameter  of  the  circumscribed  drde. 

63.  Projectioa  Theorem. 

In  Fig.  6s,  In  Fig.  66, 

AD  =  bcosA,  AD=  bco»A, 

UB  =  flcosB.  BD"  0003(180°-  S)=  -  tfcosS. 
Moreover, 

c  =  AB  =  AD  +  DB.  c  =  AB  =  AD-  BD. 
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Substituting  for  AD,  DB,  and  BD  their  values,  we  have 

c=bcosA  +  acoe.B.  c  =  bco%A  -  {- acaaB) 

=  bcosA  +  acasB. 
Hence,  whether  the  triangle  is  acute  or  obtuse,  we  have 
e=  acos£  +  &cos^- 
Similarly,*  a  =  6  cos  C  +  c  co3  B,  (4) 

ft  =  ecos^  +  ocosC. 

We  may  consider  the  line  DB  (Fig.  66)  the  negative  of  BD,  that 

is,  Z)B  =  -  BD.    In  that  case 

C''AB'^AD-BD=AD~{-  DB)=  AD+DB,iMita&iiiYi%.  65. 

AD  =  b  cos  A  is  called  the  projection  of  AC  on  j4B, 

Z>fi  ==  a  cos  5  is  called  the  projection  of  CB  on  AB, 

so  that  the  relations  (4)  may  be  stated  thus,  — 

In  any  triangle,  each  side  is  equai  to  the  algebraic  sum  of  the  pro- 
jections of  the  other  two  sides  upon  it. 

64.  The  Law  of  Cosines. 
(a)  First  proof. 

In  Fig.  65,  la  Fig.  66, 

»  =  a*-D&  lf=a*-B^ 

A&=ic-  DB)*  A&={,c  +  BDy 

-i?-3c-DB+  dF.  =c'+2c-BD  +  B&. 

Substituting  in  the  first  equation  the  values  of  h  and  AD  from  the 
second  and  third,  we  have 
^='a*-DF+(^-2c  •  DB+W        6*=o'-B^+c*+  ac  •  BD+Blf 

=  ^  +  c'~  2C-DB,  =  o'  +  c*  +  2c  •  SZJ. 

Now  from  the  figure 

DB=facosB.  BD  =  a  cos  {180°  -  B)  =  -  o  cos  B. 

*  Tbe  second  fonnula  may  be  obtained  from  Uie  first  by  repUdng  aby  b;  b  by  c, 
cbya,  and  A  by  B,  B  by  C,  and  C  (should  it  occur)  by  X.  In  the  same  manner 
the  thinl  fonnula  may  be  obtained  Irom  the  second,  and  the  first  from  tbe  third. 
That  is,  if  any  one  of  these  formulas  is  given,  the  other  two  can  be  supplied  by 
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Substituting  these  values  in  the  equation  just  preceding,  we  obtain 
in  either  case 

6'  =  c'  +  a'  —  2  ca  cos  B. 
Similarly,  e'  =  a'  +  6*  —  a  aft  cos  C,  (s) 

a'  =  b'*  +  c' —  2  be  cos  A. 
These  formulas  embody  the  so-called 

Law  of  Cosines:  In  any  triangle,  the  square  on  any  side  is  equal  to 
the  sum  of  the  squares  on  the  other  taio  sides  diminished  by  twice  the 
product  of  those  two  sides  times  the  cosine  of  the  include  angle. 

(b)  Second  proof.  The  law  of  cosines  may  be  proved  even  more 
easily  than  above  by  the  aid  of  the  projection  formulas.  We  need 
only  to  multiply  the  first  of  the  formulas  (4)  by  c,  to  add  a  times  the 
second  and  to  subtract  b  times  the  third.    The  result  is 

£*  +  «*-  6»  =  c(acosB+6cos^)  +  a(6cosC-|-ccosB) 
—  b(ccosA  -|-fflcosC) 
=  3  accost, 
from  which 

J*  =  c*  +  a'  —  2  cffl  cos  B. 

66.  Aritlinietic  Solution  of  Triangles.  The  law  of  sines  and  the 
law  of  cosines  are  sufEdent  to  solve  each  of  the  four  cases  of 
oblique  triangles. 

I.  If  one  side  a  and  two  angles  are  given,  the  third  angle  is  found 
immediately  from  the  relation  A  +  B  +  C  =  180".  The  remaining 
sides  may  then  be  found  from  the  law  of  sines,  thus,  — 

,  _  flsing  _  tisinC 

sin-4  '  onA 

n.  If  two  sides  b  and  c  and  the  angle  opposite  one  of  them,  say  B, 
is  given,  the  third  side  a  may  be  found  by  the  law  of  cosines;  for, 
solving  the  first  of  equations  (5),  considering  a  as  the  unknown 
quantity,  we  find 


a  =  ccosB  ±  v'fis-  c*sia*B. 

This  gives  two  values  for  a,  as  it  should,  for  we  know  that  this  case 
has  in  general  two  solutions. 
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Havii^  found  the  third  side,  the  angles  A  and  C  may  now  be 
found  from  the  law  of  sines,  thus; 

sin  ^  =>  -  sin  5,  sin  C  =  -  sin  5. 

III.  If  two  sides  b  and  c  and  the  included  angle  A  are  given,  the 
third  side  a  may  be  found  from  the  law  of  cosines,  for  the  third 
equation  (5)  gives  

a=Vlr^  +  c*-  2bccosA. 
The  sides  and  one  angle  being  known,  the  law  of  dnes  will  give  the 
other  angles. 

IV.  If  the  three  sides  are  given,  the  three  angles  may  be  found 
from  the  law  of  cosines.  Thus,  to  find  A,  we  have  from  the  third 
of  the  equations  (5), 

JDC 

While  the  law  of  sines  and  the  law  of  cosines  are  theoretically  all 
that  is  necessary  to  solve  triangles,  the  law  of  cosines,  which  would 
have  to  be  used  in  three  out  of  the  four  cases,  is  not  adapted  to  log- 
.  arithmetic  computation.  The  numerical  work  necessary  to  solve 
triangles  will  be  greatly  shortened  by  the  use  of  other  formulas 
which  we  will  develop  in  the  following  articles. 

Exercise  33 

1.  Apply  the  law  of  sines  to  a  right  triangle  and  reduce  the  re- 
sultit^  equations  to  their  simplest  form. 

2.  Apply  the  law  of  cosines,  a*  =  &>+(;*—  2^cos^,tothe  cases 
when  the  angle  A  =  o",  90°,  180°. 

Ans.  A  =  o°,a'  =  b'  +  c*-2bc={b-cy. 
^  =  90°,  »'  =  &*  + c*. 
A  =  iSo",  a^=  b/'  +  d'+  ibc  =  (b  +  c)K 

3.  Apply  the  projection  theorem  to  the  case  A  =  90°;  to  the  case 
A  =  B. 

Solve  the  following  problems  without  the  ^d  of  logarithms,  — 

4.  Given  A  =  35°,  B  =  75°,  0^7;  find  6  and  c. 

Ans.   b  =  ii.S,  c  =  11.5. 
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5.  Given  A  =  65",  b=io,a=  1$;  find  B  and  c. 

Ans.   B  =  37°  10',  c  =  16.2. 

6.  Given  A  =  16°,  (  =  15,  a  =  6;  find  the  remaining  parts. 

Ans.   B  =  43°  33.5',  C  =  120°  26.5',  c  =  18.76. 
or  B'  =  136°  26.5',  C  -  27°  33.5',  c'  =  10.07. 

7.  Given  a  =  150,  6  =  200,  C  =  27"  ^o';  find  c. 

Ans.   c  =  96.3. 
S.  Given  a=  2,  6  =  3,  c  *  4;  find  the  angles. 

Ans.   A  =  28°  57.3',  B  =  46°  34.1',  c  =  104"  38.6'. 

9.  By  means  of  tlie  law  of  sines  prove  that  the  bisector  of  an 
angle  of  any  triangle  divides  the  oppodte  side  into  segments  pro- 
portional to  the  adjacent  sides. 

10.  Derive  the  law  of  sines  from  the  law  of  co^es. 

('suggestion.   Fom  the  ratio  -  ^  "  ^^"^  -  ^^^  - 


it  is  equal  to  ^  ■  J 


Vi 


-  cosM  ^ 
-cos'5 


aB 


and  show  that 


66.  The  Law  of  Tangents. 

(a)  First  proof.  Let  ABC  be  any  triangle.  With  a  vertex  C  as  a 
center  and  b,  the  shorter  of  the  sides 
adjacent  to  C,  as  a  radius,  draw  a  drcle 
cutting  BC  in  P  and  BC  produced  in  Q. 
Draw  AP  and  AQ.  Triangles  ACP  and 
ACQ  are  isosceles  and  QAP  is  a  right 
angle  (Why?).  Denote  the  whole  angle 
at  A  by  If,  and  the  three  parts  by  x,  y,  z, 
as  indicated  in  the  figure,  then  angle  A  PC  = 
(Why?).    Also 

x  +  y=  A,    X—  y=  B,    x  +  s=  90°,    x+  y  +  s=  w. 
Solving  these  equations  for  x,  y,  z  and  ip,  we  obtain 

x'liA+B).    y  =  h(A-B),    z  =  90°  ~  l(A  +  B), 
w  =  90"  +  HA  -  B). 

Now  apply  the  law  of  sines  to  each  of  the  triangles  APB  and  AQB, 
thus, — 

AB  _  an  (t8o  —  x)  ^  sin  a:      ^^^   AB  ^  ana 

BP  sin  y  sin  y 


Fig.  68. 
=  X  and  angle  AQC  = 


and 
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Similarly, 


sin  B  (^  —  B) 
sini(.B+CO 


c  cos  \(A+  B) 

a+  b      COS  I  {A—  B) 


a  _  COB  g  (B  +  C) 
6  +  c      COS  i  (B  -  C) ' 

b  cos^(c+^) 
c+a      cosj5(C  — -4) 


(6) 


(7> 


b-c     sini(B-c) 
b         sini(C+^) 
e-  o"  sIna(C-^)' 
Dividing  tiie  first  of  each  pair  of  equations  by  the  second  gives 
a  +  b     tanjjU+B)        b+c     tan^  (B+C) 
a—  b      tan  si  A—  B)         6— c~tanj(B—  C) 
c+a     tani{C+  A) 
c—  a      tao}  (C—  A) 
Fonnulas  (7)  embody  the 

Law  of  tangents:  In  any  triangle,  the  sum  of  two  sides  is  to  their 
difference  as  the  tangent  of  half  the  sum  of  the  angles  opposite  is  to  the 
tangent  of  half  their  difference. 

The  formulas  (6),  which  we  shall  have  occasion  to  use  hereafter, 
we  shall  refer  to  by  the  name  of  Double  Formulas.* 

(b)  Second  Proof.    The   law  of  tangents  can   be  proven   more 
easily  without  the  intervention  of  the  double  formulas.    In  Fig.  6S 
draw  PR  parallel  to  QA,  then  angle  APR  =  angle  QAP  -^  90°. 
From  the  similar  triangles  BQA  and  BPR,  we  have 
AQ 
^_A2_AP 
BP      RP      RP' 
AP 
but  BQ  =  a  +  t>,    Bt~a-b, 

and  42_tan4-Pe-tani- tanH-l+B), 

^  =  tzn RAP  =  Vmy  =  tan^  [A  -  B), 

*  Also  calkd  MoUweide's  fonnulas,  after  the  Germaa  astronomer  (1774-1815) 
who  introduced  their  use.  The  tnsine  form  of  these  formulas  afJixaTS  in  New- 
ton's Aritmutka  imhersalit  (1707). 
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hence 

a+b_UQi(A+B) 

a~b  tanh(A~B)' 
The  law  of  tangents  and  double  f<»iiiulas  is  adapted  to  the  loga- 
rithmic solution  of  the  third  case  of  oblique  triangles,  that  is,  when 
two  sides  and  the  included  angle  are  given.  Suppose  the  given 
paits  are  a,  b  and  C.  The  different  steps  in  the  solution  are  as  fol- 
lows: 

1.  \{A  •{■  B)i&  found  from  the  relation  A  +  B  •=  i8o°  -  C. 

2.  ^  {A  —  B)  is  found  from  the  law  of  tangents,  formula  (7), 
jst.  equation. 

3.  Adding  and  subtracting  the  results  of  i  and  3  we  have 
HA+B)  +  HA-B)  =  A,       i{A  +  B)-HA-B)  =  B. 

4.  c  is  found  from  the  double  formula  (6). 

Having  found  A  and  B,  c  could  have  been  determined  from  the 
law  of  sines,  thus,  — 

,  =  "sinC  banC 

^a'  "   sinB  ' 

but  this  would  require  us  to  look  up  three  new  logarithms,  namely, 
those  (A 

a,  sin  C,  sin  yl ,    or    b,  sin  C,  sin  B. 

while  the  double  formula  requires  but  two  new  logarithms,  those  of 
sin iM  +  5).  sin i  U  -  B),    or    cosh(A  +  B),cos^U  -  B), 

and  these  may  be  taken  out  at  the  same  time  and  the  same  opening 
of  the  table  with  the  logarithms  of  tan  H-H-  -B)  and  tan  J  (^  -  B). 

67.  Fonnulas  for  the  Area  of  a  Triangle. 

(a)  In  terms  of  the  base  c  and  the  altitude  h.  If  c  represents  the 
base  of  the  triangle,  Figs.  65,^66,  h  its  altitude  and  T  its  area,  then 
by  elementary  geometry 

T=\eh.  (,) 

(6)  In  terms  of  two  sides  b  and  c  and  the  included  angle  A .  From 
the  right  triangle,  F^,  65  or  66,  we  have  h  —  b  ^  A.  This  value  of 
A  substituted  in  (i)  gives 

T=  \heHnA.  (3) 
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(e)  In  terms  of  one  side  c  and  the  angles  A,  B,  C.    By  the  law  of 
sines, 


Substituting  this  value  of  &  in  (2)  we  obtain 

_  c'^  sin  .4  sin -B  ,  , 

2  *        sine      *  ^' 

(d)  In  terms  of  the  three  sides  a,  b,  c.    It  is  shown  in  plane  geometry 
that 


T  -  V«  («-«){,  -  ft)  («  -  c)'  (4) 

where  s  —  J  (a  +  ft  +  c),  that  is,  s  equals  half  the  sum  of  the  three 


(e)  In  terms  of  s  and  the  radius  k  of  the  inscribed  circle. 

Let  0  be  the  center  of  the  inscribed 

circle,  Fig.  69.    Join  O  to  the  vertices  of 

the  triangle,  and  draw  the  radii  of  the 

inscribed  drcle  to  the  points  of  tangency. 

These  radii  will  be  perpendicular  to  the 

C.    ,*""        "      respective  sides. 
Fig.  6q.  '^ 

Area  of  triangle  BOC  =  J  ka, 

Area  of  triangle  COA  =  J  kb, 

Area  of  triangle  AOB  —  )  kc. 


Adding, 


T=ks,  where  s^'^ia  +  b  +  c). 


If  the  three  sides  are  known  separately,  (5)  enables  us  to  find  the 
radius  of  the  inscribed  drcle  of  a  triangle,  for  we  have 


..f-v/ii^ 


■l)(g-b)(3-c) 


oa  substituting  the  value  of  T  from  (4). 

*  This  fonnula  b  known  as  Hero's  formula  for  the  area  of  a  triangle,  afta' 
Hero  of  Alexandria  (ist  century  B.C.).  who,  so  far  as  we  know,  was  the  first  to 
prove  and  apply  this  lenuikable  formula. 
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.  Functions  of  Half  the  Angles  in  Tenns  of  the  Sides. 
In  Fig,  69, 

AF  =  AE 
BD=BF 


Adding,  AF  +  {BD  -k- DC)  =  BF  +  {AE  +  EC), 

and  ance  the  sum  of  the  six  segments  equals  a  +  J  +  c=  t  s, 

we  have 

AF  +  {BD ■\- DC)  =  s,   BF+(AE  +  EC)  =  s, 
or  AF  +  a  =  s,  SF  +  6  =  s, 

from  which 

AF  =  s~a,  BF  =  s-b.  (1) 

Also,  since  the  hnes^O  and  BO  bisect  the  angles^  and  B  respectively, 
we  have 


Substitutii^  for  AF  and  BF  their  values  from  (i),  we  have 


similarly 
Again 


(.^/fciiB 


Aff  -  Oli' +  Af"  -  If  +  (s  -  a)' 
.(s-tKs-b)(s-c)  +  s(s-  a)'      be  (s  -  t) 


(3) 


.io4._5?.i  ^      AF      i-a 

2      ^O      AO'  2       AO       AO  ' 

Substituting  for  ^0  its  value  from  (3)  and  reducing  tlie  result  gives,— 

a       y  be  3       y       be 

Sinularly    sin?  -  \/552S3,         eos« -\/'^^=^ 

2        »  ab 
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In  each  of  the  radicals  the  positive  root  is  to  be  taken,  since  each 
of  the  angles  — ,  — ,  — ,  is  necessarily  less  than  90°. 

The  formulas  {2)  and  (4)  are  adapted  for  the  logarithmetic  com- 
putation of  the  at^es  of  a  triai^e  when  the  sides  are  given.  For 
the  quantities  s,  s  ~  a,  s  —  b,  s  —  c,  can  easily  be  found,  and  with 
these  knovra,  the  right  member  of  each  formula  involves  only  multi- 
plications, divisions  and  the  extraction  of  square  roots. 

In  general,  the  angles  may  be  found  from  either  the  dne,  cosine  or 
tangent  formulas,  but  since  an  angle  near  90°  cannot  be  accurately 
found  from  its  sine,  nor  a  very  small  angle  from  its  cosine,  the  sine 
formulas  are  to  be  avoided  when  the  angle  is  greater  than  45°  and  the 
cosine  formulas  when  the  angle  is  less  than  45°.  When  all  the  angles 
are  required,  the  tangent  formulas  (2)  should  be  used,  since  they 
require  but  four  logarithms  to  be  taken  from  the  tables,  that  is,  the 
logarithms  of  s,  s  —  a,  s  —  b  and  s  —c,  while  the  sine  and  cosine 
fonnulas  (4)  require  in  addition  the  logarithms  of  a,  b  and  c. 

ExERasE  33 

1.  Express  in  words  each  of  the  nJes  for  the  area  of  a  triangle  in 
Art.  67. 

2.  From  each  of  the  formulas  (2)  and  {3)  in  Art.  67,  write  down 
two  others  by  a  cyclic  advance  of  letters, 

3.  By  comparing  the  formulas  (2)  and  (4)  in  Art.  67  show  that 


^A=lV,(s-aKs-b){s-c). 
be 

Why  could  not  the  angles  be  found  by  this  formula  as  well  as  by  (a) 

or  {4),  Art.  68? 

4.  By  comparing  the  expressions  for  sin  .4  in  Problem  3  with  the 
-  in  (4),  Art.  68,  show  that 

n-cos-. 
3        2 

5.  By  formii^  the  ratio  of  sin  ^  :  ^  £,  uMng  the  values  given  in 
Problem  3,  show  that 

sin  ,4  :  sin  B  =  a  :  b. 

This  constitutes  another  proof  of  the  law  of  sines. 
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of  the  circumscribed  cirde.    By  substituting  this  value  for  sia  ^  in 
(2),  Art.  67  show  that 

T«  "^ 

7.  From  (s),  Art.  67,  we  have  for  the  radius  of  the  inscribed  drde 

S 

By  using  the  relation  (Fig.  70) 

ABC  =  ABO+ACO  -  BCO 
show  that  Fig.  70. 

*.=  ^,     *.-j^,     *.-7r-,' 

where  ka,  kb,  K  are  the  radii  of  the  escribed  drdes,  touching  the 
sides  a,  b,  c  respectivdy,  externally. 

8.  Prove  that 

9.  Prove  that       *,  +  ft*  +  fc,  —  A:  =  2 1>. 

10.  Let  ABCD  (Fig.  71)  be  an  inscribed  quadrilateral,  a,  b,  c,  d  its 
sides  and  Q  its  area.    Show  that 

Q=-'\{ad  +  bc)siiA.  (a) 

Also   by   comparing   the   two   expressions   for  the 
^^^      jb  I     diagonal 

A*=o*  +  (/*—  2adtxt&A  =  6*  +  c*— jftccosC 

Fig  71  *°"  ^^^ 

a  (ad  +  DC) 
and  by  substituting  this  value  in  sin'  A  =  i  —  cos'  A,  show  that 

-jp  ^1  _  3  V(^  -  a)(s  -  b)(i  -  c)(7^  _  ,, 

ad  +  bc 
where  ^  =  ^(a  + b  + c  +  d). 

By  substituting  (c)  in  (a),  show  that 
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II.  It  was  ^wn  in  Art  65,  11,  that  if  two  sides  i,  c,  of  a  triangle 
ABC,  and  tlie  angle  B  opposite  one  of  these  sides,  are  given,  the 
third  ade  a  may  be  found  from  the 
relation 
S\f  a-ccosS±  v'i>-c*sinB. 


Interpret  the  result  geometrically. 
Ams.  The   two  terms  on  the  right 
^-  ?»■  are  respectively  the  distances  from  B 

and  C  to  the  foot  of  the  perpendiculars  drawn  from  A  to  BC  or  EC 
produced. 
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soLunon  of  obliqoe  tuakolbs 

69.  Solution  of  Oblique  Trian^^es.  In  the  present  chapter  we 
shall  illustrate  the  computation  of  each  case  of  oblique  triangles  by 
a,  numerical  example.  Since  five-place  tables  are  used  in  the  compu- 
tation, the  results  are  given  to  only  five  significant  figures  and  the 
angles  to  the  nearest  second.  In  every  case  a  check  has  been  applied 
to  the  results  obtained.  Such  a  check  is  to  be  looked  upon  as  an 
essential  step  in  the  solution,  since  no  computation,  no  matter  by 
whom,  can  be  relied  upon  if  it  has  not  been  checked.  Instead  of 
the  analytic  checks  here  given,  graphic  checks  are  often  resorted  to 
in  practice,  but  such  checks,  while  more  easily  applied,  are  of  course 
open  to  errors  of  construction  and  are  therefore  unsatisfactory,  except 
as  checks  against  gross  errors. 

The  solutions  given  below  are  arranged  in  a  form  which  may  serve 
as  a  model  to  banners.  It  is  customary  for  computers  to  make  out 
a  complete  schedule  of  work  (as  is  illustrated  in  the  first  case  below) 
before  referring  to  the  tables,  so  that  when  the  tables  are  once 
opened  no  writii^  remains  to  be  done  except  that  of  filling  in  the 
numbers  taken  from  the  tables. 

70.  Case  I.    Oiven  two  angles  and  one  side,  as  ^,  .B  and  e. 

(i)  To  find  C,  apply  the  relation  A  +  B  +  C  =  r8o°. 

(2)  To  find  a  and  b,  apply  the  law  of  sines. 

(3)  To  check,  use  the  double  formula. 
Example  i.  c 

Given  i-"""''^^  \t      Required 

^  =  7'°  13'  30",       ^-/"^  X  *  ^  241-13, 

B  =  40° 34'  is",    a^  ^B  b  =  165.68, 

.=  236.54.  ^'«"-  C-68»I2'l5"r 

Schedule  of  Work. 
(i)   To  find  C.  C=  180"  -  (^  +  B)  -  68°  12'  15". 

(2)  To  find  a  and  6.    By  the  law  of  sines,  — 
138 
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a  _  Sin  A  --  .  _  csin^  b  _  siaB  ._  i  _  csmB  _ 

c      sinC  sinC                  csinC                sinC 

logc  =  logc  = 

log  sin  ^  =1  log  sin  £  = 

colog  sin  C  =    colog  sin  C  =^_, 

log  a  =  log  i  = 

fl=  b  = 

(3)  Check .•    By  the  double  fonniUa  (6),  left, 

c      ^sini(A  +  B)  c^nh(A-B) 

a-b      sinH-4-B)  sinJU  +  S) 

^{A-B)  =  15°  19'  37",        \iA+B)  =  55°  S3'  52". 
log  c  = 
log  sin  ^-4  ~B)  = 

colog  sin  i  (.4  4-  5)  = 

1(^  (fl  —  6)  =  a  —  b  = 

If  the  computation  is  correct  this  value  of  a  —  6  must  agree  with 
the  value  of  a  —  6  obtained  from  (a)  above. 

Having  completed  a  schedule  as  above,  we  now  turn  to  the  tables 
and    complete  the  solution  by  filling  in  the    missing  numbers  as 
follows: 
Solution. 

logc  =  2.37388  hgc  =>=  2.37388 

log  sin  -4  =  9.97636  —  10  log  sin  B  =  9.81318  —  10 

ccJog  sin  C  =  0.03221  colog  sin  C  = 


loga  =  2.38235  logft  =  2.21927 

a  =  241. iS.  b  =  165.68. 

Check. 

logc  =2.37388 
log  sin  i{A  ~  B)  =  9.42214  —  10 
colog  sin  i  M  +  B)  =  0.08195 

log  {a-  b)  =  1.87797.  a-b=  75.50. 

Beginners  will  do  well  to  follow  the  above  form.  Expert  com- 
puters save  the  repetition  of  recurring  numbers  such  as  log  c  in  the 
above  example  by  employing  a  more  compact  arrangement.  For 
instance,  the  above  solution  and  check  can  be  put  in  the  following 

*  Some  authors  check  by  the  law  of  sines,  a  :  b  ~  aa  A  :  sin  S,  but  this 
duck  »  unrdiable,  for  it  fails  to  detect  an  error  in  either  c  or  log  sin  C. 
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Compact  Arrangement 

Solution. 

Check. 

c  =  236.54 

2.37388 

2-37388 

A  =  71°  13' 30" 

9.97626 

B  =  40°  34'  15" 

9.81318 

C=  68°  12' 15" 

0.03221 

^(A~B)  =  15°  19'  37"  943214 

i(A  +  B)  =  55°  53'  53" 0-08195 

a  -  241.18  3.38235 

b  ■  165.68  2.21927 

a-i-    75.50  1-87797 

ExAUFLE  2.     Find  the  area  of  the  triangle  given  in  Example  i. 
Solution.     Since  one  side  and  two  angles  are  given,  we  use  formula 
(3).  Art.  67, 

logc  =  2.37388 
logc'=  2logc- 4.74776 
,  .     .    .    _  log  ^  ^  =  9.97626  —  10 

^  " t-t; —  log  sm£  =  9.01318  —  10 

colog  ^C  =  0.03221 

colog2  =  9.69897  —  10 
log  r  =  4.26838,         T  =  18552. 

Exercise  34 
The  student  must  check  his  results  when  no  answer  is  ff.vea. 


I. 

Given  A  =46^36', 

«-S4°.8', 

c  =  479. 

rmdo-34S, 

i  =  396. 

C-79°oS'. 

2. 

Given  A  -  79°  S9', 

B  =  44'  41'. 

0  -  79-S- 

FindJ-s6.8, 

1  -  66.4, 

C.sS°2o'. 

3- 

Given  ^  -54°  34'. 

B-Al's6', 

c  =  67.9.  Findo,A,C. 

4. 

Given  A  =  69°  30.3', 

B-66'jg.t', 

c  -  438.3- 

Find  a  =  592.7. 

b  =  581.0, 

C -43°  50- 4'- 

5- 

Given  ^  -  29°  41.2', 

5  =  37"  50- 4'. 

0  -  3'-84. 

Find  b  -  40.68. 

c=  61.27, 

C- 112"  28.4'. 

6. 

Given  B  =•  78°  45.6', 

C- 63°  32. 9', 

a  =  8.875.  Find6,e,4. 

7- 

Given  A  -  64"  56'  18" 

.S-47°29'ii' 

", «  -  9>3.4S- 

Find  a  =  895.14, 

4-728^0. 

C- 67°  34' 31". 
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8.  Giveo  B  =48°  24'  15",  C  =  31°  13'  00",  c  =  926.74. 

Find6=  1337.2,         a=  175S.9,       A  =  ioo''22'45", 

9.  Find  the  radius  of  the  circumscribed  circle  in  8. 

Ans.   R  =  894.06. 

10.  Find  the  area  of  the  triangle  in  7.         Ans.   Area  =  301,360. 

1 1.  Find  the  area  and  the  radius  of  the  circumscribed  circle  in  2. 
Check  by  using  the  relation  in  Problem  6,  Exercise  33, 

71.  Case  n.    Given  two  sides  and  the  angle  opposite  one  ot 
tbem,  as  a^  b,  A. 
(i)  To  find  B,  apply  the  law  of  sines. 

(2)  To  find  C,  apply  the  relation  A  +B  +  C~  180°. 

(3)  To  find  c,  apply  the  law  of  sines. 

(4)  To  check,  apply  the  double  formula  or  the  law  of  tangents. 
When  an  angle  is  determined  from  its  sine,  as  the  angle  B  above, 

it  admits  of  two  values  which  are  supplements  of  each  other. 
Whether  one  or  the  other  or  both  of  these  values  are  to  be  used 
depends  on  the  conditions  imposed  by  the  problem.  By  construct- 
ing the  triangle  graphically,  it  is  seen  that  various  cases  may  arise 
depending  on  the  relations  between  the  given  parts  a,  b  and  A . 

Construct  angle  BAC  equal  to  the  given  angle  A,  making  CA 
equal  to  b,  and  from  C  as  a  center,  with  a  radius  equal  to  a,  draw  a 
drde. 

If  a  is  less  than  the  perpendicidar  distance  from  C  to  ^B,  the 
circle  will  not  cut  the  line  AB.  In  this  case  it  is  impossible  to  con- 
struct a  triangle  having  the  given  parts,  that  is,  the  given  data  are 
inconsistent. 

If  a  is  equal  to  the  perpendicular  distance  from  C  to  AB,  the 
circle  will  be  tangent  to  the  line  AB  a.t  B  (Fig.  74),  and  the  resulting 
triangle  will  have  a  right  angle  at  B.  Now  the  perpendicular  dis- 
tance from  C  to  AB  is  i  sin  ^,  hence  in  this  case  a  =  6  sin  .4. 

If  o  is  greater  than  the  perpendicular  distance  from  C  to  AB  but 
less  than  b,  the  circle  will  cut  AB  in  two  points  B  and  B'  (Fig.  75), 
and  there  are  two  solutions,  namely,  the  triangle  ABC  and  the  tri- 
angle AB'C. 

If  o  is  equal  or  greater  than  b,  the  circle  will  cut  the  line  AB  in  a 
single  point  B  (Fig.  76),  the  second  point  of  intersection  falling  on 
or  to  the  left  of  A.    In  this  case  there  will  be  but  one  solution. 
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[chap.  V 


So  far  we  have  assumed  the  gtvea  angle  ^  to  be  acute.  If  ^4  is 
obtuse,  a  must  be  greater  than  b  (since  A  is  greater  than  B,  and  in 
any  triangle  the  greater  angle  is  opposite  the  greater  side).  In  this 
case  there  can  be  but  one  solution.     (Fig.  77.) 


a™  &sinX. 

Fig.  74. 


n ^  <a<b. 
Fig.  7S- 


a^b. 
Fig.  76. 


a>b. 
Fig.  77. 


If  we  disregard  the  case  in  whidi  the  triangle  is  right-angled 

(Pig.  74)  as  not  prt^riy  constituting  a  case  of  oblique  triangles,  we 

have  the  following  simple  test  for  the  number  of  possible  solutions, — 

a  =  b,  one  solution, 

a<b,  two  solutions. 


Solution,    a  <  b,  hence  there  are  two  solutions, 
(i)  To  find  B  and  B'.    By  the  law  of  sines, — 


logJ  =  2.72571 
log  sin^  =»  9.65394  —  to 
cologfl  ™  7.46160  —  10 

log  sinB  =  9.84125  —  10 

B  =  43"  56'  00",  B'  ™  136*  04'  00". 

(2)  To  find  C  and  C. 
C-i8o''-(X+3)  =  t09*'i6'28".     C'=i8o**-(^+B')=i7*'o8'38". 
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_  asinC  /  _  asinC 

loga  =  2.53840  loga  =  2.53840 

log  sin  C  =  9.9749s  -  >o  log  ainC'  =  9.46948  -  M 

colog  sin  j4  =  0.34606  .         colog  sin  4  =  0.34606 

logc  =  2.85941  logc'  =  2.35388 

c  =  723-4S-  <^'  ■=  225,88. 

(4)  Check.    By  the  double  formula, — 

__£_„  &ai(B  +  A) 
b-a''  aah(.B-A) 

csini  {S-A)~(b-  a)  sin 5  iB  +  A). 
^(B  + A) -35"  21' 46", 
§  (5 -J)  =  8-34' 14", 
(/sin  J  (B'  -  ^)  =  (i  -  a)  sin  J  (B'  +  A), 
i(-B'  +  >l)  =  8i'25'46", 
i(B'-yI)-S4''38'i4", 
6  —  a  =  186.39. 
logc  ■"  2.85941  log  (6  —  a)  =  2.27019 

ioganiCB- vl)=9^i73£7_^_io     logrni^iB  +  A)  ^  9.76249  -  10 
2.d3268  2.03268 

logc*  «>=  2.35388  log  (6  —  a)  =  2.27019 

log  sin  J  (B'—  ^)=  9.91143  ~  10    Iogsini(*'  +  -^)=  9-99513  ~  1° 
2.26531  2.26532 

Compact  Arrangement 

Solution.  Check. 

^"531-75  log  2.72571 

.^  =  26°  47' 32"  log9.6s394    cologo.34606 

a  =  34546  col<^  746160        1(«  2.53850 

J-   43° 56' 00"  log9.84i2s 

C  ™  109*  16'  28"  log  9.97496 

c  =  723-45  log  2.85941     log  2.85941 

iiB-A)~    8'*34'46"  Iog9.i7327 

i{B  +  A)  =  35°  21' 46"  colog  0.23751 

A  —  a  ™  186.29  ^°S  7.72981 
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B'-  i36"o4'oo" 
C'-i7°o8'j8" 
c'  -  !!5.88 

J(S'-.4)-54°38'>4" 
HB'  +  A)-  8i°!S'46" 
b-a=  186.29 

log  946942 

log  2.35388     log  2.35388 

log  9.91 143 

colog  0.00487 

colog  7.72981 

ExEROSE  35 

9.99999 

Solve  the  following  triangles: 

I.  0  =  840, 

Ans. 

6  -  48s, 
S-.2-,4', 

A  -  2.°3.'. 
C-.46°.S', 

<:-i272. 

2.  a=  41.4, 

Ans. 

4  -  52.8, 
B-li'if 
B'.  .24°24', 

X.40°.9'. 
C- 84-05', 
C'-.S°I7', 

«  -  63.6. 
c'  -  16.9. 

i-  "-  3-«S, 

4-2.57, 

■4-3»°54'. 

4.  a  =  24a, 

4  -  767, 
-4-.o°5s', 

B-36°S3'. 
C  =  132"  12', 

£-947. 

5.  0  =  91.97, 
Ans. 

4  -  93-99, 
A-i-fii.i, 

B-.2o'35'. 
C=  2°  01. 3', 

£  -  3.85- 

6.  4  =  97S.7, 

c- 871.6, 

C- 38°  14. 2'. 

^»s. 

B-44°oi.s'. 
«■-  ■35°S8.S', 

-4 -97"  44. 3', 
A'~  s°47.3'. 

0  -  1395- 
a'  -  142. 

7.  4-678.5, 

«  -  423.x, 

C  -  53°  =3.4'. 

8.  0-48.134, 
Ans. 

S-35.826, 
B-»6°I2'38", 

/)-36°24'oo". 
C-.,7''23'"", 

c  —  72.022. 

9.  6  -  216.45, 

«  -  177.01, 

C-35°36'»o". 

Ans. 

B.4S°23'28", 
B'.  I34°3<i'32' 

.4  -99"  00' 12", 
•,A'-    9'Afo&", 

a  -  300.29. 
«'=S'.67. 

10.  4  ="  14.332, 

c=  13.617, 

C  =  45°  23' 54". 

u.  a  -  342.6, 

4  -  745.9, 

■l-43°35.''. 

Ans 

.  Impossible. 

72.  Case  m.    Given  two  sides  aod  the  included  angle^  as 
a^b,  C. 

To  find  A  and  B,  we  first  find  J  (-4  +  E)  and  ^  {A  —  B). 

(1)  To  find  \{A  +  B),  apply  the  relation  A  +  B  ■\- C  =  180*. 

(3)  To  find  ^{A  —  B),  apply  the  law  of  tangents,  Art.  66. 
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d)  A  =  iiA  +  B)  +  k{A  ~  B),  B  ^  H^  +  B)  '  ^{A  -  B). 

(4)  To  find  c,  apply  the  law  of  sines. 

(5)  To  check,  apply  one  of  the  double  formulas. 


Example  i. 

Given 
a  =  12.346, 
6=  57213, 
0=65°  30' 10". 

Sdution. 

(i)  To  find  J  (/I +  f 

(2)  To  find  J  (-4  -  ^ 

a  +  b      tan^U  +  g) 

a-b.     tan  J  (-4 -B) 

a—  b  =  6.6247, 


Required 
A  =  86=  ss'  57", 
B  =  27°  33' 53"- 
c=  11.350. 


.    By  the  law  of  tangents 
or    tanhiA-B)  =  ^-=-\binh(.A  +  B). 


a  +  b  =  18.0673. 
log  {a-  6)  =  0.82117 
colog  (a  +  6)  ■=  8.74310  —  10 
log  tani  {A+B)  =  0.19162 

log  t^i(A-B)  =  9.75589  -  10 
i{A  —  B)=  29°  41'  02". 

(3)  To  find  A  and  B. 

^  =-  j  (J  +  5)  +  i  U  -  B)  -  86»  55'  57", 
B-\{A+  5)"-  J  U  -  -B)  =  27° 33' S3"- 

(4)  To  find  c.    From  the  law  of  sines  we  have  either 

sinC      „_     ,  _  i.sinC 

c  =  a- — 7-     or     (7  =  6-:—=. 

smi4  sinB 

but  since  ^  is  an  angle  near  go"  it  is  preferable  to  find  c  from  the 
second  expression. 

log&  =  0.75749 

log  sin  C  =  9.95903  ~  ^o 

colog  sin  3  ™  0.33464 

logc  —  1.05116 

c  »  11.350. 
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(5)  Check.    By  the  double  fonnula  (Art.  66,  (6)), 
c     ^smiU  +  -B) 
ffl-6      sinH-^-B) 
logc=  1,05116  '  log  (o— 6)  =  0.82117 

\og^a\{A  ~  B)~  g.69480  —  10  log  sin i  (i4  +  B)  =s  9.92481  - 


0.74596  0.74598 

Compact  Arrangement 

Solution.  Check. 

a=  12.346 

b=  5.7213  logo.7S749 

a  — 6=6.6247  logo.82117  logo.82117 

0  +  6=  18.0673         colog  8.74310 

C  =  65°  30'  10"  log  sin  9.95903 

HA  +  B)  =  57°  14' 5s"  log  tan  0.19162  log  sin  9.92481 

^{A  —  B)  =  29°  41'  02"  log  tan  9.75589  colog  sin  0.30520 

^  =  86"  55' 57" 

B  =  if  33'  53"  colog  sin  0.33464 

c=  11.250  1.05116  1.05118 

EXEBCISE  36 

I.   Given  a  =  486,  h  =  347,  C  =  Si''36'. 

Find  A  =  83°  15',  B  =  45°  09'.  c  =  383-5- 
a.   Given  a  =  364,  6  =  640,  C  =  53°  14'. 

Find  A  ^  ^°  38',  B  =  92"  08',  c  =  513. 

3.  Given  a  =  875,  b  =  567,  C  ■=  34°  52'.  Find  A,  B,  c. 

4.  Given  a  =  233.4,  b  =  557.2,  C  =  18"  23.0'. 

Find  A  =  12"  22.0',  B  =  149°  is.o'.c  =  343.7. 

5.  Given  b  =  145.9,  ^  =  39-90.  ^  =  9^°  "-3'- 

Find  B  =  72°  40.7',  C  =  15"  08.0',  a  =  152.7. 

6.  Given  c  =  4S3-9i  «  =  478.1,  B  =  35°  37.9'.      Find  C,  A,  b. 

7.  Given  a  ==  51.269,  6  =  14.687,  C  =  62°  09'  24". 

Find  -4  =  101°  32'  32",  B  =  16"  i8'  04",  c  =  46.269. 

8.  Given  6  =  467.92,  c  =  612.34,  A  =  45°  29'  16". 

Find  B  =  49°  34'  05",  c  =  84°  56'  39",  a  =  438.36. 
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9.   Given  c  =  345.67,  fl  =  654.32,  S  =  67° 45' 4s".  FindC,.i4,4. 
o.   Givenfl  =  447,45,  6  =216,45, C  =ii6°3o' 20".  Find  the  area. 

Ans.   T  =  43336. 
II.   Show  that  when  the  included  angle  is  a  right  angle,  the  law  of 
tangents  gives 

tmh(A-B)  =  ^. 

73.  Case  IV.    Given  tiiree  ddes,  a,  6,  c. 
Each  of  the  angles  A,  B  and  C  is  found  by  applying  one  of  the 
formulas  (a)  or  {4),  Art.  68,  for  the  tangent,  sine  or  cosine  of  talf  the 
respective  angle,  but  for  the  reasons  stated  in  Art.  68  the  tangent 
formulas  are  generally  to  be  preferred. 
To  check,  apply  the  relation  ^  +  S  +  C  =  180°. 
Example  i.  c 

Required 
A  =  32"  36' 22", 
B  =  47°  08' 42", 
C  =  100"  14'  56". 
Fig.  80. 

Solution.    By  formula  (2),  Art.  68, 

,      A  k  ^     B         k  ^      C         k 

tan—  =  .  tan  —  = .  tan-  = , 

a       s  —  a  2      s  —  b  a      s  —  c 

where 


*=v/i^ 


a+b  +  c      f._J{s-a)(s-b)(s-c) 


s  =  26.486  cologf  =  8.57698  —  10 

s~a=  13.833  log (j  -  a)  =  1. 14092 

s—  b  =  g.273  log  (s—  b)  =  0.96723 

i-c  =  3-380  log (j  -  c)  =  0.52892 

logfc*  ™  1.21404 
log*  =  0.60702 
logife"o,6o702  logi=o.6o702  log  ft  =  0.6070a 

lt^(j— a)  =  1.14092        log  (5— fc)=o.96722  Iog(j— c)=o^S2892 

log  tan  }yl  =  9.46610      1(^  tan  i  3=9.63980         log  tan  J  C= 0.07810 
^A  =16°  18'  11"  iB=23°34'  21"       J  €=50°  07'  28" 

.4  =  32°  36'  22",  5=47°  08' 42",        C^ioo"  14'  56". 

Check.  A+B+C=i2°i6'  22"+47''o8'42"+ioo°  14' 56"  =180'. 
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Compact  Arrangement 

SoluUon. 

Check. 

0-12.653 

4  =  17.213 

c=  23.106 

5  =  26.486 

colog  8.57698 

s-»- 13.833 

log  1.14092 

s~b~   9.273 

log  0.96722 

s-c-    3-38"> 

log  0.52892 

*' 

log  1. 21404 

* 

log  0.60702 

M-  16°  18' 11" 

log  tan  9.46610 

A-    32° 36' 22" 

JS-«3-34'"" 

log  tan  9.63980 

B-    47°  08' 42" 

iC"  so' 07' 38' 

log  tan  0.07810 

C  -  100°  14'  56" 

180°  00'  00" 

ExAicpLE  2.     Find  the  area  of  the  triangle  and  the  radii  of  the 
inscribed  and  escribed  circles  for  the  triangle  in  Example  i. 
Solution.  a  =  ia.653,     6  =  17.213,    c  =  23.106. 

The  area  of  a  triangle  in  terms  of  the  sides  is  given  by  (4),  Art.  67. 
T=\^s{s~a){s-b)is-c). 

The  formulas  for  the  radii  of  the  inscribed  and  escribed  circles  are 
given  in  Problem  7,  Exercise  33. 


Using  the  results  of  Example  t,  we  have 
log*  =  1.42302 

log(j-o)  =  1. 14092 

log(j  —  b)  =  0.9672a 

log  {s~c)  =  0.52892 
log  T*  =  4.06008 

log  T  =  2.03004  T  =  107.16, 

log  A   =0.60702  fe=     4.046, 

logfta  =  Q.88912  Aa  =      7-747. 

logAj  «=  1.06282  kb  =    11.556. 

logAa  =  1.50112  k^  =    31.704. 
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Check.    A  convenient  check  is  obtained  by  using  the  relation  in 
Problem  8,  Exerdse  33, 

k     K     k„     h 
log  ^  =  colog  k  =  9.39298  -  10      I  =  0.24716 

log—     «    colog    kg    ■-    9.IIO88    —10  —    =    0.12909 

log-^  =  colog  kb  =  8.93718  —  10     J-  ■"  0.08653 
log  ~  =  colog  A(  -  8.49888  -  10     i  =  0.03154 

Exercise  37 

I.  Given  a  =»  286,  b  =  321,  c  =  463. 

Find4  =  37°34'>5  =  43°  "',  C  =  99°  ^S' 
a.   Given  a  =•  3.21,  6  =  3.61,  c  =  4.02. 

Find  A  =  49°  24',  B  =  58°  38',  C  =  71°  58' 

3.  Given  a  =  74.6,  6  =  81.9,  c  =  90.0.     Find  the  angles. 

4.  Given  a  =■  354.4,  b  =  277.9,  c  =  40i-3- 

Find^  =  59°  39-5'.  ^  =  42''3S-3'-C  =  77"  45' 

5.  Given  a  »>  1.961,  b  =  2.641,  c  =  1.354. 

Find  ^  =  46°  03.7',  5  =  104°  07.6',  C  =  29°  48.8' 

6.  Given  a  "  87.06,  6  =  9.16,  c  =  79.02.    Find  A,  B,  C. 

7.  Given  a  =  3359.4,  b  -  4216.3,  c  -  4098.7. 

Find  A  =  47°  38'  00",  B  =  68°  01'  06",  C  =  64'  20'  54" 

8.  Given  a  =  33.112,  b  =  44.224,  c  =  55.336. 

Find  A  =  36°  4s'  14",  B  =  53°  03'  08",  C  =  90°  11'  38" 

9.  Given  a  =•  14.493,  ^  =  55-436,  c  =  66.913.     Find  the  angles. 

10,  Given  a  =  46.78,  b  =  35.90,  c  =  77.00.     Find  the  area. 

Am.   T  =  573.91 

11.  Find  the  area  in  Problem  2.  ,  Check. 
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12.  Find  the  radii  of  the  inscribed  circle,  of  the  escribed  drcles 
and  the  drcumcircle  of  the  triangle  in  problem  lo. 

Check  by  using  the  relation  ka  +  ki,+  k^—  k=  2  D  ='  ^  R,  Prob- 
lem 9,  Exercise  33. 

13.  a  =  4,  b  =  s,  c  =  6.  Find  the  angles  by  applying  the  law  of 
cosines  directly,  that  is, 

cos^  =  f^  +  ^l~'i\  cos-B  =  etc. 

14.  The  sides  of  an  inscribed  quadrilateral  taken  in  order  are 

o  =  56,  6  =  33,  c  =  16,  d  =  63. 
Required  the  area  Q  of  the  quadrilateral  aod  the  angles  A,  B,C,  D, 
the  notation  being  that  employed  in  Fig.  71,  Problem  10,  Exer- 
cise 33. 

Ans.   Q  =  1428,  A  =  44'  46',  B  —  90°,  C  ~  135°  14',  D  =  90°. 

74.  Practical  Applicatioos.  The  solution  of  oblique  triangles 
finds  numerous  applications  in  the  various  arts  and  sciences.  Chief 
among  these  are  surveyii^,  engineering,  physics,  astronomy  and 
navigation.  The  simpler  applications  which  involve  the  solution  of 
a  single  triangle  need  no  explanation,  since  they  may  be  immediately 
referred  to  some  one  of  the  four  cases  treated  in  the  preceding  sec- 
tions. Many  of  the  practical  applications,  however,  involve  several 
triangles  which  must  be  successively  solved  in  whole  or  in  part 
before  the  required  distance  or  angle  can  be  ascertained.  Some- 
times the  intermediate  triangles  to  be  solved  are  not  apparent  from 
the  figure,  but  must  be  sought  by  some  auxiliary  geometrical  con- 
struction. Again,  it  may  happen  that  no  single  triangle  exists  con- 
taining the  requisite  number  of  parts;  in  such  cases  the  solution  is 
effected  by  solving  the  equations  which  arise  by  applying  the  for- 
mulas of  Chapter  Vn  so  as  to  involve  the  unknown  parts.  We  shall 
illustrate  each  of  these  cases  by  an  example. 

(a)  System  of  triangles.  Example  i.  Given  one  side  c  of  a 
<]uadilateral  ABC'C  (Fig.  82)  and  two  angles  A  and  B  adjacent  to 
this  side,  also  the  angles  a,  $  which  the  diagonals  di,  dt,  drawn  from  A 
:and  B  respectively,  make  with  the  given  dde,  to  determine  the  side 
jc  opposite  the  given  side  c.  This  problem  is  sometimes  known  as 
Harnett's  problem. 
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Analysis.    Let  AC  =  a,  BC  =  h, 
angle  CAC  =  a',  angle  CBC'  =  ^, 
angle  ACC  =  S,  angle  BCC  =  ff, 
angle  ACC  =  0,  angle  SC'C  =  0'. 

(i)  In  the  triangle  ABC,  one  side  c  and 
two  adjacent  angles  A,  ff  are  known,  hence  Hg,  Si. 

dt  iBay  be  found. 

(a)  In  the  triangle  ABC,  one  side  c  and  two  adjacent  angles  a,  B 
are  known,  hence  b  may  be  found. 

(3)  Then,  in  the  triangle  CBC',  two  sides  Ji,  6  and  the  included 
angle  p'  =  B  —  p*  are  known,  hence  x  may  be  found. 

(4)  Check,  Compute  x  again,  using  the  triangle  CAC,  having 
previously  found  a  and  rft  from  the  triat^les  ABC  and  ABC  re- 
spectively. 

lUuslratian.  In  order  to  determine  the  length  CC  (Fig.  82)  of  a 
trestle  to  be  built  across  the  end  of  a  lagoon,  a  distance  AS,  500  ft, 
long,  was  measured  off,  and  the  following  angles  were  measured 
with  a  transit: 

CAB  -  105°  30'  =  A,  C'BA  -  9S°  50'  =  B, 
CAB=    3s'i7'  =  a,    CBA  =  4f  32' =  ^. 
Required  the  distance  CC  =■  x. 
Solution,     (i)  Triangle  ABC.    By  the  law  of  sines 


dt~C 


sin  A 


siaACB' 
ACB  =  180"  - 
log  c  —  3.69897 
log  sin  ^  =  9-9839it 
cologsin^CB  =  0.34345 
^og<h=  3.02633 
dt  =  1062.5. 


J  sin  d 

and     a  =  c  - — 7^- 
sm^CB 

(A+$)  =  36°  58'. 

=  2.69897 

log  sinj9  =  9.86786 

=  0-34345 

loga  =  2.91038 

a  =  8r3.36. 


*  It  is  assumed  that  the  points  A,  B,C,  C  are  in  the  same  pfane,  othemise 
the  angles  CAC  and  CBC  must  be  given  in  addition  to  the  data  of  the  problem. 

t  9.98391  ~  10-  In  this  and  the  fallowing  problems  the  —  lo's  are  omitted 
when  this  may  be  done  without  danger  of  confu^'on.  This  is  a  common  practice 
amoag  c(M]q>uten. 
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{2)  Triangle  ABC.    By  the  law  of  sine 

S 

*      'sin  AC'B' 

and     dy 

mACB 

AC'B  =  180° 

-(B  +  a 

)-48°53'- 

log  £=2.69897 

log  sina  =  9.76164 

coI(^  sini4C'B  =  0.12299 

-  2.69897 

log  sinB- 9.99775 

=  O.IZZ99 

logfc"  2.58360 
6  -  383  •3S- 

logii=  2.81971 
d,  -  6*0.25. 

(3)  Triangle  CBC  Triangle  CAC. 

By  the  law  of  tangents 

2  rf24-t  3  2  a  +  rfi  2 

}(.^'+l9'}  =  HiSo''-^)  =  48°i8'.  J(0+tf)=i(i8o''-a')  =  54''53-S'- 

(^-6=679.15,  (^+6=1445-85.  ffl-rfi=iS3-".«+''i=  1473-61, 
log  (dt-b)  =  2.83196  log  (fl  -  d,)  =  2.18501 

colog  {di-^b)  =  6.83988  colog  {a  +  d,)  =  6.83162 

log  tani(^'  +  «')  =  0-34836  logtanJ(0  +  *)  =  0-15302 


log  tan  J  C^'  —  tf*)  —  0.02020  log  tan  1  (^  —  ff)  =  9.16965 

I  (^'  -  9-)  -  46"  19'  SS"-  i  ("^  -  fl)  =  8"  24'  25"- 

By  the  double  formula  involving  the  sines, 

Sin  J  t^  —  ff)  sin  i  (^  —  fl) 

Iog(ds  -  J)  =  2.83196  log{o  -  di)  =  2.18501 

log  sin  J  C^'  +  ^  "  9.96022  log  sin  J  (^  +  9)  =  9.91278 

colog  sin  J  (^'  —  e')  =  0.14065  colog  an  J  (^  —  tf)  =  0.83505 

logx  =  a.93383  logx  =  2.93284 

X  =  856.7,  X  =  856.7  (check). 

(b)  Auxiliary  geometrical  constructums.  Example  2.  InEiiamplei 
it  was  shown  how  the  distance  CC  may  be  found  without  leaving 
the  line  AB.  Another  important  problem  is  to  detennine  one's 
position  from  the  angles  which  the  sides  of  a  known  triangle  subtend 
from  that  position.    This  is  known  among  surveyors  as  the  three- 
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point  problem,  sometimes  as  Pothenct's  problem.*  It  may  be  stated 
thus:  Given  three  points  A,  B,  C  whose  mutual  distances  are  known, 
to  find  the  distance  of  a  fourth  point  P  from  either  :^^i^^^^ 
of  the  points  A,  B,C,  having  given  the  angles,  which  i^^ 
the  ades  AB,  BC,  CA  subtend  at  P.  '■ 

Analysis.    Let  A,  B,  C  be  the  three  points  whose  p 
mutual  distances  are,  —  _jj, ,,^ 

AB  =  c,BC  =  a,CA  =  b, 
and  let  P  represent  the  fourth  point  at  which  AC  and       ^'^s-  ^3- 
BC  subtend  the  angles  a  and  $■  respectively.    It  is  required  to  find 
the  distances  di,  dt,  rfi  of  P  from  A,  B  and  C  respectively. 

Circumscribe  a  circle  about  the  triangle  ABP,  and  let  C  be  the 
point  at  which  this  circle  cuts  PC  or  PC  produced.  Draw  AC  and 
BC'.  Then  angle  BAC'  =  angle  BPC  =  0,  bemg  inscribed  angles 
subtended  by  the  same  arc,  and  likewise  angle  ABC  =  angle  APC 

(i)  In  the  triangle  ABC,  one  side  c  and  the  two  adjacent  angles 
a,  0  are  known,  hence  AC  can  be  found. 

(2)  In  the  triangle  ABC,  the  sides  are  known,  hence  A,  the  angle 
opposite  the  side  a,  can  be  found. 

(3)  In  the  triangle  ACC,  two  sides  b  and  AC  and  the  included 
angle  CAC'  =  A  —  fi  are  known,  hence  angle  ACC  "  71  can  be 
found. 

(4)  In  the  triangle  A  PC,  one  side  b  and  two  angles  a,  yi  are  known, 
hence  the  sides  di,  d)  can  be  found. 

{5)  Similarly,  di  and  dt  can  be  found  from  the  triangle  BPC, 
having  previously  computed  the  triangle  BCC. 

(6)  Check.  Compare  the  value  of  d»  found  in  (4)  with  the  value 
ofi/»in(s). 

Illustration.  A,  B,  C  (Fig.  83)  are  three  hostile  forts  whose 
mutual  distances  are  known  to  be  AB  =  4  miles,  Bt  =  2  miles, 
CA  =  $  miles.  From  a  battery  planted  at  P,  AC  subtends  an  angle 
34°  30'  and  BC  an  angle  of  23°  45'.  Find  the  distance  of  the  battery 
from  each  of  the  forts. 

*  Pothenot's  problem  and  Hansen's  problem  are  named  after  the  men  who 
were  supposed  to  have  first  formulated  and  solved  these  problems.  It  is  now 
known  that  both  of  these  problems  were  previously  solved  by  Snellius,  the  first 
in  1617,  the  other  in  1627.  Hence,  if  any  one's  name  is  to  be  associated  with 
these  problems  hereafter  it  ought  to  be  that  of  Snellius. 
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Solution.    With  the  notation  indicated  in  the  figure,  we  have 
given 

a  =  2,     i  =  3,     c  =  4,     a  =  34°  30',     ^  =  23°  45'; 

to  find  dt,  di,  dt. 

(i)  Triangle  ABC    By  the  law  of  sines 

Ar'—       sing     _         sin  a  j,^,  sing 

'^^"^8in-4C's"'sin{«  +  ^)'  ^^      "sinCa  +  g)' 

a  +  /3  =  34°  30'  +  23°  45'  =  58°  15'- 

log  c  =  0.60206  =  0.60206 

log  sina  =  9.75313  logsin/3  =  9.60503 

colog  an  (a  +  g)  =  0,07040  =  0.07040 

log  i4C' =  0,42559  logBC  =0.27749 

AC  =  2.6644.  BC  =  1.8945. 

{2)  Triangle  ABC.    By  the  law  of  cosines 

cos  A  =  — ■ ; COS  a  = 

2  0c  2ca 

=  -^*  +  4'-^*  =  o.gy„  =  4*+^' -3*  =  0.687s 

2'3'4  2-4'2 

A  =  28"  57'-  ^  =  46°  34'- 

(3)  Triangle  ACC\  Triangle  BCC. 
By  the  law  of  tangents 

....ACC-y,  ,.„gC'C-Tt 


J  —  ^C'=  0.3356,  a  —  BC'  —  O.IOS5, 

b  +  AC'=  5.6644.  a  +  BC  =  3.8945- 

log  (6  -  AC)  =  9.52582  log  (a  -  BC)  =  9.02325 

colog  {6  +  AC')  =  9-24685  colog  (a  +  BC')  =  9-4^954 

log  tan  ^"-'^ +  "'''-  1.34285  logtan^^^^i^'  =  0.97596 
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ti  =  55    32' L»  =  14°  ,, 

y^  =  ACC+71  _  AC'C  -  -Yi  ^  BC'C  +  tt  _  BC'C  -  yt 

2                                2  2                               3 

=  34°  52'-  -fig'ss'- 

{4)  Triangle  AFC.  Triangle  BPC. 
By  the  law  of  sines 

J  _  isinTt  ,  _  -  sin  7t 

-     sin  a  sin  j3 
j^_^sinC^f  _^siD(a  +  T.)_^sin(g  +  T.) 

sin  a  sin  a                    sin^ 

«  +  Ti  =  34" 30'  +  34°  S*'  =  69°  22', 
JS  +  T»  =  23°  45'  +  69°  3S'  =  93°  20'- 

logft  =  0.47712  logo  "  0.30103 

log  sin-Yi  =  9.75714  log  sin-rj  =  9.97182 

cologsina  =0.24687  colog  sin 0  ™  0.39497 

logrfi  =  0.481 13  log'fe  =  0.66782 

di  =  3.0277.  di  =  4.6539. 

log  i  =  0.47  712  log  a  —  0.30103 

Iogsin(a  +  7i)  =  9.97121  log  sin  (^  +  yj)  =-  9.99925 

colog  sina  =  0.24687  colog  sin^  =  0.39497 

\ogdi  =  0,69520  logiii  =  0.69526 


lis  =  4.957-  tii  =  4-957  (check). 

(c)  Solution  by  solving  a  system  of  simultaneous  egvalions. 

ExAUPLE  3.  From  a  point  0  (Fig. 
84),  the  segments  AP,  PQ,  QB  ol  a 
straight  line  subtend  the  angles  a,  y, 
fi  lespectivdy.  The  distances -4  S  =  d, 
and  PQ  ~  c  are  known;  required  the^i^ 
distances  AP  =  x  and  QB  =  y. 

Solution.    In  this  case  no  single  tri- 
angle contains  a  sufficient  number  of    known  parts  to  afford  a 
solution,  but  on  applying  the  law  of  ^es  to  the  various  triangles, 
we  obtain  the  following  equations, — 
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siaa      sinj4  sin  (a +  7)      sin  4 

j_  =  -22.,        (0  y  +  g     =0P__        ,. 

sin(3      sinS  dntf  +  T)      sinB  ^*' 

Dividing  (i)  by  (2),  and  (3)  by  (4),  we  obtain 

X        sin(«  +  T)_Of      f.)  y      .  sin(g  +  T)  ^OQ      /6^ 

ar+c  sina  OQ      ^^'         y  +  c  sin0  OP      ^  -^ 

Multiplying  (5)  by  (6)  gives,  after  a  slight  reduction, 

xy sinasin^ ,  -^ 

(x  +  c)(y  +  c)      sin  (a +  7)  sin  03  + 7)'  "^ 

From  the  conditions  of  the  problem  we  also  have 

a:  +  y  -  d  -  c.  (8) 

The  simultaneous  equations  (7)  and  (8)  contain  but  two  unknowns, 
X  and  y,  which  may  be  found  from  them  by  the  familiar  methods  of 
algebra. 

Second  solution.  Call  the  common  altitude  of  the  triangles  k 
(Fig.  84).  The  area  of  each  triangle  may  be  expressed  in  two  ways, 
first  as  one-half  the  product  of  the  base  by  the  altitude,  second  as 
one-half  the  product  of  two  sides  into  the  sine  of  the  angle  included 
by  these  sides  (Art.  67,  {2)). 
Accordingly  we  have 

2  •  area APO  =  xk  =  AO  •  PO -^na  (9) 

2  ■  area  QPO  =  yk  =  QO  ■  BO-sia0  (10) 

a  •  area  PQO  =  ch  =  PO -QO -siny  (11) 

a  •  area  ABO  =  dh  =  AO- BO- 510(0  + y  +  0)  (la) 

Dividing  the  product  of  (9)  and  (10)  by  the  product  of  (ii)  and 
(12),  and  canceling  the  factors  which  appear  in  both  the  numerator 
and  the  denominator,  gives 

a       sin7sin{a  +  iS+T)'  ^  sin7sin(a  +  ^ +7)      ^  ^' 

Equation  (13),  together  with  equation  (8),  is  sufficient  for  the 
determination  of  x  and  y. 

lUttslration.  An  island  PQ  (Fig.  84)  one  mile  wide  lies  in  a  direct 
line  between  two  cities  A  and  B  on  opposite  shores  of  a  river.    From 
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a  point  O  up  the  river  the  channels  AP  and  QB  subtend  angles  of 
45°  js'  and  25°  10'  respectively,  while  the  island  subtends  an  angle  of 
8"  a8'.  The  cities  are  known  to  be  1 1  miles  apart.  Find  the  widths 
of  the  channels. 

Solution.    With  the  notation  in  Fig.  84,  we  have 

(/=  ii,c  =  I,  a-  4S''3S't^  ="  35°io',y  =  8°  28'. 

«  +  T  =  54°  03'.  fi  +  y  33°  38'- 

log  sin  a  =  9.85386 

1<^  sin/S=  9.62865 

colog  sin  (a  4-  7)  =  0.09177 

colog  sin  (j9  +  t)  =  0.25659 

sin  tt  sing 


log smasmp _     g     „     _  , 


(,  +  ,Ky  +  ,)  =  °-67743  =  *,    x  +  y  =  d-c=.o. 
Eliminating  y  between  these  two  equations  gives 
,._„»  +  -!i±.o. 

Putting  for  k  its  value,  we  have  the  equation 

x^  —  10X+  23.10  =  o, 
from  which  x  =  3.62,  or  6.38, 

and  hence  y  =  6.38,  or  3.62. 

Check.    We  compute  xy  by  the  second  method  and  compare  this 
product  with  the  value  of  xy  from  the  results  just  obtained. 
xy  -  3.62  X  6.38  =  23.10. 
AM>lying  (13), 

0  +  0  +  7  =  as"  35'+  25°  10' +  8°  28'=  79"  13'. 

log  c  =  0.00000 

logrf=  1.04139 

log  sin  a  =  9.85386 

log  sin  g  =  9.62865 

colog  sin7  =  0.83199 

colog  sin  (or  +  g  +  t)  =  0.00774 

.  \ogxy  -  1.36363,        xy  -  23.10. 
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In  the  foUowing  exercises  the  studeat  is  expected  to  check  his 
results  wheQever  no  answer  is  given.  Reread  Article  44  for  the 
number  of  significant  figures  to  be  retained  in  the  answers.  Only  as 
many  problems  need  be  worked  out  in  detail  as  are  aecessary  to 
make  the  student  reasonably  familiar  with  the  methods  of  com- 
putation with  logarithms;  after  that  an  additional  number  of  prob- 
lems may  be  selected  to  be  analyzed  only.  The  student  is  not 
expected  to  work  or  analyze  problems  which  involve  principles  from 
physics  01  astronomy  with  which  he  is  not  familiar. 

76.  Miscellaneous  Heights  and  Distances. 

ExERasE  38 

1.  A  man  walking  along  a  straight  road,  observes  a  church  at  an 
angle  of  45'  with  the  direction  of  the  road.  After  walking  another 
mile,  the  same  church  makes  an  angle  of  30"  with  the  opposite  direc- 
tion of  the  road.    How  far  is  the  church  from  the  road? 

Ans.  0.37  miles. 

2.  The  angle  of  elevation  of  an  aeroplane  from  a  point  due  west 
of  it  is  50°,  and  from  a  point  due  east  of  it  is  43".  The  distance 
between  the  two  points  is  1000  ft.  Find  the  approximate  height 
of  the  plane.  Ans.  523.3  It. 

3.  Two  mountains  are  9  and  13  miles  respectively  from  a  town, 
and  the  angle  subtended  by  them  is  7i''4o'.  Find  the  distance 
between  the  mountains. 

4.  From  a  point  3  miles  from  one  end  of  an  island  and  7  miles 
from  the  other  end,  the  island  subtends  an  angle  of  33°  45'.  Find 
the  length  of  the  island.  Ans.  4.8  miles. 

$.  From  a  town  two  roads  making  an  angle  of  54°  cross  the  same 
river,  the  first  at  a  distance  of  8  miles,  the  other  at  a  distance  of 
1 3  miles.  Find  the  distance  between  the  points  where  the  roads  meet 
the  river.  Ans.  9.75  miles. 

6.  The  distances  between  three  ports  A,  B,  C,  are  as  follows: 
AB  =  71. J  miles,  BC  =  28.9  miles,  CA  =  60.1  miles.  C  is  due 
north  of  j4  ;  in  what  direction  from  <4  is  B  ?       Ans.   N.  23°  32'  E. 

7.  Two  stations  A  and  B  on  opposite  sides  of  a  mountain  are 
both  visible  from  a  third  station  C.  The  distances  AC,  CB  and  the 
angle  ACB  were  measured  and  were  found  to  be  11.5  miles,  13.4 
miles  and  59°  34'  respectively.    Fmd  the  distance  from  A  U>B. 
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&.  The  two  slopes  of  an  embankmeat  measure  4S.5  ft.  and  84.0  ft. 
re^)ectively.  The  inclioatioQ  of  the  fiist  slope  is  21°  31',  Find  the 
inclination  of  the  seotnd  slope  and  the  width  of  the  embankment  at 
its  base.  Ans.    12°  14',  127  ft. 

9.  What  is  the  largest  circular  track  that  can  be  laid  out  within 
a  triangular  field  whose  sides  are  339  yards,  109  yards  and  312  yards 
respectively?  Ans.   Radius  of  track  =  28,8  yards. 

10.  A  person  walking  along  a  straight  road  observes  the  angle  of 
elevation  of  the  summit  of  the  hill  to  be  15°.  After  walking  2  miles 
on  an  incline  of  10°  towards  the  summit,  the  angle  of  elevation  is 
observed  to  be  37°.  Find  the  air-line  distance  of  the  summit  from 
the  second  position  of  the  observer. 

11.  A  person  standing  on  the  bank  of  a  river  observes  the  angle 
subtended  by  a  tower  on  the  opposite  bank  of  the  river  to  be  65°  00', 
and  when  he  recedes  50  ft.  from  the  river,  he  finds  the  angle  to 
be  33°  00'.  Find  the  height  of  the  tower  and  the  width  of  the 
river. 

Suggestion.  Call  the  height  of  the  tower  x,  and  the  width  of  the 
river  y.    Set  up  two  eqiuitions  involving  x  and  y  and  solve. 

Ans.  X  =  44.1  ft.    y  =  30.6  ft. 

13.  From  a  point  A  two  straight  roads  extend  at  an  angle  of  28°  30'. 
At  B  and  C  they  meet  the  same  crossroad  at  distances  AB  ~  4500 
yds.,  AC  "  6450  yds.  Two  cyclists  leave  A  at  the  same  time  along 
different  roads;  when  they  reach  the  crossroad  they  turn  towards 
each  other  and  meet  just  halfway  between  B  and  C  35  minutes  after 
they  left  A.    Find  the  speed  of  each  cyclist. 

Ans.   11.04  miles  and  8.38  miles  per  hr.  respectively. 

13.  In  example  12,  where  would  the  cyclists  have  met  had  their 
speeds  been  the  same?  Ans.   671  yds.  from  C. 

14.  A  launch  whose  speed  is  6  miles  per  hour  sails  in  the  direction 
N.W.  A  second  launch  having  a  speed  of  8  miles  per  hour  leaves  at 
the  same  time  from  a  point  due  south  of  the  first  launch  and  over- 
takes it  in  5  hours.  What  was  the  course  of  the  second  launch,  and 
how  far  apart  were  the  launches  when  they  started  ? 

15.  Two  streets  OA  and  OB  (Fig.  85)  meet  at  an  angle  of  65°  35'. 
The  comer  lot  AOBC  extends  142  feet  along  OA  and  97  feet  along 
OB.    Find  the  dimensions  AC  and  BC  of  the  lot,  AC  and  BC  h&rtg 


D.qitizeabyG00l^lc 


i6o 


PLANE  TRIGONOMETRY 


at  right  angles  to  OA  and  OB  respectively.    Find  also  the  area  of 
the  lot. 

Suggestion.     Solve  (a)  triangle  AOB^  (6)  tri- 
angle ^BC.    To  find  the  area  we  may  apply  ^.^ 
formula  {d).  Problem  lo,  Exercise  33  (Why?). 

Am.  AC  =*  42.1  ft.,  BC  -  iii.9.ft., 

area  =  8416.2  sq.ft.  Fig.  85. 

16.   A,  B,  C  are  three  mountain  tops  whose  distances  from  one 

B   another    are    known    to   be   AB  —  10.65 

,,-''''/\      miles  =  c,    £0=17.15    miles  =  a,  CA  = 

,,--''"'     y^   r     9.32  miles  =  6.    From  a  point  0  at  which 

(f^^ ^^—^ — L      C  appears  in  a  straight  line  with  A,  the 

horizontal  angle  COB  measures  15°  35'  =  y. 


Fig.  86. 
Find  the  distance  BO  =  ''^^  ^^ " 


')('->■)('-':) 


ftsin-y 


34.94- 


17.  From  a  point  at  the  edge  of  a  moat  the  angle  of  elevation  of 
the  top  of  a  wall  on  the  opposite  side  of  the 
moat  is  32°  40'  =  a.  Receding  from  the 
edge  in  a  horizontal  direcUon  a  distance  of 
SO  ft.  =  a,  the  angle  of  elevation  becomes 
2i''3s'  =  jS.      Find   the   width   x   of   the  Fig.  87. 


moat,  and  the  height  y  of  the  wall  01 

Jo.s  ft., 


tana—  tanp 


the  opposite  side. 
a  tan  a  tan  1 


-  tan0 


=  Si-6ft. 


From  a  point  /I  at  sea  level,  the  angles  of  elevation  a,  a'  of 
two  hills  /",  /"  in  the  same  straight  Ime 
are  or  =  25°  30'  and  a'=34"  20'  respec- 
tively. Walking  towards  the  summits 
at  an  inclination  7  =  10°,  the  angle  of 
elevation  was  again  observed  at  the 
moment  that  P'  became  hidden  from 
view  by  P,  and  was  found  to  be 
^  =  42°  15'.  P  is  known  to  be  A  = 
Find  the  altitude  of  h'  of  F'. 


Fig.  88. 
1595  ft.  above  sea  level. 


PB' 


_P'B' 

'  AB' 


AB' 
PB'' 


The  law  of  sines  will  give 
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=  437!  ft. 


,AB'. 
PB' 
y  =  A^2«.'  .  sin  (g  -  a)  ^ 
sin  a        sin  ((S  —  a') 

19.  The  ai^^ular  elevation  of  a  standpipe  S,  from  a  place  0  due 
east  of  it,  is  a  =  35°  27',  and  from  a  place  (f  due  south  of  0  and  at  a 

distance  a  •=  300  ft.  from  it,  the  ai^ular 

"^^^  elevation  is  a'  =  26°  16'.    Find  the  height  h 

of  the  standpipe,  assuming  the  foot  F  of 

the  standpipe  and  the  points  0  and  (/  to 

J,     -^.^  ,  "'  ^     be  in  the  same  horizontal  plane. 

~~--.Svj^,       Suggestion.  

Fig.  89.  From  the  trian^e  SPO,  A  =  OF  •  tana, 

From  the  triangle  5W,  A  =  O^  •  tan  a', 
From  the  triangle  OFO',  OT*  -dP^a*. 
Eliminate  OP  and  OF'  and  solve  for  k. 

-         ,  a  tan  a  tan  a'  ,     ,. 

Ans.   h  =  =  136.9  ft. 

V  tan*a—  tan' a' 

20.  From  two  points  0  and  0*  200  ft.  apart,  a  spire  5  subtends 
equal  angles  a  =  ai"  13'.  The  bearings  of  S  from  O  and  O*  are  W. 
and  N.  35°  W.  respectively.  Find  the  height  A  of  the  spire  and  its 
distance  from  0,  assuming  that  the  points  O  and  0'  are  in  the  same 
horizontal  plane  with  the  foot  of  the  spire. 

76.  AppIicattoQs  from  Physics. 

Exercise  39 
I.  Two  forces,  one  of  470  lbs.,  the  other  of  530  lbs.,  act  on  the 
same  point  at  an  angle  of  37°  27'.    Find  the  resultant  force. 

Ans.  R  =  938  lbs. 
z.  If  two  equal  forces  meet  at  an  angle  Q,  what  angle  will  the 
resultant  force  make  with  either  force  and  what  will  be  the  magni- 
tude of  the  resultant?  Ans.  \  0,  V2  (i  +  cos  fl)  times  either  force. 
3.  A  force  of  100  lbs.  is  resolved  into  two  components  which  make 
angles  of  25°  00'  and  35*00'  respectively  with  the  direction  of  the 
original  force.    Find  the  magnitude  of  each  component. 

Ans.  48.8,  66.2. 
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4.  A  force  of  500  dynes  is  resolved  into  two  components,  one  of 
which  is  200  dynes  and  makes  an  angle  of  57°  50'  with  the  original 
force.     Find  the  other  component. 

5.  Two  forces  of  15  lbs.  and  35  tbs.  respectively  combine  so  as  to 
form  a  resultant  force  of  30  lbs.  Find  the  direction  of  the  resultant 
with  each  of  its  components.  Ans.   s6°iS-°'i  29°  55.6'. 

6.  A  ferry  crosses  a.  stream  360  yds.  wide  so  as  to  make  an  angle 
of  125°  with  the  direction  of  the  current. 
The  actual  motion  of  the  ferry  is  at  an 
angle  of  95°  with  the  direction  of  the  cur-  ^j 
rent.     Find  the  actual  distance  the  ferry   , 
made  in  crossing  the  river,  and  the  distance 
it   would   have   made   had   there  been  no  ^^-  ^ 
current.                                                  Ans.    361,4  yds.,  439.5  yds. 

7.  Find  the  current  of  the  river.  Problem  6,  iind  the  speed  of  the 
ferry  independent  of  the  current  if  it  required  5  minutes  to  cross 
the  river.  Ans.    1.24,  3  miles  per  hr. 

8.  If  in  Problem  6  the  speed  of  the  ferry  in  still  water  is  5  miles 
per  hour,  find  the  time  it  would  take  to  cross  the  river  and  the 
velocity  of  the  current. 

9.  A  launch  leaves  the  shore  of  a  river  running  from  west  to  east, 
and  after  two  hours  reaches  an  island  a  distance  of  20  miles  and  in  a 
direction  due  N.E.  from  the  starting  point.  Assuming  that  the 
launch  sailed  in  a  straight  line  and  with  a  speed  which  would  have 
taken  it  16  miles  per  hour  in  still  water,  find  the  velocity  of  the  current. 

Ans.  10.8  miles  or  3.33  miles  per  hour,  according  as  the  course  of 
laimch  was  west  or  east  of  north. 

10.  A  ray  of  light  passes  through  a  glass  plate  12  mm.  thick.  The 
angle  of  incidence  is  29°  and  the  indeic  of  refraction  is  }.  How  far 
is  it  from  the  point  where  the  ray  leaves  the  plate 
to  the  point  where  it  would  have  left  it  if  it  had 
suffered  no  refraction?  Ans.   2.6  mm. 

11.  From  a  point  P  at  the  bank  of  a  river 
the  angle  of  elevation  of  a  flagstaff  AB  on  the 
opposite  side  of  the  river  as  measured  with  a 
transit  is  a  =  47°  32',  and  the  angle  of  depres- 
sion of  the  image  of  the  flagstaff  as  seen  in  the 
water  is  6  =  54°  36'.     The  axis  of  the  instrument  Rg.  91. 
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f  the  water. 


Find  the  height 
AB,  hence 


Fig.  gl. 


is  a  ™  4  ft.  6  in.  from  the  level  c 
of  the  flagstaff. 
Suggestion.    From  the  law  of  reflection  rf  light,  AB'  = 
from  the  triangle  BDP,  x  -  a  -  DP  •  tan  o, 
and  from  the  triangle  B'DP,  x  +  a  -  DP  •  tan  5. 

Eliminate  DP  and  solve  for  x.  Ans.   36.1  ft. 

12.  Two  billiard  balls  A,  B  are  located  at  distances  a  ==  2.53  and 
i  =  4.13  respectively  from  the  same  cushion. 
Their  distance  apiart  is  c  =  5.84.  At  what 
angle  must  the  flist  ball  strike  the  cushion 
in  order  that  on  rebounding  it  may  strike  the 
second  ball  ? 

^     a  +  b 

Ans.   tanfl  =    / 

V{a-b  +  c)i-a  +  b+c) 

13.  j4,  B,  C  are  three  points  whose  distances  are  AB  —  35.^ 
BC  =  20.0,  CA  =  10.0.  What  must  be  the  inclination  of  a  mirror 
at  C  to  AB  in  order  that  a  point  of  light  at  A  may  be  reflected  to  B  ?■ 

Ahs.   13"  34'. 

14.  In  Problem  13,  what  will  be  the  distance  between  A  and  its 
reflection  on  AB  or  AB  produced,  if  the  mirror  at  C  is  inclined' 
25°  45'  to  the  line  AB  ? 

15.  A  billiard  table  is  ^  =  6.00  ft.  long.  Two  balls  are  placed 
at  P  and  P'  whose  distances  from  AD  and  AB  are  a  >  2  ft.  o  in., 
i  =  I  ft.  8  in.,  and  o'  =  4  ft.  o  in.,  6'  = 

3  ft  4  in,  respectively.    At  what  angle  must  -^r 
the  ball  at  P  strike  the  cushion  AB  so  that 
after  it  rebounds  from  the  cushion  BC  it 
may  hit  P'  ?     Find  also  the  distance  of 
the  points  R  and  S  from  B  at  which  the  d^- 
baU  strikes  the  cushion  BC. 

b+b' 


rzF^ 


Ans.   tan  9 


=  (?- 


Fig.  93- 
a)  -  ft  cot  tf  = 


2.00  ft., 


2p~  (a  +  a') 
6  =  39°  48'  y  =  6'-  (^  -  a')  tan  tf  -  I  ft.  8  in. 
16.  A  billiard  table  is  p  ft.  long  and  q  ft.  wide.    At  what  angje 
ust  a  ball  strike  the  long  cushion  in  order  that  after  striking  each 
in  turn  it  may  pass  through  its  first  position? 

Ans.  e  -  tan-'^. 
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17.  Two  parallel  forces  ^  =  15,  9  =  25,  act  on  levers  of  lengths 
fl  =  10,  6  =  3,  respectively,  on  the  com- 
mon fulcrum  o.    The  force  P  makes  an 


angle  d  =  30°  with  the  lever  a.    At  what  -^ tB"""?^^^^^^^" 

angle  tj>  must  the  levers  be  inclined  in  order  r"^'^ 

to  produce  equilibrium  ?      Arts.  <j)  =  60°.  Fig.  <h. 

77.  Applications  from  Surve^ng  and  En^eering. 

Exercise  40 

t.  In  running  a  line  AB  anx  obstacle  was  encountered  beyond  B. 

The  distance  BP  200  ft.  was  measured, 

making  the  angle  ABP  =  154°=  6-     At 

P  an  angle  BPC  =  65*  =  0  was  turned 

off.     Required  the  distance  PC  and  the 

^  '5-  angle  PCD   in   order   that  CD  may  be 

the  prolongation  of  AB. 

Ans.  PC  =  f^'^f,  =  87.7,  angle  PCD  =  91°. 
sm  \0  —  <p) 

2.  In  surveying  a  boundary  ABCD  an  obstacle  was  met  between 
B  and  C.  Instead  of  measuring  BC  directly, 
BP  =  25s  ft.  was  measured,  making  the 
angle  ABP  =  95"  30'.  Then  PC  =  234.5  ft. 
was  measured,  making  the  angle  BPC  — 
104°  34'.     Required   lie   distance  BC  and  ^^-  ^■ 

the  angle  ABC. 

Ans.   BC  =  387.4  ft.,  angle  ABC  =  131°  21.7'. 

3.  In  running  a  traverse  ABCD  an  impenetrable  thicket  is  en* 

countered  between  B  and  C.  From  B 
a  road  extends  to  P,  where  it  is  met 
by  a  crossroad  which  leaves  the  thicket 
at  Q.  The  following  measures  were 
taken: 

Angle  ^SP  =  35=45', 
BP  =  674  ft., 
F'S-  97.  angle  BPQ  =  110°  37', 

i'Q  =  89o  ft.,  angle  P0C  =  115°  38',  QC  =  345-4  ft-,  angle 
QCD  =  33°  23'.  Required  the  distance  BC  and  the  angles  ABC  and 
BCD. 

Am.  5C=i3i6  ft.,  angle -450=91°  05',  angle  SC/)-!!!"  48'. 
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4.  B  isa.  pcmt,  invisible  and  inaccessible  from  A,  whose  distance 
^  _     /  from  A  was  to  be  found.    From  A  a  line 

fc>%'/  ^**  '*'"'  *'*  '■"^  points  P  and  Q  from  each 
of  which  B  was  visible,  and  the  follow- 
ing measures  were  taken:  AP  =  236.7  ft, 
angle  APB  =  142°  37.3',  PQ  =  2159  ft., 
angle  ^Q5  =  76"  13.  8'.  Required  AB. 
Fig- 98-  ilfw.   ^B  =  441.0  ft. 

5.  A  surveyor  wished  to  find  the  distance  of  an  inaccessible  point 
0  from  each  of  two  points  A  and  B,  but  had 

no  instrument  with  which  to  measure  angles. 

He  measured  .^^'  -•  150  ft.  in  a  straight  tine 

with  OA  and  BB'  »  250  ft.  in  a  straight  line 

with  OB.    He  then  measured  AB  =  279.5  ft-. 

BA'  -  315.8  ft.,  A'B'  =  498.7  ft.      Required  ^^ 

AO  and  BO.  ^«- "■ 

6.  Two  inaccessible  points  A  and  B  were  visible  from  C,  but  no 
other  point  could  be  found  from  which  both 
A  and  B  were  visible.  A  point  P  was  se- 
lected from  which  both  A  and  C  were  vis- 
ible.   CP  =  425.3  ft.,  angle  APC  =  37°  15.4', 

:  ACP  =  42°  35.3'.    A  second  point  Q 
Fig.  100.  y/^  selected  from  which  both  B  and  C  were 

visible.   CQ  -  4054  it-,  angle  BQC  =  53°  i4-8'-  angle  BCQ  -  58"  04.7', 
an^e  ACB  ■=  65°  10.5'.     Required  AB. 

Ans.   .45 -336.8  ft. 

7.  It  was  required  to  find  the  distance  between  two  inaccessible 
points  A  and  B.  No  point  could  be  found 
from  which  both  A  and  B  were  visible.  Two 
points  P  and  Q  were  selected  from  which  A 
could  be  seen,  and  two  other  points  R  and  S  ^ 
from  which  B  could  be  seen.  The  following 
measures  were  taken:  Fig.  loi. 

PQ  =  200  ft.,  angle  PQA  =  61°  30',  angle  QPA  =  70°  25', 
RS  =  250  ft.,  angle  RSB  =  2q°  16',  angle  SRB  =  72°  10', 
PR  =  300 ft.,  angle  PRS  =  izi° 36',  angle  JJP^  =  9^°  S*'- 
Find  AB. 
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Suggestion,     (a)  In  triangle  QPA,  find  PA;  (b)  In  triangle  APR, 
find  AR;  (c)  In  triangle  RSB,  find  RB;  (d)  In  triangle  ARB,  find^S. 
To  check,  compute  AB  again  using  the  triangle  APB. 

Atts.   AB-4&oit. 
8.  A  circular  tower  subtends  a  horizontal  angle  of  3  a  =  30°  13' 
at  a  distance  of  a  =  198  ft.  from  the  edge  of  the  tower,  measured  on 
a  diameter  produced.     Find  the  diameter  of  the  tower. 
Ans.   Diameter  =  — 


=  84-3  ft. 

9.  Three  stations  vl ,  S,  C  are  to  be  connected  by  a  juncture  0, 
equally  distant  from  each  of  them.  The  distance  of  A  from  B  a 
35.3  miles;  of  B  from  C,  17.8  miles;  and  of  C  from  A,  19.4  miles. 
Find  the  distance  of  O  from  A.  Ans.   12.7  miles. 

10.  Fig.  102  represents  a  cross-section  map.  The  horizontal 
scale  is  1  in.  =  100  ft.,  the  vertical 
scale  is  1  in.  =  10  ft,  AB  =  5  in., 
BC  =  6.3s  in.,  CD  =  4.13  in.,  BB'  = 
4.98  in.,  CC  =  1.76  in.,  DI/  =  3.87 
in.    A  and  ly  are  to  be  connected  Yig.  103. 

by  a  street  of  uniform  grade.     Re- 
quired the  inclination  of  AD'  to  AD,  the  cut  B'B"  that  must  be 
made  at  B'  and  the  fill  CC"  at  C'. 


On  a  map  drawn  to  a  scale  i 
f  at  distances  AB 


5000,  three  points  A,  B,  C  are 

V  ai  oisiances  .-iz)  =  5.03  in.,  BC  =  4.23  in.,  CA  = 

3-54  in-    The  points  A',  B',  C  of  which  A,  B,  C 

are  the  projections,  lie  357-25,  713-57,  and  623.53  ft- 

respectively   above   an    arbitrarily    chosen   hori- 

B  zontal  plane,  called  the  datum  plane.     Required 

the  actual  lengths  of  the  lines  A'B',  B'C,  C'A', 

c  the  angles  formed  by  these  lines,  and  their  in- 

dinations  to  the  datum  plane. 
Ans.  A'B'  =  2540.1  ft.,  8"  03'  26",  C'A'B'  -=  55°  18'  56". 
C'B'  =  2116.9  ft.,  2*  25' 46",  A'B'C  =  44°  02' 58". 
A'C  =  1789.9  ft,  8' 33'  20",  B'C'A'  =  80°  38'  14". 
13.   From  a  hilltop  E  two  landmarks   A  and  B  in   the  valley, 
which  are  known  to  be  a  mile  apart,  subtend  a  horizontal  angle 
9  =  105°  34.4'  and  their  angles  of  depression  are  a  =  27°  27.5'  and 
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p  31  37°  54.9'  respectively.    Find  the  height  A  of  the  hill  above  the 
n  valley. 

— - — ^^^'^^  Suggestion.    Denote  OB  and  OA  by  a  and 

,''      I*  ^^  6  respectively.    Then 

a  =  A  cot  ^,  i  =  A  cot «, 


4^ 


-^^'^-. 


, 

" 

and  by  the  hiw  of 

tangents 

taniU 

-B) 

A  cot  (3 -A  cot 
AcotjS  +  Acot 
tana- tan /? 
tana  + tan^ 

-  ■  tanJU  +  5) 
tan(9o- Jtf), 

from  which  A  = 

angl 

OAB  and  5  = 

angle  OBA   may  be  found 

Then 

a  = 

AB. 

^,  and  finaUy 

A-atanp. 

Ans.   A  =  2043  tt- 

13.  From  a  mountain  top  3357  ft.  high,  two  hoteb  are  observed 
whose  altitudes  are  627  and  937  ft.  respectively.  The  angles  of 
depres^on  of  the  hotels  are  45°  34'  and  58°  27'  respectively.  Find 
the  distance  (horizontal)  between  the  hotels. 

14.  A  tower  ED  is  situated  on  the  side  of  a  hill  whose  summit  C 
is  550  ft.  above  BA.    At  a  point  B  from 
which  the  top  of  the  tower  and  the  top  of 
the  hilJ  appear  in  a  straight  line,  the  angles 
of  elevation  of  the  foot  and  top  of  the      ^J\^- "' 
tower  are  15°  30'  ajid  29°  27'  respectively.    *  " 
The  distance  of  B  from  the  foot  of  the                ^'^'  "'^' 

hill  at  A  is  600  ft.    Find  the  height  of  the  tower  and  its  distance 
from  the  foot  of  the  hill.  Ans.  ED  =  212  ft.,  AD  =  248  ft. 

15.  To  determine  the  height  ff  of  a  building  above  the  steps,  the 
horizontal  distance  d  between  two  stations 
A'  and  A'"  was  measured  with  a  tape,  the 
heights  A'  and  A"  of  these  stations  were  de- 
termined by  level  readings  on  the  top  of 
the  steps,  and  the  angles  of  elevation  ff'  and 
6"  of  the  top  of  the  building  as  seen  from 
A'  and  A"  were  measured  by  means  of  a, 

Fig.  106.  transit.    Show  that 
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Q  =,  ft"  tan  fl'-  A'  tan  0"~  ij  tan  ^  tan  9" 
tan  e*  -  tan  9" 

1 6.  To  determine  the  area  of  a  triangular  field,  the  sides  were 
measured  with  a  loo  ft.  steel  tape,  which  was  afterwards  found  to 
be  0.3  ft.  too  long.  The  sides  as  measured  were  276.33  ft.,  391.81  ft, 
and  318.00  ft.  Determine  the  area  as  measured  and  also  the  cor- 
rected area. 

Ans.  Measured  area  =  43,527  sq,  ft., 

Corrected  area  -  ^^rS^X  100.3  =  ^j^jg^  gq.  ft. 

What  would  have  been  the  corrected  area  if  the  tape  had  been  found 
0.3  ft.  too  short? 

17.  In  running  a  7°  curve  (radius  S19.03  ft.)  an  obstade  was 
s  encountered   beyond  the  point  A.     In  order  to 

/I     locate  a  point  P  beyond  the  obstade,  the  tangent 
at  A  was  produced  to  B,  a  distance  of  500  ft.    At 
B  an  angle  ABC  was  turned  off  equal   to  37°. 
Required  the  distance  BP. 
_        Suggestion.    From  the  right  triangle  OAB,  find 
■*  OB  and  the  angle  OB  A,  then  use  the  triangle  OPB 
^-  "="•         to  &adBP.  Ans.   BP  =  153.28  ft. 

The  equations  g^ve  a  second  solution.    Interpret  it. 

18.  The  inaccessible  distance  PQ  =  x  may  , 
be  found  by  measuring  PA  =  a,  QB  =  b,  in 
a  straight  line  with  PQ,  and  the  angles  at,0,y 
which  a,  b,  and  x  subtend  at  some  accessible  \  \    // 
point  O.    Show  that  x  is  given  by  the  equa-  xo*' 
tion  o 

(a  +  x)(b  +  x)        ^        ab       _  Tig.  108. 

sin  (a  +  7)  sin  03  +  y)      sinasin^ 
Suggestion.    Find  the  ratio  PO  :  QO,  first  from  the  triangles  OAP 
and  OAQ  and  second  from  the  triangles  OBQ  and  OBP,  and  compare 
the  results. 

19.  From  a  boat  P  over  a  submerged  rock,  a  sextant  is  used  to 
measure  the  angles  subtended  by  three  known  points  A,  B  and  C  on 
shore.    The  readings  give  APB  =  57"  13.2',  BPC  =  65°  21.3'.    From 
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a  previous  survey  it  is  known  that  angle  ABC  =  116°  53.  6',  AB  " 
1846  ft.,  and  BC  =  1493  ft.     Find  the  distances  AP,  BP  and  CP. 
(This  is  another  illustration  of  the  three-point  problem,  the  three 
points  this  time  being  given  by  two  distances  and  an  angle.) 
Ans.  AP  =  2137  ft.,  BP  =  1582  ft., 

CP  =  lo&i  ft.  *,;i?^-__ABi.* 


20.  In    the   quadrilateral   Ames-Blair-           /'     ,,---\''     / 
Cole-Davis,  of  a  tiiangulation  system,  the        /'--'''             '>  '' 

the  following  results:                                                  Fig.  io9- 

At  Ames 

At  Blair 

To  Blair         00°  00'  00" 
ToCde          48°  S3' 31" 
To  Davis     109"  12'  37" 

To  Cole      00"  00' 00", 
To  Davis    31°  15' 59", 
To  Ames    60°  41'  57". 

At  Cole 

At  Davis 

To  Davis       00°  00'  00" 
To  Ames       49°  13'  02" 
To  Blair       119°  37' 34" 

To  Ames    00°  00'  00", 
To  Blair     41°  21'  25". 
To  Cole      70°  27' 52". 

The  distance  Ames-Biair  measured 
lines  in  the  figure. 

Ans.  Blair-Cole   =  9,887  ft., 
Davis-Cole  =  10,549  ft. 
Davis-Blair  =  17,667  ft 

12,362  ft.     Find  all  the  other 

Ames-Cole    =  11,443  ft-. 
Ames-Davis  =  9,194  ft., 

21.  After  adjustment  the  angles  of  the  adjacent  triangulatioa 
figure  were  found  to  be  as  follows: 


«v«-Ti;9      ^xfa--.. 


(7)  57°  31' 03". 

(8)  68°  10' 11", 

(9)  54°  18' 46", 

(10)  35°  08' it", 

(11)  ioi''53'o6", 

(12)  42"  58' 43" 


The  side  AB  measured  4403.2  ft.     Find  EF. 

EF  =  -^g- sin  (2)  sin  (4)  sin  (8)  sin  (11)  ^  ^ 

sin  (3)  sm  (6)  sin  (9)  sin  (12)  "  ^"       " 
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33.   It  is  required  to  find  the  sides  of  the  triangle  EFG,  from  the 
following  adjusted  results  furnished  by  a  g 

survey: 

«,  =  54°  08'  07", 


or  =  40  31' is' 
fit  =  65°  15'  '6' 
A  =  54°  50'  so' 
7i  =  59°  10' 02' 
T»=  74°  13' 27' 


Fig.  III. 


=  65"  54'  S9". 

=  ^s"  25'  as", 
=  80°  34'  10". 
The  base  line  AB  =  76,542  ft. 

^B  •  sin  a  sin  ft  sin  T*  sin  (<»  +  iji)    ^  ^^ 


EG 


sin(a  + 
.   £F.siniB 
sin  (iB  + «,) 


1)  sin  (ft  +  Ti)  sin  <i  sin  iji 
p^       EF  •  sin  tj    _ 


,920  ft., 


[1,957  ft. 


The  sides  6  and  d  and  the  area  of  a  quadrilateral  field  are  to 
be  computed,  the  following  data  having  been 
determined  by  measurement,  a  =  403.9  ft., 
c  =-  200.9  ft-.  "  =  "S°  "-3'.  01  =  40°  2s-y. 
A  =  42°37-S',  T  =  lai"".!'. 
Check  the  result  for  d. 


Fig. 


Area  =  J  o  - 


-  (a  sin  («  +  3i)  +  c  sin  ft)  =  85,308  sq.  f  L 


14.  A  surveyor  measured  the  following  distances  and  their  re- 
spective bearings: 

AB  =  413  ft.,  bearing  N.  72*  15'  E. 

BC  =  395  ft.,  bearing  N.  37°  27'  W. 

CD  =  525  ft.,  bearing  S.  68°  13'  W. 

What  distance  and  bearing  will  carry  him  to 

the  starting  point?  ." 

Suggestion.    The  distance  DA  and  its  bear-  ^' 

ing  are  most  easily  computed  from  the  right  triangle  DAS. 
AS=AP+QC-RC=ABco572°is'+BCcos3f27'-DCcoa68°ii', 
SD=PB-QB~DR=AB^y2'' 15'- BC  ^S7°2f -CD  sm68°  13'. 
Ans.  DA  =  688.8  ft.  Bearing  S.  69°  01.6'  E. 
AP,QC  and  CR  are  called  the  latitudes,  PB,  BQ  and  RD  the  depar- 
tures of  the  courses  AB,  BC  and  CD  respectively.  The  latitudes  are 
conMdered  posirive  or  negative  according  as  the  oiurse  bears  north 
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or  south,  the  departures  positive  or  negative  according  as  the  course 
bears  east  or  west.  In  the  example  given,  AS  is  positive,  SD  nega- 
tive, hence  the  bearing  of  AD  is  N.W.  and  the  bearing  of  DA  is  S.E. 
25.  After  adjusting  the  field  measurements  in  a  traverse  survey 
Around  an  area,  the  following  bearings  and  distances  were  obtained: 


Staibm. 

B«r[ns. 

DtsUna. 

Latitude. 

1-3 

N 

44°  38.5 

E. 

287 

i 

+  =04.4 

+  101.9 

*-3 

S'°42 

5 

4SI 

+  =73-7 

+  359 

4 

S-6 

8S"5o 

■:' 

443 

7 

+  443-7 

-"\ 

Compute  the  latitudes  and  departures  given  in  the  columns  above. 
Draw  a  figure  and  compute  the  area, 

78.   Applications  from  Navigatioii. 
Exercise  41 

1.  A  cape  as  seen  from  board  ship  bears  N.  by  E.  The  ship  sails 
N.W.  35  miles  and  then  the  cape  bears  exactly  east.  How  far  is 
the  cape  from  the  second  point  of  observation  ?     Ans.   29.7  miles. 

2.  To  determine  the  distance  between  two  ships  at  sea,  an 
observer  noted  the  interval  of  time  between  the  flash  and  report  of 
a  gun  fired  on  board  each  ship,  and  measured  the  angle  which  the 
two  ships  subtended.  The  intervals  were  5  and  7  seconds  respec- 
tively, and  the  angle  was  37°  45'.  Assuming  the  velocity  of  sound  as 
logo  ft.  per  second,  find  the  distance  between  the  ships. 

Ans.   4707  ft. 
Discuss  the  accuracy  of  your  result. 

3.  From  a  ship  two  rocks  are  seen  in  a  straight  line  bearing 
S.  23°  30'  E.  After  the  ship  sailed  S  miles  S.E.  the  first  rock  bore 
N.  65°  13'  W,  and  the  second  N.  76°  46'  W.  Find  the  distance  be- 
tween the  rocks. 

22° 30'  sin  ii°3 


Ans. 


[  miles. 


sm42''43'  sin  54  16' 
4.   A  privateer,  8  miles  S.W.  of  a  harbor,  sees  a  ship  leave  the  har- 
bor.   The  course  of  the  ship  is  S.E  by  S.  and  its  speed  10  miles.    In 
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what  direction  and  at  what  speed  must  the  privateer  saO  in  order  to 
overtake  the  ship  in  2  his.  ? 

5.  A  ship  sails  N.N.E.  at  a  rate  of  12  mi.  per  hr.  A  second  ship 
making  1 5  miles  per  hour  starts  at  the  same  time  from  a  point  50  miles 
east  of  the  first  ship.  In  what  direction  must  the  second  ship  sail 
in  order  to  meet  the  first  ship,  and  how  long  will  it  take  before  they 
meet?  Ans.  N.  55°  33'  W.     2  hr.  57  min. 

6.  A  ship  sailing  east  sees  two  lighthouses  15  miles  apart  in  a 
line  E.N.E.  After  sailing  an  hour,  one  lighthouse  bears  N.  by  W. 
and  the  other  N.E.  by  N.    Find  the  speed  of  the  ship, 

7.  From  the  top  of  a  mast  70  ft.  above  the  level  of  the  sea,  the 
light  of  a  distant  lighthouse  is  seen  just  above  the  horizon,  and  after 
the  ship  has  sailed  directly  toward  the  lighthouse  for  45  min.  the 
lighthouse  becomes  visible  from  the  deck  of  the  ship,  which  is  12  ft. 
above  the  level  of  the  sea.  Find  the  rate  at  which  the  ship  is  moving, 
considering  that  the  earth  is  a  sphere  8000  miles  in  diameter. 

Ans.  8  miles  per  hour. 

8.  A  ship  leaves  Cape  Flattery  (48°  23' N.  Lat.,  124° 44' W.Long.) 
and  sails  W.  100  miles,  N.  by  £.  150  miles,  S.E.  113  miles.  Find  the 
position  reached.  Ans.   49°  10' N.  Lat,  1 34° 30' W.  Long. 

Suggestion,     i  mi.  =  i'  of  arc, 

79.  Problems   from  Astronomy  and   Meteorology.    In   the 

following  problems  the  planets  are  assumed  to  move  in  the  ecliptic 
and  their  orbits  are  taken  to  be  circles  with  the  sun  at  the  center. 

ExEKasE  42 

1.  The  mean  distance  of  Venus  from  the  sun  is  36,000,000  miles  and 
that  of  the  earth  from  the  sun  92,900,000  miles.  How  far  is  Venus 
from  the  earth  when  its  angular  distance  from  the  sun  is  13°  35'? 

Ans.   Either  61,700,000  or  119,000,000  miles, 

2.  The  mean  distance  of  Mars  from  the  sun  b  141,500,000  mi.. 
What  is  the  angular  distance  between  Mars  and  the  sun  when  the 
distance  between  Mars  and  the  earth  is  122,400,000  miles? 

3.  What  is  the  distance  between  Jupiter  and  the  earth,  when  its 
angular  distance  from  the  sun  is  123°  12',  the  heliocentric  longitude 
of  the  earth  being  67°  59'  and  that  of  Jupiter  21*23'? 

Ans.  381,000,000  miles. 
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4.  The  mean  distance  of  Satuni  from  the  sun  is  886,ocx),ooo  miles 
that  of  Uranus  is  1,781,900,000  miles.  What  is  the  difference  in  the 
heliocentric  longitude  of  these  planets  if  their  angular  distance  is 
47°  45''' 

5.  From  the  top  of  a  mountain  a  miles  high  the  corrected  angular 
dq>ression  of  a  line  tangent  to  the  earth's  surface  is  found  to  be  tf. 
Show  that  the  diameter  of  the  earth  is 


6.  Two  observers  A  and  B  observe  the  same  meteor.  As  seen  by 
A,  the  altitude  a=  61"  35',  the  azimuth  ft  =  119°  56'.  As  seen  by  B, 
who  is  stationed  18.5  miles  north  of  A,  the  azimuth  of  the  meteor  is 
it  =  S$°  32'.  Compute  the  height  A  of  the  meteor  and  its  altitude 
a'  as  seen  by  B. 

-.sinfatanor^     o^^, 
sinfi 


*-|f|^-62.„mle,, 


7.  An  observer  measures  the  angle  of  elevation  of  a  sharply 
defined  cloud  which  is  in  the  same  vertical  plane  with  the  sun.  The 
ai^e  measures  48.9°.  The  altitude  of  the  sun  at  the  same  time 
measures  56.6".  The  shadow  of  the  cloud  was  875  ft.  from  the 
observer.    Find  the  height  of  the  cloud.  Arts.  4110  ft. 

8.  From  two  points  0  and  (/  on  the  same  meridian,  the  zenith 
distances  ZOM  =  35"  25'  20",  Z'O'M  =^  40"  10'  50", 
of  the  moon  are  measured.  The  difference  in 
latitude  between  the  points  of  observation  is 
ZCZ'  =  74°  26'  18".     Find   the   distance   of   the 

I  moon  from  the  earth,  assuming  the  radius  of  the 
eaith  as  3958.8  miles. 

..4ms.   238,840  miles. 

9.  On  a  dear  day,  twilight  ceases  when  the  sun  has  readied  a 
position  18°  below  the  horizon  (HAS  =  18°).    Find 
the  height  ..4  £  of  the  atmosphere  which  is  sufBdently 
dense  to  reflect  the  sun's  rays.    Take  OC  =  4000 
miles.    The  result  must  be  diminished  by  20  %  to   , 
allow  for  refraction. 

Ans.  40  miles. 
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00.  Geometrical  ^plications. 

EXEKCISE  43 

1.  Two  sides  and  the  included  angle  of  a  parallelogratii  are  156, 
237  and  37°  S°'  respectively.  Find  the  length  of  the  diagonals  and 
the  area  of  the  parailelogram. 

Ans.   Diagonals,  148.7,  372.7;  area,  22,680. 

2.  Find  the  area  of  a  regular  pentagon  whose  side  is  12  ft. 

Ans.   374.74  sq.  ft. 

3.  The  sides  of  a  triangle  arc  17,  20,  27  respectively.  Find  the 
length  of  the  median  to  the  longest  side. 

4.  In  Problem  3,  find  the  length  of  the  bisector  of  the  greatest 
angle. 

5.  Given  a  side  c  and  two  adjacent  angles  A  and  £  of  a  triangle. 
Find  expres^ons  for  the  perpendiculars  ^j,  pg,  p^  drawn  from  the 
vertices  ^,  B,  C  to  the  opposite  sides. 


sin  (^  +  B) 

6.  Find  the  area  of  the  segment  of  a  circle  whose  radius  is  15.6 
and  the  base  of  the  segment  21,3. 

7.  Find  the  length  of  the  di^onals  of  a  regular  pentagon  whose 
side  is  10.  Ans.    16.18. 

8.  Find  the  lengths  of  the  diagonals  of  a  regular  heptagon  whose 
side  is  12.  Ans.  26.96,  21.63. 

9.  Given  the  perimeter  35  and  two  angles  of  a  triangle  55°  and  65" 
respecUvely,  to  find  the  sides  to  three  places  of  decimals. 

Ans.   7.90a,  8.743.  8-355- 

10.  Given  one  side  a  of  a  triangle,  the  sum  t  of  the  other  two  sides 
and  the  angle  A  opposite  to  the  first  side,  to  find  the  angles  of  the 
triangle. 

Ans.   cosi(B-0-'sinM>       H^  +  O  =  90°  -  M. 

from  which  B  and  C  may  be  found. 

11.  Two  sides  of  a  trian^e  are  13.5  and  17.6  respectively  and  the 
included  angle  is  35°  16'.  Find  the  side  of  an  equilateral  triangle 
having  the  same  area.  Ans.   6.293. 
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13.  In  Problem  11,  find  the  side  of  an  equilateral  triangle  having 
the  same  perimeter.  Am.    13.77. 

13.  The  area  of  a  regular  polygon  inscribed  in  a  circle  is  to  the  area 
of  a  regular  polygon  of  the  same  number  of  sides  circumscribed 
about  the  circle  as  5  is  to  4.  Find  the  number  of  sides  of  the 
pol)^n. 

14.  Two  parallel  chords  on  the  same  side  of  the  center  subtend 
angles  of  100°  and  50°  respectively.  Find  the  distance  between  the 
chords  when  the  radius  is  15.34.  Ans.  4.042. 

15.  A  regular  pentagon  and  a  regular  decagon  have  equal  perim- 
eters. Find  the  ratios  of  their  areas.  Find  the  area  of  each,  if  the 
sum  of  their  areas  is  536  sq.  in. 

Ans.   Ratio,  1.04S7;  area  of  pentagon,  174.36; 
area  of  decagon,  261.64. 

16.  ITie  coordinates  of  the  vertices  of  a  triangle  are  (o,  o) 
(471.32,0),  (896.41,  230.00)  respectively.  Find  the  coordinates  of 
the  intersection  point  of  the  bisectors  of  the  angles. 

Ans.   (456.7,  57-66). 

17.  The  dde  of  a  regular  inscribed  heptagon  is  approximately 
equal  to  one-half  the  side  of  an  inscribed  equilateral  triangle. 
Find  the  error  of  the  angle  at  the  center,  subtended  by  one  of 
the  sides  as  determined  by  this  rule.  Find  the  error  in  the  length 
of  the  side  of  the  heptagon  if  the  radius  of  the  circumscribed 
circle  is  100. 

18.  The  following  rule  gives  approximately  the  side  of  a  regular 
inscribed  nine-sided  polygon.  On  the  diameter  AB  as  a  base 
(Fig.  116)  construct  a  triangle  ABC,  having  for 
the  other  two  ades  BC  and  AC,  the  sides  of  a 
regular  inscribed  hexagon  and  square  respectively. 
From  .4  as  a  center  and  a  radius  equal  to  AC, 
draw  an  arc  cutting  the  diameter  in  D.  CD  will 
be  approximately  equal  to  the  side  of  a  regular  Fig.  iiC. 
nine-sided  polj^on.  Betennined  the  error  in  the  central  angle  of 
the  polygon  as  determined  by  this  rule,  and  the  error  in  the  lei^th 
of  the  side. 
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Suggestion.  Applythelaw  of  cosines  to  determine  the  angled,  then 

CD 
CD  =  2  AC  cos  ^  A,  and  the  angle  at  the  center  AOE  =  2  cos"' — j 

where  r  is  ttie  radius  of  the  drcle. 

Ans.  Error  in  central  angle  =  o°9.4', 

Error  in  length  of  side  =  0.00254  X  r. 

19.  The  following  rule  gives  approximately  the  side  of  a  regular 

inscribed  eleven-sided  polygon.    Let  A,  B,C,D\x  four  consecutive 

vertices  of  a  regular  inscribed  hexagon.    Bisect 

!,  p  the  diagonal  BD  in  E.    Draw  AE.    From  C  as 

a  center  and  radius  equal  to  a  side  of  the  hex- 

^^  agon,  draw  an  arc  cutting  AE  in  F.    EF  wiU 

be  approximately  equal  to  a  side  of  the  regular 

inscribed  eleven-side.    Compute  the  error  in  the 

central  angle  and  in  the  side  of  the  polygon  thus  determined. 

Suggestion.  ABE  is  a  right  triangle,  the  two  legs  of  which  are 
readily  found  in  terms  of  the  radius  r.  Hence  angle  AEB  can  be 
found.  Then  in  the  triangle  CEF,  angle  CEF  =  90°  +  angle  AEB, 
and  the  two  sides  CE  and  CF  can  be  foimd,  hence  EF  can  be 
computed. 
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THE  GEITERAL  AITGLB  AND  ITS  MEASUKSS 

81.  General  Deflnitioii  of  an  Angle.  In  elementary  geometry  an 
angle  is  defined  as  the  difference  in  direction,  or  the  amount  of  open- 
ing, between  two  lines  which  meet  or  tend  to  meet  in  a  point.  Obvi- 
ously, two  Unes  difier  most  in  direction,  the  opening  between  them 
is  greatest,  when  they  extend  in  opposite  directions.  According  to 
this  definition,  no  angle  can  be  greater  than  a  straight  angle,  and  in 
fact  every  angle  considered  in  plane  geometry  is  less  than  two  ri^t 
aisles. 

For  the  purposes  of  trigonometry  and  higher  mathematics  in  gen- 
eral it  is  convenient  to  think  of  angles  as  formed  by  revolving  a 
line  in  a  plane  about  a  fixed  point.  The  hne  in  its  first  or  initial 
position  is  called  the  initial  line,  in  its  final  position  it  is  called  the 
terminal  line,  the  fixed  point  is  called  the  vertex.  The  amount  of 
rotation  which  brings  the  line  from  Us  initial  position  to  Us  terminal 
PosUion  is  called  the  angle  between  the  two  lines. 

With  this  definition,  it  is  plain  that  an  angle  may  have  any  magni- 
tude whatever,  for  their  is  no  limit  to  the  amount  of  rotation  which 
a  line  may  undergo.  The  angle'  described  by  the  big  hand  of  a  clock 
increases  so  long  as  the  clock  continues  to  run, —  when  it  has  run  15 
minutes  the  angle  described  is  a  right  angle;  when  it  has  run  30  min- 
utes the  angle  described  is  a  straight  angle;  after  an  hour  the  big 
hand  has  returned  to  its  initial  position,  yet  the  angle  which  it  has 
described  is  not  zero  but  four  right  angles.  As  the  hand  continues 
to  move,  the  angle  between  the  hand  and  its  initial  position  still 
increases.  After  two  complete  revolutions  this  angle  is  equal  to 
eight  right  angles;  after  three  complete  revolutions,  to 
twelve  right  angles,  and  so  on. 

Before  we  can  assign  a  magnitude  to  an  angle  i 
this  wider  sense,  we  must  know  more  about  it  than 
merely  the  position  of  its  sides.    By  the  angle  AOB       Fig-  "8. 
(Fig.  118)  may  be  meant  an  angle  of  45°,  as  indicated  by  the  short 
arrow,  or  an  angle  of  405°,  as  indicated  by  the  long  arrow,  or 
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an  angle  of  45°  increased  by  any  number  times  360",  depending 
on  how  many  complete  revolutions  OB  has  described  in  reaching 
its  final  position.  The  angles  45°,  405°,  and  all  the  other  angles 
which  AOB  mi^t  represent,  are  said  to  be  coterminal.  In  ele- 
mentary geometry,  and  generally  when  nothing  to  the  contrary  is 
said  or  implied,  in  referring  to  an  angle,  the  numerically  smallest  of 
all  the  coterminal  angles  is  understood.  This  value  is  known  as  the 
principal  value  of  the  angle. 

82.  Positive  and  NegatiTe  Angles.  Sometimes  it  is  convenient 
to  distinguish  between  the  two  directions  in  which  rotation  of  a  line 

about  a  point  in  a  plane  may  take  place.    This 
is  done  by  prefi^g  a  plus  sign  to  the  resulting 
:  if  it  has  been  described  by  rotation  in   a 
direction  contrary  to  that  in  which  the  hands  of 
a  dock  move  (counterclockwise),  Fig.  119,  and  a 
'^^u      minus   sign  if  the  rotation  has  been  in    the  op- 
'^  posite  direction   (clockwise),  Fig.  120,    When  the 

sign  is  considered,  the  initial  line  is  always  read 
'*' '"'  first;  thus,  each  of  the  angles  in  figures  119  and 

120  is  read  "angle  AOB," 

83.  Complemeat  and  Supplement.  If  the  algebraic  sum  of  two 
an^es  is  equal  to  a  right  angle,  each  angle  is  said  to  be  the  comple- 
ment of  the  other;  if  their  algebraic  sum  equals  two  right  angles  each 
is  s^d  to  be  the  supplement  of  the  other.    That  is  to  say, — 

TiA  +  B  =  90°,  A  and  B  are  complementaiy  angles, 

li  A  +  B  =  180°,  A  and  B  are  supplementary  angles. 

A  ot  B  may  have  any  magnitude,  positive  or  negative.    Thus,  since 

95'  +  (—  5°)  =  90°,  95°  and  —  s°  are  complementary  angles, 
and  since 

—  iio'-j-  290°=  180°,     —  no"  and  290°  are  supplementary  angles. 

84.  Angles  in  the  Four  Quadnuits.  Let  the  vertex  of  the  angle 
be  taken  as  the  origin  of  a  system  of  rectangular  coordinate  axes, 
and  the  initial  side  of  the  angle  for  the  positive  direction  of  the 
«-axis.    It  follows  that  every  angle  less  than  90°,  as  angle  AOPi, 
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Fig.  121,  has  its  tenmnal  side  in  the  fiist  quadrant,  and  for  this 

leascn  it  is  said  to  be  an  angle  of  the  first  quadranL    £\'ci}-  an^ 

iiiuA  is  greater  than  a  right  an^  but  less  than 

a  stiai^t  an^e,  as  an^  AOPt,  is  said  to  lie  in, 

or  to  be  an  an^   of,  the   seoKid   quadranL 

Similariy,  the  an^e  AOPt  is  an  an^  of  the 

third  quadrant,  an^e  AOPt  an  an^e  of  the 

fourth  quadrant,  but  an  an^e  greater  than  four 

ri^t  an^es  and  less  than  five  ri^t  an^es  falls 

again  in  the  fiist  quadrant,  and  so  on.    Negati've 

an^es  also  lie  in  the  quadrants  determined  by 

their  tenoinal  sides.    Thus,  while  ao^e  AOB  (Fig.  119)  lies  in  the 

fiist  quadrant,  the  angle  AOB  (Fig.  130)  lies  in  the  fourth  quadrant. 

85.  Sexageanul  Measure  of  An^s.  It  is  familiar  to  all  that 
different  units  of  measures  may  be  employed  in  the  measurement  of 
a  given  magnitude.  Thus,  auy  distance  may  be  expressed  in  inches, 
feet,  yards,  rods  and  miles  of  the  English  system,  or  in  millimeters, 
centimeters,  meters  and  kilometers  of  the  metric  system.  Values 
may  be  expressed  in  dollars  and  cents,  in  pounds  and  shillings,  in 
francs  and  centimes,  etc.  Just  so,  angular  magnitudes  may  be 
expressed  in  terms  of  different  uruts  of  measure.  In  order  to  ex- 
press a  measure  given  in  one  set  of  units  in  terms  of  the  units  of 
another  system,  it  is  only  necessary  to  know  the  relation  between 
the  units  of  the  two  systems. 

The  system  of  angular  measure  which  we  have  used  thus  far  is 
called  the  sexagesimal  syslem.'    The  total  angular  magnitude  about 

*  From  the  Latin  word  sexafesimus  (stxa,  six  +  dteimus,  ooe-tenth),  meaning 
ooe-siitieth. 

The  sezageaima]  scale  was  once  applied  to  many  measures.  The  sixtieth  part 
<A  a  ufiit  of  time,  and  length  and  wdght  was  called  its  primate  or  prime;  each 
prime  was  divided  into  sixty  seconds,  each  second  into  sixty  thirds.  The  divisor 
60  has  DOW  dis^ipeared  among  Westeni  nations,  except  in  measures  of  angles 
•od  of  time.  It  is  probable  that  the  divi^on  of  the  angular  qiace  about 
a  point  into  360  degrees  originated  with  the  Babylonians,  whose  year  consisted 
<rf  360  days.  The  Latin  word  for  degree  is  gradus,  the  Greek,  bathm«s,  each  of 
which  means  step;  that  is,  a  degree  originally  meant  the  daily  step  of  the  sun 
eastward  among  the  stars.  The  Chinese  knew  many  centuries  ago  that  the  year 
OHuisted  more  neariy  of  365}  days,  so  they  divided  the  total  angular  space  about 
a  pcnnt  into  365}  decrees.  The  sexagesimal  system  is  unscienti&c  and  is  doomed 
to  be  rqdaced  sotmer  or  lata  by  a  better  system. 
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a  point  is  divided  into  four  equal  parts  and  each  part  b  called 
a  right  angle.  The  ninetieth  part  of  a  right  angle  is  called  a 
degree  (°),  the  sixtieth  part  of  a  d^ree  is  called  a  minute  ('),  and 
the  sixtieth  part  of  a  minute  is  called  a  second  (")■  The  sexa- 
gesimal system  of  angular  measures  is  the  one  most  frequently  used 
in  every-day  life. 

86.  Decimal  Divlsioa  of  Degrees.  Instead  of  subdividing  into 
minutes  and  seconds,  the  degree  is  sometimes  divided  decimally, 
into  tenths,  hundredths  and  thousandths.  The  decimal  division  of 
the  degree  has  been  used  more  or  less  ever  since  the  invention  of 
decimal  fractions  in  the  ^teenth  century.  Tables  based  on  the 
decimal  division  of  the  degree  have  been  published  at  various 
times.* 

87.  Centesimal  Measure  of  Angles.  Another  system  of  angular 
measure,  known  as  the  centesimal,  is  obtained  by  dividing  the  right 
angle  into  loo  equal  parts,  each  of  which  is  called  a  grade  (g),  each 
grade  into  loo  minutes  C),  and  each  minute  into  loo  seconds  ("). 
An  angle  of  35  grades  16  minutes  and  78  seconds  would  be  written 

25"  16"  78",  or  more  simply,  25.1678^. 

The  centesimal  system  of  angular  measures  was  introduced  as  a 
part  of  the  metric  system  by  the  French  reformeret  at  the  time  of 
the  great  revolution.  It  possesses  many  advantages  over  the  sexa- 
gesimal system,  but  owing  to  the  fact  that  nearly  all  reference 
books  and  tables,  all  records  of  observation,  the  graduation  of  all 
astronomical  instruments  and  of  most  engineering  instnmients,  as 
well  as  the  scales  of  geographical  and  nautical  maps  and  charts,  are 
based  on  the  sexagesimal  system,  the  progress  of  the  introduction 
has  been  slow.  But  in  spite  of  the  many  obstacles  to  be  overcome, 
the  system  is  making  steady  gains  in  the  countries  where  the  metric 
system  is  used.  The  centesimal  system  is  now  used  exclusively  in 
the  field  surveys  in  France,  Belgium,  Hessia  and  Baden,  and  it  is 
legally  recognized  in  several  other  states.  It  is  regularly  tau^t  in 
many  European  high  schools  and  technical  schools. 

*  The  decimal  sjrstem  is  now  taught  alon^de  the  sexagesimal  system  in 
Harvard  University  knd  a  number  of  other  Eastern  institutions  of  learning. 

t  The  invention  of  this  system  and  the  Gist  attempt  to  introduce  it  dates  back 
to  17S3  and  is  due  to  a  German  by  tbe  name  of  Johann  Karl  Schultie. 
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88.  The  Circular  or  Natural  System  of  Angular  Measures.    In 

many  practical  investigations  and  in  nearly  all  theoretical  work,  it 
is  convenient  to  employ  what  ia  known  as  the  circular  or  natural 
system  of  angular  measure. 

It  is  shown  in  geometry  that  in  concentric  circles  the  arcs  a  and 
a'  {Fig.  123)  intercepted  by  any  angle  a  at  the  center  are  propor- 
tional to  the  radii  r  and  /  of  the  circles,  that  is, 

J^   and  again,  that  in  the  same  circle  two  central 
angles  a  and  0  are  to  each  other  as  their  inter- 
cepted arcs  a  and  b,  that  is, 
'b 


a  _^      <t  jb 


(2) 


From  (i)  it  follows  that  the  ratio  of  the  length  of  the  arc  to  the 
radius  of  the  circle  is  independent  of  the  length  of  the  radius,  — 
in  other  words,  that  this  ratio  is  constant  so  long  as  the  angle  is 
constant  —  and  from  (3)  that  this  ratio  varies  as  the  angle,  and 
may  therefore  be  used  as  the  measure  of  the  angle.  lUs  ratio  ia 
known  as  the  circular  measure  of  the  angle. 

The  circular  measure  of  an  angle  is  the  ratio  of  the  length  of  its  inter- 
cepted arc,  in  a  circle  whose  center  is  at  the  vertex  of  the  angle,  to  the 
radius  of  the  circle. 

The  unit  of  circular  measure  or  natural  unit  is  obtained  by  making 
a  equal  to  r,  that  is,  by  taking  the  angle  such  that  the  intercepted 
arc  equals  the  radius.    This  unit  is  called  a  radian. 

A  radian  is  an  angle  which,  when  placed  with  Us  vertex  at  the  center 
of  a  circle,  intercepts  an  arc  equal  in  length  to  the  ,. — _  „ 

radius  of  the  circle.  /'  /%' 

Thus,  if  the  arc  AB  (Fig.  1J3)  is  equal  in  length    ;''  /^^r 

to  the  radius  OA,  the  angle  AOB  measures  one    I         "  radius  .W 
radian.  \.  ^/ 

One  peculiarity  of  the  circular  system  is  that  it  " 

has  no  subsidiary  or  derived  units;   that  is,  no 

other  units  which  are  multiples  or  sub-multiples  of  a  radian.    All 

angles  large  or  smaU  are  expressed  in  terms  of  this  single  unit,  the 

radian. 
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S9.  Comparison  of  SexBgesimal  and  Circular  Measure.    To 

find  the  relation  between  the  two  kinds  of  units,  degrees  and  radians, 
it  is  best  to  compare  the  two  measures  for  the  entire  angular  space 
about  a  point,  that  is,  of  four  right  angles.  Expressed  in  drcular 
measure,  the  measure  of  this  angular  space  is  equal  to  the  circum- 
ference of  a  circle  divided  by  the  radius.  Now  the  circumference  of 
a  circle  is  equal  to  the  diameter,  or  twice  the  radius,  multiplied  by 
3.14159+.  Denoting  this  number  by  the  Greek  letter  «■,*  we  have 
for  the  circular  measure  of  four  right  angles 

circumference  _ 
radius 

Measured  in  degrees  the  same  angular  space  is  360°,  hence  we 
'Obtain  the  fundamental  relation 

3  r  radians  =  360  degrees, 
ot  V  radians  =  180  degrees.  (i) 

This  relation  enables  us  to  reduce  radians  to  degrees,  and  vice 
versa.    Dividing  both  sides  of  (i)  by  the  number  t,  we  obtain 


hence,  — 

*  The  Quraber  *  is  a  most  marvelous  number.  It  is  iDcommeasurabte,  that  is, 
it  cannot  be  exacdy  expressed  by  a  fraction  whose  terms  are  whole  numbera. 
Nor  can  it  be  fouDd  by  taking  the  square  root,  cube  root  or  higher  root  of  some 
-«>nunensurable  number.  Neither  is  it  the  root  of  any  algebraic  equation.  Foi 
this  reason  it  is  called  a  transcendental  number. 

However,  the  value  of  ■■  may  be  computed  to  any  desired  degree  of  accuracy. 
Archimedes  showed  that  it  is  leas  than  j^and  greater  thansff.  Hie  former  value 
b  still  commonly  employed  in  rough  appiorimatioDS. 

The  Hindus,  as  early  as  the  sixth  century,  computed  the  value  of  r  from  the 
perimeter  of  a  regular  inscribed  polygon  of  384  sides  and  found  x  —  3.1416;. 
the  value  now  generally  used  where  3}  —  3.i4»8  is  not  sufficiently  accurate. 

In  recent  times,  the  value  of  t  has  been  computed  to  707  places  of  decimals. 
The  first  31  places  were  computed  by  Ludolph  van  Ceulen,  a  Dutchman,  who 
devoted  a  good  portion  of  his  life  to  this  task.  For  this  reason  «-  is  frequently 
leterred  to  as  Luddph's  number.    Its  first  30  places  are 

»  -  3-i4i.S9».653iS89.793.»38,46i,643j83,a79- 
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To  reduce  radians  to  degrees,  mutUply  the  number  of  radians  by  - — 
(equals  57,3  nearly*). 

Again,  dividing  both  sides  of  (i)  by  180  and  writing  the  second 
member  first,  we  obtain 

I  degree  =  -^  radians; 

hence, — 

To  reduce  degrees  to  radians,  multiply  the  tmmber  of  degrees  by-^ 
(equals  0.0175  nearly). 

ExAMixE  1.  How  many  degrees  in  ^radians? 

Solution.     Since  r  radians  ~  180°,  -  radians  —  90°, 

and  ^  radians  =  270°, 
ExAUFtE  3.  How  many  radians  in  an  an^e  of  60°? 

Solution.    Since  180°  —  t  radians,  60°  =  -  radians. 
3 

It  is  best  to  retain  the  letter  r  in  the  answers  unless  there  is  some 
reason  to  the  contrary.  For  instance,  puttii^  for  r  its  value  3.1416 
and  dividing  by  3,  the  answer  to  the  second  example  might  have 
been  written  60°=  1.0472  radians, butr/jradiansispreferable.  like- 
wise the  first  example  might  have  been  stated  thus:  How  many  de- 
grees in  4.7144  radians?  but  the  statement  as  first  given  is  preferable. 

When  a  number  represents  the  measure  of  an  angle,  and  no  unit 
is  expressed,  the  natural  unit  is  understood.  Thus,  when  we  speak 
of  the  ai^le  v/i,  we  mean  not  r/i  degrees  but  ir/2  radians.  The 
angle  r  means  t  radians  or  180°,  the  angle  2  means  not  2°  but  2  radi- 
ans, or  1 14.5916°.  We  may  look  upon  i  «", »,  2  t,  2  nr,  when  refer- 
ring to  angles,  as  abbreviations  of  90°,  180°,  360°  and  n  times  360° 
respectively. 

•  iSort  accuiatdy, 

I  roduw  =  57-295.779,513  degrees, 
I  degree  -  o.oi7,4S3,i9i>  radians, 
1  minute  —   0.000,190,888  radians, 

I  second  "    0.000,004,848  radians. 
Hw  value  of  the  radian  in  degrees  has  been  calculated  to  43  places  of  decimals. 
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EXEKCISE  44 

(Use  3^  for  x  and  57,3  for  the  value  of  i  radian.  «  represents  any 
positive  integer.) 

1.  Express  dcciinaUy  the  following  angles: 

45°  48' 36."  185°  S9'  is".  35°  so'  30",    375°  00' 47". 

Ans.  4S-8i°,  <85-9875°.  35-5o83°.  SIS-^Uos"- 

2.  Express  in  degrees,  minutes  and  seconds,  16.35°)  iSS-'S^"! 
67.003°,  f  of  a  right  angle. 

Ans.   16°  zi',     i53°09'ai.6",     67°  00'  10.8",     64°  17' 08.57". 

3.  Express  in  radians,  90",  43",  aaj",  60°,  15°,  30°,  135°,  270°. 
-3.5.-75,360.  Ans.-.    -.    -,    J,    -.etc. 

4.  Express  in  sexagesimal  units  the  following  angles ; 

— )  —  J  ->   2iT,   — -I  2r,    2M»,    2,    4,  -■ 
18    10   s  3  »■ 

Ans.   10°,  18°,  .  .  .  114.6°,  28.65",  18.23°. 

5.  Give  a  geometrical  representation  of  each  of  the  following 
angles:  340°,  J  r^ht  angles,  —  J  t,  725°,  2  »,  2  «  *,  (2  «  +  i) «-. 

6.  State  in  which  quadrant  a  line  is  after  describing  the  following 

angles:  105°, -103°,  ^,   -  Jt,   — ,  2,    +375°,    z«T-}ir. 
4  3 

Ans.   2d,  3d,    .  .  .  ist,  4th. 

7.  Name  three  angles  cotenninal  with  an  angle  30°. 

8.  Name  two  positive  and  two  negative  angles  cotenninal  with 
-is"-  ^«s-  345°.   705°.    -375°.   -735°- 

9.  What  is  the  smallest  positive  angle  coterminal  with  465°? 
With  —465°.  Ans.    105°,  255°. 

10.  Name  the  smallest  negative  angle  coterminal  with  735°? 
With  -625°? 

11.  The  principal  value  of  an  angle  is  ^v;  write  in  one  formula  all 
cotenninal  angles.  Ans.   2  ftr  +  i  r. 

12.  If  S  represents  any  angle  less  than  90°,  all  angles  in  the  first 
quadrant  can  be  expressed  by  2  nv  +  0.  Express  similarly  all  aisles 
in  each  of  the  other  three  quadrants. 

Ans.   n.  (2«+i)*-tf.    m.  (2n+i)-w  +  e.    TV.  2in-0. 

13.  What  is  the  supplement  of  the  angle  J  t  +  ff?  What  is  the 
complement?  Ans.   It  —  $,  —  0. 
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14.  What  is  the  complement  oflr  +  Sf   Of  -  -  9? 

Ans.  lr-e,Z  +  e. 

15.  Express  both  in  radians  and  in  degrees: 

(a)  Each  of  the  angles  of  an  isosceles  right  triangle. 

(b)  Each  angle  of  a  triangle  whose  angles  are  to  each  other  as 

1:3:3. 

16.  Find  the  number  of  radians  in  each  of  the  angles  of  a  regular 

pentf^on,  octagon,  n-gon.  Ans.   ^>  "-^i  ^ —• 

5      4  " 

17.  Express  decimally  the  following  an^es:  17*18'  19",  25' 65^75") 
i87<'os"9s'\  I'Do"  is".  Ans.   I7.i8i9»,  zs-fiSTS*.  etc. 

18.  Express  35"  30'  30"  and  35*  3o'3o"  each  as  a  fraction  of  a  right 
angle.  Ans.   0.394537,  0.35303. 

19.  Express  35"  30' 30"  in  centesimal  units.       Ans.  39*  45' 37". 

20.  Prove  the  following  rule:  To  convert  grades  into  degrees, 
diminish  the  number  of  grades  by  one-tenth  of  itself. 

21.  Make  a  corresponding  rule  for  converting  degrees  into  grades*. 

32.  Find  two  regular  polygons  such  that  the  number  of  d^rees  in 
an  angle  of  one  is  to  the  number  of  degrees  in  an  angle  of  the  other 
as  the  number  of  sides  of  the  first  is  to  the  number  of  sides  oi  the 
second.  Ans.  Triangle  and  hexagon. 

33.  Find  three  pairs  of  regular  polygons  such  that  the  number  of 
degrees  in  an  angle  of  one  is  equal  to  the  number  of  grades  in  an 
angle  of  the  other. 

24.   If  g,  d  and  r  represent  respectively  the  number  of  grades, 
degrees  and  radians  in  any  angle,  prove  that 
n  (g~d)  =  3or. 

90.  Relation  Between  Angle,  Arc  and  Radius.  If  an  angle  6  is 
subtended  by  an  arc  20  ft.  long  and  the  radius  of  the  circumference 
of  which  the  arc  forms  a  part  is  10  ft.,  the  number  of  radians  in  0  is 
20  ft.  -J-  10  ft.  or  3,  and  generally,  if  an  angle  0  is  subtended  by  an 
arc  s  units  long  and  the  radius  measures  r  of  the  same  units,  the 
radian  measure  of  the  angle  is 

O.J.  W 
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Solving  this  equation  for  s  and  r  respectively,  we  get 

.  -  r»,  (.)  r  -  |.  (3) 

Equation  (i)  enables  us  to  find  the  angle  when  we  know  the  length 
of  the  arc  and  the  radius,  (2)  gives  us  the  length  of  the  arc  in  terms  of 
the  radius  and  the  angle,  and  (3)  gives  the  radius  when  the  length  of 
the  arc  is  known  as  well  as  the  angle  which  it  subtends. 

These  three  equations  enable  us  to  solve  a  great  variety  of  inter- 
esting problems. 

ExAiCPU:  I.  The  diameter  of  the  earth  subtends  an  angle  of 
17.5"  at  the  center  of  the  sun.  Assuming  the  diametei  of  the  earth 
to  be  7917.6  miles,  wliat  is  the  distance  of  the  earth  from  the  sun? 

Solution.  We  may  consider  the  diameter  of  the  earth  approxi- 
mately equal  to  an  arc  which  subtends  an  angle  of  17.5".  Reducing 
17.5"  to  radians  we  find 

60X60      180' 

hence,  applying  equation  (i)  we  have  for  the  required  distance  in 
miles 

^  _  .  ^  7917-6X60X60X180  ^  ^^ 

0  I7.SXT 

(By  the  use  of  logarithms,  putting  ir  =  3.1416,) 

Example  3.    A  railroad  train  going  due  north  strikes  a  curve  of 
3500  feet  radius.     The  curve  turns  to  the  left  and  the  train  leaves 
the  curve  just  40  seconds  after  it  entered  the  curve.    In  what  direc- 
tion does  the  train  move  after  it  leaves  the  curve,  assuming  that  it 
N  is  going  at  a  uniform  rate  of  50  miles  [>er  hour. 
Solution.    Let  AN  be  the   direction  of  the 
train  on  entering  the  curve  and  TB  its  direction 
when  it  leaves  the  curve  at  B. 
It  is  required  to  find  the  angle  NTB  or  d. 
■«     Angle  NTB  =  angle  AOB   (Why?),   and  by 

Frg.  »4.         ^'^^'"'  ^'^ 

6  =  angle  AQB  (in  radians)  =  ^^j^- 
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OA  is  giveo  and  arc  ^B  can  be  found,  since  we  know  the  time  which 
it  takes  the  train  to  move  over  it  at  a  given  speed. 

OA  =  25?? miles,  arc  AB  -  So><i?oiUe3, 

5280  60  X  60 

hence 

ff  =  SOXJ?  +  2522  =  JL  radians, 
60  X  60      saSo      105 

_  J8_  ^  180  ^  88  X  180  X  7  =  ^o 
105        X  105  X  aa 

The  train  leaves  the  curve  in  the  direction  N.  48°  W. 

90(1.  Area  of  a  Circular  Sector.  The  area  of  a  circular  sector  is 
equal  to  the  area  of  a  triangle  with  a  base  equal  in  length  to  the 
arc  of  the  sector  and  an  altitude  equal  to  the  radius,  hence  the  area 
A  is 

A-'A 
a 
which  by  (3),  Article  90,  becomes 

where  0  is  expressed  in  radians.  (1) 

Example  i.    Find  the  area  of  a  circular  sector  bounded  by  an  arc 
10  feet  in  length,  the  radius  of  the  circle  being  50  feet. 
Scdution.    By  (1),  Article  90,  the  radian  measure  of  the  angle 

•  =  —1  and  r  =  $0,  hence  by  (i) 
50 

yl  =  ?  -  50"  .  ^  -  250  sq.  ft 
2  so- 

EXEKCISE  45 

(To  obtain  the  answers  as  given,  use  t  =  3I), 

1.  Express  in  radians  and  in  degrees  the  ai^e  subtended  by  an 
arc  50  ft.  long  on  a  circle  whose  radius  is  200  ft. 

Ans.  \  radian  =  14.3°. 

2.  What  is  the  radius  of  a  circle  on  which  an  arc  100  ft.  long  sub- 
tends an  angle  of  1°  ?  Ans.   I^i22?  ft. 

3.  How  long  is  the  arc  subtended  by  a  central  angle  of  75°,  on  a 
drcumference  whose  radius  is  100  ft.P  Ans.   i3a95  ft. 
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4.  Find  the  length  of  an  arc  of  i"  on  the  earth's  surface  (r  ■=  5960 
miles).  Am.  69^  miles. 

5.  How  long  must  a  line  be  to  subtend  i"  at  the  distance  of 
I  mile?  Ans.  0.3  inch  (approximately). 

6.  A  fly-wheel  10  ft.  in  diameter  is  revolving  200  revolutions  per 
minute.    Find  the  speed  per  second  of  a  point  on  the  rim. 

Ans.  -£5°^  ft. 
3 

7.  The  diameter  of  the  sim  subtends  an  angle  of  32'  at  the  earth 
and  the  distance  of  the  sun  is  about  93,000,000  miles.  Required  the 
diameter  of  the  sun.  Ans.  866,000  miles. 

8.  The  earth  moves  around  the  sun  once  each  year.  Assuming  its 
path  to  be  a  drde,  find  the  velocity  of  the  earth  per  second. 

(Use  the  distance  of  the  sun  given  in  Problem  7.) 

Ans-   18.5  miles. 

9.  The  earth  revolves  on  its  axis  once  in  24  hours.  Find  its 
angular  velocity  per  second,  that  is,  the  angle  through  which  the  earth 
turns  per  second,  and  hence  the  velocity  in  miles  of  a  point  on  the 
equator.    Use  r  =  3960  miles. 

Ans.  Angular  velocity  is"persec.,linearveIocityo.288mi.persec. 

10.  The  latitude  of  the  city  of  Seattle  is  47°  40'.  Find  the  short- 
est distance  from  Seattle  to  the  north  pole,  Ans.   2927  miles. 

(Distances  on  the  earth  are  of  course  measured  along  the  arc  of  a 
great  circle.    Use  r  =  3960  mi.) 

11.  The  diameter  of  a  graduated  drcle  is  12  inches  and  the  gradu- 
ations on  its  rim  are  15'.     Find  the  approximate  distance  between 

two  consecutive  divisions  on  the  rim.  Ans.    —  of  an  inch. 

40 

12.  Two  railroads  meet  at  right  angles  at  O. 

They  are  connected  by  a  quadrant  of  a  drcle. 

The  inner  curve  is  zooo  ft.  long.    What  is  the 

distance  of  dther  point  A  ot  B  from  0  ? 

.        n.      4000 
Ahs.  OA  =  = 

13.  In  Problem  12,  if  the  rails  are  4  ft.  apart, 

how  much  longer  will  be  the  outer  rail  than  the  inner  rail  of  the 
curve?  Am.   2Tft. 
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14.  A  circular  sector,  radius  10  inches,  has  an  area  of  26^  sq.  in. 
Find  the  angle  of  the  sector.  Ans.   30°. 

15.  A  dty  lot  has  the  shape  of  a  ciicular  sector,  the  curve  border- 
ing on  the  street.  The  straight  ades  of  the  lot  are  100  ft.  each  and 
the  angle  between  them  is  60°.  The  lot  was  sold  at  $100  per  foot 
frontage,  what  was  the  price  per  acre  ?  Ans.   $87,120. 

91.  Review. 

I.   (a)  State  and  prove  the  law  of  sines,     (i)  State  and  prove  the 

law  of  cosines,     (c)  Show  that  2  R  =  — =  -: — ;-  =  -: — —,   where 

sin  A      sinB      smC 

A  is  the  radius  of  the  circumscribed  circle,     (d)  Prove  the  projection 

theorem  by  means  of  the  law  of  cosines. 

3.   (a)  In  any  triangle  show  that  mi{A  +  B)  =  sinC,  cos  (A  +  B) 

-  -  cos  C,  sin  i  (-4  +  5)  =  cos  i  C,  tan  i  (/I  +  B)  =  cot  i  C.    (b) 

Prove  the  double  formula  and  the  law  of  tangents,    (c)  Apply  the  law 

of  tai^ents  to  the  two  legs  a  and  b  and  the  opposite  acute  angles  of 

a  right  triangle  and  obtain  tan  ^  {A  —  B)  =  — -— —  ■ 

3.  Express  the  area  of  a  triangle:  (a)  In  terms  of  two  sides  and  the 
included  angle.    (6)  In  terms  of  the  three  ^des.    (c)  Interpret  geometri- 

caUythequantitiesj-a,j-6,j-c,andi=  w't^- g)(^r  ^)(j- <^). 

4.  Show  how  to  solve  a  triangle  when  the  three  sides  are  given,  — 
(a)  Without  logarithms,     (b)  With  logarithms,     (c)  Write  down 

the  formulas  needed   in    (a)  and    (6).     (d)  Prove  the  half  angle 
formulas  in  terms  of  the  sides. 

5.  Discuss  the  solution  of  each  of  the  four  cases  of  oblique  tri- 
angles giving  in  each  case  the  formulas  necessary  for  the  logarithmic 
solution  and  a  formula  for  checking  the  answers. 

6.  Review  the  method  of  solving  each  of  the  four  cases  of  oblique 
triangles  by  division  into  right  triangles. 

7.  Given  the  three  sides  of  a  triangle  as  follows: 

a  =  301.9,  b  =  673.1,  c  =  422.8. 

Compute  one  or  more  of  each  of  the  following  sets  of  related  quan- 
tities: 
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(a)  Angles,  A  —18°  124',  B  -135'' 50^',  C  —  2s'56.9'. 

(A)  Altitudes,  Aa=  394.5, 

(c)  Medians,  9(0=541.4, 

{tf)  Angle  bisectors,     (4=513.8, 
(e)  Area  and  radii  of 

inscribed  and  dr- 

cumscribed  circles,  7"  =44,458,        r '63.61,.  £=483.1. 

(/)  Radii  of  escribed 

circles,  ra=ii2.o,         rt=  1723,  r,— 161.0. 

(g)  Check  results  by  the  graphic  method. 

8.  (a)  Give  a  general  definition  of  an  angle  <A  any  magnitude. 

(b)  Define  a  n^;ative  angle,  (c)  Give  a  general  definition  of  the 
complement  and  supi^^nent  of  an  angle,  (d)  What  is  meant  by 
the  principal  value  of  a  set  of  cotemiinal  angles,  (e)  Give  three 
positive  and  three  negative  angles  cotenninal  with  30". 

9.  (u)  Explain  each  system  of  angular  measures  and  define  the 
unit  in  each,     (b)  State  some  of  the  advantages  of  each  system. 

(c)  State  the  relation  between  radians  and  degrees,  {d)  Express 
the  following  relations  in  radian  measure,  on  {180"  —  fl)  =  sin  9, 
tan  (90°  —  tf)  =  cot  9,  cos  180°  =  —  i. 

10.  Prove  the  following  relations,  where  a  denotes  the  side  of  any 
regular  polygon,  p  the  j>erimeter,  n  the  number  of  sides,  r  the  radius 
of  the  inscribed  drcle,  R  the  radius  of  the  drcumscribed  circle,  and 
A  the  area  of  the  polygon. 

(a)   a=  2i!sin-=  2r  tan-- 
»  » 

(J)   ^  =  2  »A  sin  ~  =  2  »r  tan  -  ■ 
n  n 

(c)  -4=«R*3in-co85  =  5^  =  «r»Un-. 
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CHAPTER  X 

FuncnoNS  op  art  angle 

In  this  chapter  a  right  angle  will  be  denoted  by  R,  rather  than  by 
90"  or  jr/a.  The  advantage  of  this  notation  is  that  it  frees  our  results 
from  any  particular  system  of  measure,  that  is,  our  results  hold  equally 
well  whether  the  angles  are  expressed  in  degrees,  grades  or  radians. 
Whenever  R  is  expressed  in  a  given  unit  it  is  understood  that  the 
other  angles  are  expressed  in  the  same  unit.  Thus,  if  we  write 
ain  (90°  —  9)  it  is  understood  that  6  is  expressed  in  degrees,  but  if 
we  write  sin  («'/2  —  0),0istobee]qiressed  in  radians,  while  the  expres- 
sion sin  (R  —  9)  does  not  specify  the  imit  in  which  the  angles  are 


92.  Deflnitioii  of  tiie  Trigonometric  Functions  of  Any  Angle. 

The  functions  of  any  angle,  positive  or  negative,  are  defined  in 
exactly  the  same  way  as  were  the  functions  of  an  angle  less  than 
180''.    Let  d  be  any  angle.    Take  the  vertex  O  of  the  angle  for  an 


origin  and  the  initial  side  of  the  angle  for  the  positive  direction  of 
the  X-axis.  Let  P  represent  any  point  (not  the  origin)  on  the  ter- 
minal side  of  the  angle.  Let  x  and  y  denote  the  rectangular  coiirdi- 
nates  of  P,  and  r  its  distantx  from  the  origin.  Then  whether  0  is 
positive  or  negative,  and  whether  P  falls  in  the  first,  second,  third 
or  fourth  quadrant,  we  have  in  every  case, 

r      distance  sin  6 
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abscissa 


cosfl 

I_  ^ 

"  tan*' 


93.  Signs  <rf  the  Functions  in  Each  of  the  Quadrants. 

(a)  Since  the  dne  is  the  ratio  of  the  ordinate  of  P  to  its  distance 
from  0,  and  the  distance  is  always  positive,  the  sign  of  the  sine  is 
the  same  as  the  sign  of  the  ordinate,  which  is  4-  in  the  first  and 
second,  —  in  the  third  and  fourth  quadrants. 

{b)  Since  the  co^ne  is  the  ratio  of  the  abscissa  of  P  to  its  distance 
from  0,  and  the  distance  is  always  positive,  the  sign  of  the  cosine  is 
the  same  as  the  ^:n  of  the  abscissa,  which  is  +  in  the  first  and 
fourth,  —  in  the  second  and  third  quadrants. 

(c)  Since  the  tai^ent  is  the  ratio  of  the  ordinate  of  /"  to  the 
abscissa  of  P,  the  dgn  of  the  tangent  is  +  when  the  ordinate  and 
abscissa  have  like  signs,  that  is,  in  the  first  and  third  quadrants, 
and  —  when  they  have  unlike  ^gns,  that  is,  in  the  second  and  fourth 
quadrants. 

(d)  Any  number  and  its  reciprocal  have  like  signs,  hence  the  signs 
of  the  cosecant,  secant  and  cotangent  are  the  same  as  the  signs  of 
the  sine,  cosine  and  tangent  respectively. 

The  student  must  make  himself  perfectly  familiar  with  the  signs 
of  the  functions  in  the  various  quadrants.  The  following  figure  will 
prove  an  aid  to  his  memory. 


94.  Periodicity  of  the  Trigonometric  Functioas.  If  the  ter- 
minal side  of  an  angle  is  revolved  in  the  plane  of  the  angle  through 
4  R,  or  any  number  of  times  4  R,  it  will  return  to  the  position  from 
which  it  started,  and  this  is  true  whether  the  revolution  is  in  the 
positive  (counterclockwise)  or  negative  (clockwise)  direction.  It  fol- 
lows that  the  trigonometric  functions  of  any  angle  remain  unchanged 
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when  the  ajigle  is  increased  or  dlmimshed  by  4  /£  or  by  any  number 
of  times  4  R.    That  is, 

sin(tf  ±  4R)  =  sintf, 
and  similarly  for  each  of  the  other  functions.    In  general, 
sin  (Q  ±  4  nS)  =  Bin  0, 

cos(e±  4nB)-  COS©,  (i) 

tan(6±4n£)=  tan  6,  etc., 
where  n  is  any  positive  or  ne^tive  integer. 
Thus,  sin  375"  -  sin  (375"  -  360°)  =  sin  15°, 

sin  (-  is")  =»  sin  (-  15"  +  360°}  =  sin 345°, 

sb^=sinfa^-3T'l=sin2:, 


sin  ^J:^  =  sin  f ::^^  +  2  T  W  sin  il , 
6  V     6  /  6 

and  dmilarly  for  any  other  function. 

It  should  be  observed  that  by  means  of  formula  (i)  the  function 
of  any  negative  angle  can  be  replaced  by  the  same  function  of  some 
positive  angle. 

Since  the  trigonometric  functions  remain  unchanged  when  the 
an^e  is  increased  or  diminished  by  4  R,  they  are  called  periodic 
functions  with  the  period  4  R.  It  will  be  shown  presently  that  the 
tangent  and  cotangent  have  the  smaller  period  a  R.  There  are 
other  periodic  functions  besides  the  trigonometric  functions. 

95.  Changes  in  the  Values  of  the  Functions  while  ttie  Angle 
Changes  from  0  to  4  ff.  Let  a  point  P  start  from  a  portion  A  and 
move  in  the  positive  direction  along  the  circum- 
ference of  a  circle  whose  radius  OA  equals  unity. 
Join  P  to  the  center  0  of  the  circle  and  let  x  and 
y  represent  the  co5rdinates  of  P  in  its  various 
positions  with  reference  to  0  as  origin  and  OA  as 
the  positive  x-axis.  Let  us  consider  the  changes 
in  the  values  of  the  various  functions  of  the 
Fig.  i3'>  angle  AOP  —  0,  as  the  point  P  moves  along  the 

circumference  of  the  circle. 
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an  ff  =  ^-      But  OP  was 

X 

taken  equal  to  i,  hence  sin  0  is  represented  by  the  ordinate  y,  cos  8 
by  the  abscissa  x,  and  tan  6  by  the  ratio  of  the  two. 

First  quadrant.    WhUe  P  moves  from  A  to  B,  that  is, 
while  0  changes  from  o  to  R, 
y  is  positive  and  changes  from  o  to  i, 
lience  sin  9  is  positive  and  changes  from  o  to  i ; 

X  is  positive  and  changes  from  i  to  o, 
hence  cos  0  is  positive  and  changes  from  i  to  o; 

y/x  is  positive  and  changes  from  o  to  oo , 
hence  tan  0  is  positive  and  changes  from  o  to  oo . 

Second  quadrant.    While  P  moves  from  BtoA',  that  is 
while  0  changes  from  Rto  2  R, 
y  is  positive  and  changes  from  i  to  o, 
hence  sin  0  is  positive  and  changes  from  i  to  o; 

X  is  negative  and  changes  from  —  o  to  —  i, 
hence  cos  6  is  negative  and  changes  from  —  o  to  —  i ; 

y/x  is  negative  and  changes  from  —  «  to  —  o, 
hence  tan  0  is  negative  and  changes  from  —  oo  to  —  o. 

Third  guadratU.    While  P  moves  from  A'  to  B',  that  is, 
while  9  changes  from  2  Rto  $R, 
y  is  negative  and  changes  from  —  o  to  —  i, 
hence  sin  d  is  negative  and  changes  from  —  o  to  —  i ; 

X  is  negative  and  changes  from  —  i  to  —  o, 
hence  cos  B  is  negative  and  changes  from  —  i  to  —  o; 

y/x  is  positive  and  changes  from  o  to  oo , 
hence  tan  0  is  positive  and  changes  from  o  to  oo . 

Fourth  guadrant.    While  P  moves  from  B'  to  A,  that  is, 
while  0  changes  from  3  /?  to  4  Jf, 
y  is  negative  and  changes  from  —  1  to  —  o, 
hence  sin  0  is  negative  and  changes  from  —  i  to  —  o; 

X  is  positive  and  changes  from  o  to  i, 
hence  cos  9  is  positive  and  changes  from  o  to  i ; 

y/x  is  negative  and  changes  from  —  »to  —  o, 
hence  tan  tf  is  negative  and  changes  from  —  00  to  —  o. 
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Cosecant,  secant  and  cotangent.  Since  these  functions  are  the 
reciprocals  of  the  sine,  cosine  and  tangent  respectively,  their  varia- 
ti<»is  can  be  immediately  written  down  from  the  variations  of  the 
latter.    Remember,  — 

(a)  That  the  reciprocal  of  a  number  less  than  i  is  some  number 
greater  than  i,  and  vice  versa. 

(ft)  That  the  redpiocal  of  o  is  » ,  and  vice  versa. 
(c)  That  redprocab  have  like  signs. 

96.  Changes  in  &e  Value  of  the  Tangent  of  an  Angle  as  the 
An^  Changes  From  0  to  4  ff.     Some  students  find  it  difficult  to 
follow  the  changes  in  the  tangent  from   the  ratio 
y/x  when  x  and  y  both  chaise.    The  following  di»- 
cus^on  is  free  from  this  difficulty. 

Let  P  (Fig.  13a)  move  as  in  Fig,  131,  but  instead 
of  the  coordinates  of  the  point  P  let  us  consider  the 
coordinates  of  the  point  J"  or  r*  in  which  OP  pro- 
duced meets  <Hie  of  the  tangents  to  the  drcle  at 
F«.  13a.         ^and^'. 

First  quadrant.  While  8  changes  from  o  to  R,  AT  changes  from 
o  to  00 ,  therefore  tan  9  =  -—  =  - —  changes  from  o  to  co . 

Second  quadrant.  While  0  changes  from  5  to  a  R,  A'T'  changes 
from  +  00  to  +  o,  therefore  tan  i9  —  — — -  = changes  from  —  00 


Third  quadrant.    While  $  chaises  from  2R  to  ^R,  A'T  changes 
frcHn  —  o  to  —  00 ,  therefore  tan  ff  =      ■-  = changes  from  +  o 


Fourth  quadrant.    While  8  changes  from  ^R  to  4R,  AT  changes 
from  —  00  to  —  o,  therefore  tan  C  ™  --7  =  —  changes  from  —  « 


97.  Sununaxy  of  Results.    The  results  of  the  two  preceding 
articles  are  brought  together  in  the  following  table: 
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.1, 

II. 

III. 

IV. 

Angle 

atoR 

JEtoiK 

iXtoiR 

,RU..R 

sec 

+  o  to+  I 
+  I  to-r  o 

+  0  to+  00 

+   I  to  +  oo 
+  ooio  +  o 

+  1  tO  +  o 

-  0  to-  1 

+   r  to+  00 

—  QOIO—    1 

:rri 

+  oto  +  i 

-  I   tO-00 

—  0  to—  00 

The  student  should  observe,  — 

(a)  Every  sine  and  cosine  has  some  value  between  +  i  and  —  i. 

(6)  Every  secant  and  cosecant  has  some  value  either  greater 
than  +  I,  or  less  than  —  i. 

(c)  A  tangent  or  cotangent  may  have  any  value  whatever. 

{d)  The  functions  change  only  at  the  points  between  the  quad- 
lants,  that  is,  when  the  angle  has  one  of  the  values  R,aR,^R,4  R, 
etc,  and  then  only  when  the  value  of  the  function  is  either  o  or  oo. 

(e)  To  a  given  value  of  a  function  correspond  in  general  two  differ- 
rait  angles  between  o  and  4  Jf .  To  a  positive  sine  correspoad  two 
angles,  one  in  the  first  the  other  in  the  second  quadrant;  to  a  nega- 
tive sine  correspond  two  angles,  one  in  the  third  the  other  in  the 
fourth  quadrant.  To  a  negative  tangent  correspond  two  angles,  one 
in  the  second  the  other  in  the  fourth  quadrant,  etc. 

98.  Fundamental  Relations.  All  the  fundamental  relations  be- 
tween the  functions  of  an  acute  an^e  (Article  12)  hold  true  when 
the  angle  is  unrestricted  in  magnitude.  The  argument  is  an  exact 
repetition  of  that  used  in  Article  56.  It  follows  that  ail  trigonometric 
identities  which  have  been  proven  for  the  case  when  the  angle  does 
not  exceed  a  right  angle,  hold  universally,  that  is,  whatever  be  the 
magnitude  of  the  angle  provided  that  radical  expressions  such  as 
v'l  —  cos'fl,  Vi  +  tan*tf,  etc.,  be  given  the  prt^r  sign,  +  or  — , 
depending  on  the  quadrant  in  which  0  lies. 

99.  Representation  of  Trigonometric  Fimctions  by  Lines. 
TJntil  recent  times  the  trigonometric  functions  were  defined  by  lines 
connected  with  a  drcle  as  follows: 

Let  AOP  be  any  angle,  AP  the  arc  which  this  angle  intercepts  on 
a.  drcle  drawn  with  O  as  a  center  and  any  length  OA  as  a  radius. 
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Draw  the  radius  OA'  perpendicular  Xa  OA,  the  initial  &ide  of  the 
angle.  Draw  tangents  to  the  drcle  at  A  and  A',  and  produce  OP  to 
inteisect  these  tangents  in  T  and  7"  respectively.  From  P  draw  the 
perpendiculars  PP  and  FF'  to  OA  and  OA'  (produced  if  necessary) 
reflectively. 


Fig.  134. 

TTie  former  definitions  were  then  as  follows: 

FF  =  sine  of  arc  AP. 

F'F  =  sine  of  complementary  arc  .4'^  =  cosine  of  arc  .4  i". 

AT=  tangent  of  arc  AF. 
A'T'  =  tangent  of  complementary  arc  A'P  =  cotangent  <rf  arc  AF. 

OT  =  secant  of  arc  AP. 
Of  =  secant  of  complementary  arc  A'F  =  cosecant  of  arc  AF. 

FA  =  versine  of  arc  AF. 
F'A '  =  versine  of  a)mplementary  arc  A'P  =  coversine  of  arc  A  P. 

The  definitions  just  given  apply  to  any  arc,  provided  the  conven- 
tions regarding  the  algebraic  signs  of  the  various  lines  be  carefully 
observed.  These  convenUons  are,  as  already  stated  in  Article  53, 
with  the  additional  one  that  the  distances  OT,  OV  are  positive  if 
they  pass  through  the  extremity  of  the  arc  in  question,  that  is,  if  the 
point  P  lies  between  O  and  T  or  T";  and  negative  if  they  do  not,  that 
is,  if  the  point  0  lies  between  P  and  r  or  V.  Thus  for  an  arc  AP  \a 
the  second  quadrant,  Fig.  135, 

PP,  the  sine,  is  positive; 

OF,  the  cosine,  is  negative; 

AT,  the  tangent,  is  negative; 

A'V,  the  cotangent,  is  negative; 

OT,  the  secant,  is  negative;  Fig,  135. 

OT",  the  cosecant,  is  positive. 

According  to  the  old  definitions,  the  length  of  each  of  the  lines 
which  defines  the  function  depends  on  the  length  of  the  arc;  and 
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since  the  length  of  the  arc  d^wnds  on  the  radius,  it  was  necessary  to 

qjedfy  the  length  of  the  radius  employed.    If,  however,  all  lengths 

are  expressed  in  terms  of  the  radius  as  imit,  the  old  definitions  agree 

with  the  modem  definitions.    Thus  in  Fig.  133, 

tAtiaicAP  =  AT  (old  definition). 

Now     =  $,  the  measure  of  the  angle  which  the  arc  subt^ids, 

OA 

and  =  the  measure  of  AT  using  OA  as  the  unit  of  measure, 

OA 
so  that,  if  we  substitute  for  the  actual  lengths  of  the  arc  AP  and  the 
line  AT  their  measures  in  terms  of  the  radius,  the  old  definition 


AT 


which  is  the  modem  definition. 


Similarly,  the  old  and  the  new  definitions  of  each  of  the  other 
functions  may  be  shown  to  a^ree. 

The  definitions  of  the  functions  as  lines,  while  no  l<Higer  used  as 
definitions,  are  still  useful  in  many  ways.  By  thdr  means  the  vari- 
ation of  the  functions  m  the  various  quadrants  is  most  readily  traced, 
and  the  fundamental  relations  sin*  9  +  cos*  9  =  i,  tan'  P  +  i  —  sec*  6, 
cot* 0+  1  =  CSC* fl  become  manifest  at  sight.  Above  all,  they  ex- 
plain the  origin  of  the  names  of  the  functions.* 

Exercise  46 

1.  Make  out  a  table  giving  each  of  the  functions  of  45°,  135", 
225°.  315°- 

2.  Make  out  a  table  giving  each  of  the  functions  of  30°,  150",  aio", 

330°- 

*  In  the  light  of  the  historic  deSnitions  the  origin  of  the  terms  langtnt  and 
stcanl  is  obvious.  The  origiD  o(  the  terms  cosine,  cotangent  and  cosecant  hss 
already  been  explained.  The  origin  of  the  term  sine  is  probably  as  follows.  The 
Latin  word  from  which  the  word  sine  is  derived  is  sinus,  meaning  "  bay  "  or 
"bosom."  The  Arabic  word  was  dschiba,  meaning  "  hall  the  chord  of  double  an 
arc."  Owing  to  the  pracUce  of  the  Arabs  to  omit  the  vowels  in  writing,  dtchiba 
was  confused  with  dschaib  meaning  "bay  "  or  "bosom,"  and  it  was  this  word 
dschaib  which  the  Roman  translators  properly  rendered  sinus.  Tbt  word  arc 
comes  from  the  Latin  arcus,  meaning  "  a  bow."  The  versed  sine  was  tormeriy 
called  sagitla,  an  arrow,  because  it  occupied  the  position  of  the  arrow  in  a  bow. 

The  modem  conception  of  the  functions  as  ratios  dates  from  the  second  half 
of  the  seventeenth  century.  The  old  definitions  modified  by  using  unity  for  the 
radius  of  the  drcle  were  used  by  many  writers  leas  than  twenty-five  ye»is  ago. 
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3.  Given  sin  9  =  },  &nd  the  values  of  0  less  than  4  R.    What  will 
be  the  values  less  than  4  R  which  9  may  have  if  cos  0  =  ^  ? 

Ans.  30°,  150°;  60°,  300". 

4.  Find  the  values  of  the  following  functions:  sin  390°,  cos  765**, 
tan  405°,  sin  (-  45'')7  cos  (-  30"),  tan  (-  135"). 

Afis.    1,  i  V2,  I,-  1  Va,  1  ^3,  I. 

5.  Trace  the  chaises  of  the  coane  through  each  of  the  four  quad- 
rants from  the  changes  of  the  sine  by  means  of  the  ration 

cosfl  =  Vi  —  an'tf. 

6.  Trace  the  changes  of  the  secant  in  the  first  quadrant  from 
those  of  the  tangent  by  means  of  the  relation  sec  0  =  V  i  -f-  tan*d. 

7.  Construct  the  lines  representing  the  various  functions  of  an 
arc  in  the  third  quadrant;  of  an  arc  in  the  fourth  quadrant. 


8.  What  sign  must  be  attached  to  the  radical  in  sinfl  =v  i  —cos's, 
when  9  is  an  angle  in  the  second  quadrant  ?   In  the  third  quadrant  ? 

9.  What  sign  must  be  attached  to  the  radical  in 

sectf  ~Vi  +  tan*fl, 
when  9  is  an  angle  in  the  third  quadrant  ?    In  the  fourth  quadrant  ? 

100.  Redaction  of  Trigonometric  Functions  to  the  First 
Quadrant.  In  Articles  57  and  58  it  was  shown  how  to  express  any 
function  of  an  angle  in  the  second  quadrant  in  terms  of  functions 
of  an  angle  less  than  R.  It  remains  to  be  shown  how  functions  of 
angles  in  the  third  and  fourth  quadrants  may  be  expressed  in  terms 
of  functions  of  angles  less  than  R.  When  this  has  been  done,  the 
value  of  any  function  of  any  angle  can  be  found  from  the  tables 
which  contain  the  functions  of  angles  in  the  first  quadrant,  that  is, 
from  0°  to  go°. 

101.  Reductions  from  the  Third  Quadrant.  Any  angle  $t  in 
the  third  quadrant  lies  between  2  R  and  3  R,  hence  every  such  angle 
may  be  expressed  by  either 

$t=  2R  +  0,    or    $t  =  3R-<{>, 

where  9  and  4>  is  each  less  than  R. 
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(b)  ft  "  2  R  +  fl.  Let  8i  =  angle  AOPt  represent  any  angle  in 
the  third  quadrant,  and  let  6  =  angle  A'OPt. 
Produce  P^  to  P,  making  OP  =  OP^  =  r,  then 
angle  AOP  =  0.  Let  (x,  y),  (a^,  y,)  denote  the 
coordinates  of  P  and  P^  respectively.  Draw  PF 
and  PiFt  perpendicular  to  AA',  then  the  triangles 
OPF  and  OP^t  are  geometrically  equal  and 
3*  ™    —  y,  a^  =  —  X.    Hence  we  have, — 


Fig.  136. 


sin  63=  ^(2.B+e)  = 


C0S8a=  C08(2JR  +  fl)  = 


-  anO, 


=  ^=  - 


-  X        X 


(A) 


tane3=tiui{2B  +  e)  =  ^* 

X, 

From  (A)  we  obtain 

cscft,  =  csc(3je+ tf,        .    ,    „  .     . 

sin(2J?  +  9)      -sintf 

sec  ft  -  sec  (2  JE  +  (?) t^^j-t.  -  -~  = 

COS(2«+#)         —  COSfl 

C0tft  =  C0t(2R+ff)= r^ r=         -^-  = 

tan(2*  +  fl)         tanfl 

Observing  that  in  both  (A)  and  {A')  the  apis  on  the  right  are 
the  signs  of  the  ftmctions  in  the  third  quadrant,  we  have  the  simple 
rule: 

Any  function  of  {7  R  + 6)  is  equal  to  plus  or  minus  the  same  functum 
of  0,  the  sign  being  that  of  the  function  in  the  third  quadrant. 

Example,  an  204°  =  sin  (180°  +  24°)  «  —  sin  24°  =  —  0.4067, 
cos  304°  =  cos  (180°  +  24°)  =  —  cos  24°  =  —  0.9135, 
tan  204°  =  tan  (iSo"  +  24°)  =      tan  24°  =       o-4453. 

(6)  ft  =  3*-^. 

Put  Ji  —  <}>  =  $,  then  sinfl  =  cos^,  cosfl  =  sin^,  tantf  —  cot^. 
Hence 

Bin  63=  sin{3B—  4>)  =  sin{2  Jf  +  P)  =  —  sinfl=— cos+,| 

00883=  cos  (3  «—  +)  =  cos(2S  +  9)  -  —  cosff  =  -  sin+il  (B) 

tane3=  tan(3B  — 4)  =  tan{2  ff  +  fl)  =      tane=      cot+J 
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and  from  (B) 
cscdt  =  CSC  ii  R  —  4 

secfl,=-secC3*-^)  = 

cotet=  cot  {3  R-tf>)  =  - 


sin  (3  J?  -<^) 


C05{3  R-<f>) 


~  sin<f> 


iB') 


tan  (3  if  —  0)      cot  0 

In  (5)  and  (B')  the  signs  on  the  right  are  again  the  signs  in  the 
third  quadrant  of  the  functions  on  the  left,  hence  the  second  rule: 

AnyfuncHon  of  (j  R  —  tf>)  *i  equal  to  plus  or  minus  the  correspond- 
ing cofunction  of  ^,  the  sign  being  thai  of  the  functions  in  the  third 
quadrant. 

Example,  sin  204"  =  sin  (270°  —  66°)  =»  —  cos  66°  =  —  0.4067, 
cos  204°  =  cos  (270°  —  66°)  =  —  sin  66°  =  —  0.9135, 
tan  204°  =  tan  (2  70°— 66)  =      cot66  =      0.4453. 

102.  Reductions  from  the  Fourth  Quadrant.  Any  angle  0^  in 
the  fourth  quadrant  lies  between  3  R  and  4  R,  hence  every  such 
angle  can  be  expressed  by  either 


=  4R-8, 


Bi-sR  +  'f: 


where  8  and  ^  are  aisles  less  than  R. 

(fl)  ^4  -  4  *  —  0.  Let  9a  =  angle  AOPa  be  any  angle  in  the  fourth 
quadrant,  and  let  us  put  angle  PtOA  =  6.  Draw 
OP  -  OPa  =  r,  making  angle  AOP  =  6.  From  P 
and  Pa  draw  perpendiculars  to  OA.  Then  the  , 
triangles  OPF  and  OPaF  are  geometrically  equal, 
and  if  {x,  y),  (x*,  yA)  denote  the  coordinates  of  P 
and  Pa  respectively,  we  have   y*  =  —  Ji  xa  =  x.  f%.  i 

Consequently 
8m6,=  siii(4B-6)=  2!*  =  :Z-2  «  _  J!  =  — sinfl, 


00864=  COS  {4B -6)-  —  -  - 

tane4=  tan(4B-e)- ^  =  ^^  = 


cosO, 


(A) 
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From  (A)  follows 

csce4-  csci4R-e)  = 


3m(4fi-9) 


sece,  =  sec(4R-0)= —^ -=     --—     =     secfl, 

cosi4R-0)        costf 

cot 84  =  cot  UR  ~e)  = — ^ -  — - —  =-  cotfl. 

taaUR-0)      -  tantf 


(A') 


In  (^)  and  {A')  the  signs  on  the  right  are  the  signs  of  the  functions 
in  the  fourth  quadrant,  hence 

Any  function  of  (4  R  ~  6)  is  equal  to  pUu  or  minus  the  same  function 
<^9,the  sign  being  that  of  the  function  in  the  fourth  quadrant. 


ExAMPu:.  sin 


II T         ■     /  ir\  ■    T  1 

—  =sm(.,--j  =  -sm-=-i. 

ll^=tan(..-^)=-tan^=-iv^. 


(6)   e^  =  3R  +  <^. 

Put  -p  =  R  —  $,  then  sin  0  =  cos  tf,  cos  ^  =  sin  S,  cot  ^  —  tan  8, 

hence 

sine4  =  sin(3B  +  +)=  sin  (4^  —  fl)  =—  sintf -=— cos+.l 
(xa94  =  cos  (3  R +  ^)=  cos  {4  R  —  0)=     costf=    8iii<|>,  1  (5) 
tan6«  =  tanC3B  +  <|»)=  tAn{4R~0)  =-  tan*  =—  cot+J 

and  from  {B) 

csce^  =  csc(zR  +  i>)  = 


sin  (3  J?  +  ^)      —  cos  0 

sec**- sec (3^2  +  0)= — ,    I  ,   j_s='  t^    = 
cos  (3  X  +  0)       sin  ^ 

cote.  =  cot  (3ii  +  i>)=  ^  = — ^  = 

tan(3fi+0)      — cot^ 


(B') 


In  (B)  and  (B')  the  signs  on  the  right  are  the  ^gns  in  the  fourth 
quadrant  of  the  functions  on  the  left,  hence 

Any  function  0/  (3  fi  +  ^)  w  equal  to  plus  or  minus  the  correspond- 
ing cofunction  of  4>,  ^  ^|»  being  that  of  the  function  in  the  fourth 
quadrant. 
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Example,  sin  ^^  =  ain  (^  +  -)  =  -«»-=- 4, 
6  \'       3/  3 


<>  Va       3/  3 


,  Ji^.tanr2?  +  ?1— 


103.  Functions  of  Negative  Aisles. 

Let  —  $  =  angle  AOP"  be  any  negative  angle. 

Construct  the  angle  AOP  =  0.   Take  OP  =  OP'  =  r, 

I  and  let  (x,  y),   {x',  /)  denote  the  coordinates  of 

the   points   P  and   i"  respectively,   then  x'  —  «, 

y  =  —  y,  and  we  have 


P"«-  -38.  8in(_  6)-  3^-  -  =-i'  —  Bin«, 

cosC-e)-^-5    -   cose, 


and  from  (^4) 


a(-9)=^==^=-tane, 


sin(-tf)       -sinff 


cos  (-  0)        cosfl 


a)t  c-  e)  = 


tan{-fl)      —  tanff 


-  cotft 


(A) 


MO 


The  signs  <m  the  right  are  the  signs  of  the  functions  in  the  fourth 
quadrant,  hence 

Any  Junction  of  (—  6)  is  equal  to  plus  or  minus  the  same  function  of 
0,  the  sign  being  that  of  the  function  in  the  fourth  quadrant. 

Example,  an  (—  13°  25')  =s  —  sin  13°  25'  =  —  0.2320, 
cos  (-  13°  35')  =  cos  13°  25'  =  0.9727, 
tan  (-  13*  25')  =  -  tan  13°  25'  -  -  0.2385. 


D.qitizeabyG00l^lc 


204 


PLANE  TRIGONOMETRY 


[aiAt.x 


104.  Table  of  Principal  Reduction  Formulas  and  General 
Rules. 

The  principal  results  of  the  last  three  articles,  together  with  the 
ajrresponding  results  for  the  first  and  second  quadrants  (Articles 
lo,  57,  58),  are  brought  together  in  the  following  table  for  purposes 
of  coti^>arison  and  reference. 

Quadrant  I 

siaiR  —  <p)  =»  €08  ^, 
cos  (5  —  ^)  =  sin  ^, 
tan  (5-  0)  =cot^. 
Quadrant  11 
ain(2fi-S) «      sine,  I     sin(fi+0)  -      cos0, 

cos  (2  R  -  tf)  =  -  cosfl,  cos  (i?  +  ^)  =  -  sin  ^, 

tan(ai?-fl)=  -  tantf.  I      tan  (A  +  ^)  -  -  cot ^. 

Quadrant  III 


-sin  I?, 


tanfl. 


ffln(2R  +  #)  = 

cos  (2  fi  +  e)  = 

t&n{2R  +  0)  = 

Quadrant  IV 
sin(4i;-fl)  =  sin  (-fl)  =  -  sinfl, 
cos  (4 ii  -  fl)  =  cos  (— e)  =       cose, 
tan(4ff-fl)  =  tan(-fl)  =  -  tanfl. 


sin(3X-^)  =  -  CO80, 
cos(3i;-  <f>)  =  -  sia0, 
tan  (3  iJ  —  ^)  ™      cot  0. 


sin  (3^  +  0)  =  - cos ^, 
cos  (3^  +  0)=      sin  ^, 

tan  (3  fi  +  ^)  =  -  cot  ^. 

We  observe  that  each  equation  on  the  left  involves  a  pair  of  same- 
named  functions  and  the  coefficients  of  R  are  even  numbers,  z  or  4. 
On  the  r^ht  each  equation  involves  a  pair  of  conamed  functions  and 
the  coefficients  of  R  are  the  odd  numbers  i  and  3.  In  either  case 
the  signs  are  the  signs  of  the  functions  in  the  respective  quadrants. 

By  increasing  the  angles  on  the  left  by  multiples  of  4  if  (which 
will  not  change  the  value  of  the  functions),  we  obtain  formulas  for 
the  functions  of 

6R~e,  6R  +  e,   SR-9,   SJi  +  9,    .,    .,    .,      2nR±B, 
and  by  increasing  the  angles  on  the  right  by  multiples  of  4  J?,  we 
obtain 
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All  the  foregoing  results  are  therefore  included  in  tlie  two  fonn- 

Any  function  (j  mX  ±  ff)  =  ±  samefuncUon  6, 
Any  function  (2n+  iR  ±<p)  =  i  cofunction  4>, 

the  sign  being  the  ^gn  of  the  function  on  the  left  in  the  quadrant  in 

which  the  angle  falls  when  0  or  0  are  acute  angles.* 

Exercise  47 

I .  Express  In  terms  of  same-named  functions  of  angles  less  than  R, 

sin  146°,  cos  235°,  tan  317°,  sin^-^,  cos^,  tan  -*— • 
484 

Ans.   sin  34°,  —  cos  55",  —  tan  43°,  —  an-,  —  cos^,  —  tan-- 
484 

3.   Express  in  terms  of  cofunctions  of  angles  less  than  R, 

o       •  o  or  Sl'-sST.in 

tangs  >  sm  272  ,   cos  115   10  ,  sec  — ,  sm ,  cot  3JJt. 

3  3 

Ans.   —  cot  s°,  —  C0S2'',  —  sin  25°  10',  —  csc^,  —  cos^,  —  tan-- 

3.  Express  in  terms  of  functions  of  positive  angles  less  than  45° 
sin  143"  15',  cos  143°  is',  tan  243°  10' 15",  sec  284° 30',  cot  127°. 
Ans.  an  36°  45',  —  cos  36"  45',  cot  26*  49'  ^$",  esc  14°  30',  —  tan  37'. 

4.  Use  natural  functions  table  to  find 

sin  III" 30',  cos  253°  12/  tan  134°,  an  317°  15',  cos  97° 35'- 

Ans.  0.9304,  —  0.2890,  —  1.0355,  ^  0.6788,  —  0.132& 

5.  Find  sin  (-  150°),  cos  3564°,  tan  (-  5445°),  sin  (-  27-j. 
00s  (-  100'^.  ^^    _  j_  o.gogo_  _  i^  _  J  v^^  _  0.1736. 

6.  If  sin  0  =  0.5831,  what  values  less  than  4  R  may  0  have  ? 

7.  If  tan  0  —  —  4.3897,  and  sin  9  is  known  to  be  positive,  find  the 
value  of  If.  Ans.  ff—  102°  50'. 

8.  If  cos  0  =  an  147°,  show  that  one  value  of  6  is  303°. 

9.  If  an  0  =  cos  5  6,  show  that  one  value  of  6  is  15°,  and  another 
75"- 

ro.   Given  sin  ^  =  —  0.4561;  find  tan  ^.    Ans.   tan  ^  =  0.5125. 

•  These  rules  hold  not  only  for  the  sine,  cosine  and  tangent,  but  (or  the  cose. 
cant,  secant  and  cotangent  as  well.  The  latter  have  been  omitted  from  the  sum- 
tnaiy  on  account  of  their  lesser  importance. 
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lOS.   Geaeralizatioa  of  the  Preceding  Reductiui  Fonnulas. 

In  the  proof  for  the  fonnulas  for  the  functions  of  a  negative  angLc 
(Article  103),  $  was  not  restricted  in  magnitude.  These  fcHinulas 
therefore  hold  true  for  any  angle,  but  in  the  formulas  for  the  functions 
ot2R  +  0,zR-(^  (Article  loi),  andof  4R  ~  0,  ^  R  +  </,  (Article 
103),  $  and  <p  were  assumed  to  be  angles  between  o  and  R.  This 
restriction  is  not  necessaiy  and  will  now  be  removed.  In  other 
words,  we  will  now  show  that  the  formulas  of  Articles  loi  and  los 
hold  for  any  value  of  0  and  4>-  The  complete  list  of  reduction  form- 
ulas includes  the  formulas  for  the  functions  of  2  R  —  $  and  of 
R±  >p,  we  abaH  show  that  these  formulas  also  hold  for  any  value 
of  the  anj^es. 

For  the  sake  of  brevity  the  proofs  will  be  confined  to  the  first 
one  of  the  formulas  in  each  set.  The  proofs  of  the  other  formulas 
are  left  as  exercises  for  the  student. 

(a)  Fmctions  of  {2R  +  B).  The  angles  (2  fi  +  ff)  and  (t  differ 
by  3  £  no  matter  how  large  9  is  and  whether  6  is  podtive  or  nc^tive. 
Consequently  the  points  Pt  and  P  (Fig.  136)  must  always  lie  on  a 
straight  line  through  the  origin.  The  coiirdtnates  of  Pt  and  P  will 
therefore  be  numerically  equal  but  opposite  in  sign.  Hence  for  any 
value  of  0,  positive  or  negative, 

sin(2je  +  fi)  =  2*  =  ^^=_siii(,.  (,) 

This  establishes  the  first  of  the  relations  {A),  Article  loi,  for  every 
value  of  8. 

{b)  Functions  of  {3  R  —  8).    If  in  (i)  we  put  for  ff,  —  9,  we  obtain 

sin  (2  Jf  -  P)  =  -  sin  (-  e). 
But  by  (A),  Article  103,  sin  (—  fl)  =  —  sin  #  for  every  value  of  $, 
therefore 

sin  (2  «  -  fl)  -  an  9.  (a) 

This  establishes  the  first  of  the  relations  in  Article  57  for  every  value 
of  9. 

(c)  Functions  of  (4  J?  —  *).  The  functions  of  an  angle  are  not 
chained  if  the  ai^e  is  increased  or  diminished  by  4  J?  (Article  94), 
hence 

an  (4if  —  tf)  =  sin  (—  6),  for  every  value  of  t. 
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But  sin  (—  9)  =  —  sin  fl,  by  Article  103, 

therefore  sin  {4  A  -  S)  =  -  sin  ff.  (3) 

This  establishes  the  first  of  the  relations  (A),  Article  roa,  for  every 
value  of  the  angle. 

(d)  Functions  of  (R  —  0).  Let  ip  be  any  angle  and  let  4>'  be  the 
smallest  positive  angle  coterminal  with  0.  Then  ^'  can  be  written  in 
one  of  the  forms 

$,  3  R  —  6,  a  R  +  $,  4  R  —  6,  where  9  is  positive  and  less  than  R, 
according  as  ^'  is  an  angle  in  the  first,  second,  third  or  fourth 
quadrant. 

U(p'  =  2R-S,  then 

an  (*  -  ^')  =  an  {-  7?  +  tf)  -  -  sin  (5  -  9)  =  -  cos  tf  =  COS  ^'. 

If^'-  8fi  +  9,then 

tia  {R  —  i>')  "^  sin  {—  R  ~  8)  =  —  sin  (R  +  9)  =  —  cos  9  =  cos  0'. 

J14>'  =  4^-9,  then 

ain(S  — ^')  -  sin(— 3fi  +  tf)  =-sin(3  A-  9)  =  cosl?  =  cos^'. 

We  see  then  that,  whether  <p'  is  in  the  first,  seccmd,  third  or  fourth 
quadrant, 

sin  (*  —  ^')  =  cos  tf)', 
and  hence 

sin  (R  —  0)  —  cos  ^  (4) 

is  established  for  every  value  of  <}>. 

(e)  PuncHons  of  (i?  +  <f>),  {^R-  4>),  (3R  +  <f>).  Let  0  be  any 
angle  and  put  tp  '^  R  —  ff.  Then  by  applying  the  formulas  whose 
generality  has  been  already  established,  we  find 

an    (R+<f>)  =  smi2R  — 6)  =      sing=       cos^  (s) 

sinCjff-  0)  =  sin(2i;  +  9)  =  -  sin9=  -  cos^,  (6) 

sin(3X+<^)  =  sm(4R-9)  -  -  sin9-  -  COS0.  (7) 

EXESCISE  48 

Repeat  the  argument  of  the  preceding  article  to  show  that  for  all 

values  of  9  and  ^  reflectively, — 

1.  tan  (2  X  ±9)  =  ±  tan  9. 

2.  tan    (R  ±  ^)  =  T  cot  0. 

3.  tan(3«±0)'=  ±cot0. 
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4.  Show  that  for  every  value  of  S, 

sin(tf-  je)  =-  costf.sin  (9-  2  J?)  =-sinP,5m  (fl- ^if)  =  cosfl. 
coa(0-  R)=  smff,cos  (0-  aff)  =-cosP,cos  (fl-  3^)  =-  sinfl. 
tan(ff- Je)  =-  cottf,taii(tf-  aJf)  =    tanfi,  tan(tf- 3  A)  =- cotfl. 

5.  Prove  geometrically  that  cos  (X  —  0)  =  sin  ^, 

(a)  When  ^  is  an  angle  in  the  second  quadrant. 

(b)  When  (j)  is  an  angle  in  the  third  quadrant. 

(c)  When  0  is  an  angle  in  the  fourth  quadrant. 

6.  General  proofs  of  the  reduction  formulas  for  the  angles 

(iR-e),    (4*-fl),     (2«  +  fl) 

may  be  obtained  from  considerations  of  symmetry.    Referred  to 

the  same  origin  and   taking   the  initial  line  to  oiindde  with  the 

j^-axis,  then  no  matter  how  large  0,  and  whether  positive  or  negative) 

(a)  The  terminal  sides  of  9  and  (a  R  ~  6)  are  symmetrically 

situated  with  respect  to  the  y-axis. 
(J)  The  terminal  sides  of  0  and  (4  R  —  9)  are  symmetrically  situ- 
ated with  respect  to  the  a^-axis. 
(c)  The  terminal  sides  of  6  and  (2  R  +  d)   are  symmetrically 
situated  with  respect  to  the  origin. 
It  follows  that  the  same  functions  of  each  pair  of  angles  are  numer- 
ically equal  and  that  in 

(a)  Tlie  sines  have  like  and  the  cosines  opposite  ^gns. 

(b)  The  sines  have  opposite  and  the  cosines  like  signs. 

(c)  The  sines  and  cosines  each  have  opposite  signs. 

In  each  case  the  sign  of  the  tangent  may  be  determined  from  the 
relation 

cosd 
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FinrCTIONS  OF  TWO  OR  HOSE  ANGLES 

106.  Addition  Theorems  for  the  Sine  and  Cosine. 

First  Proof.  If  a,  b,  c  denote  tbe  sides  of  any  triangle  and  A,B,C 
the  angles  opposite  these  sides,  we  have  from  the  law  of  sines 
(Article  6a,  (3)), 

a  =  Dsin  A, 
4  =  /)  sin  S, 
c  =  i>  sin  C, 


and  by  the  projection  theorem  (Article  63, 

(4)), 


Fig.  139. 


c  ^  a  COS  B  +  b  COS  A. 
Substituting  in  this  equation  the  above  values  for  a,  b  and  c,  and 
dividing  out  the  constant  factor  D,  we  get 

MnC=sin^  cos5+cos^sinB. 
Now  C  =  180°  -  iA  +  B),  therefore  sin  C  =  an  (^  +  B),  whmce 

8in(^  +  £)  =  sin^cos£  +  co8.^Edn  A  (i) 

Again 

cosHA+B)=  i-sm'{A+B) 
=  I  —  (sin  ^  cos  B  +  cos  -4  sin  B)' 

=  I  —  sin*.i4  cos'S  —  2sinXsinBcosj4  cosB  —  cos'jI  sn'B 
=  I  —  (i  —  cosM)cos*B  —  2{  .  .  .  )  —  (i  —  sin*j4)sin* J 
=  cos*  A  cos*  B  —  2  ^  ^  sin  B  cos  A  cos  B  +  sin*  A  sin'  B 
"  (cos  A  cos  S  —  an  ^  an  B)*. 
Taking  the  square  root  of  both  sides, 

cos  (^  +  S)  =  cos  ^  cos  S  -  sin  ^  Bin  £.  (3) 

Since  the  last  expresdon  was  obtained  by  extracting  a  square  root 
it  may  seem  that  the  double  sign,  ± ,  should  have  been  put  before 
the  right-hand  member  of  (3),  but  on  putting  B  =  o,  the  minus 
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would  yield  the  result  cos  ^  -  —  cos  ^,  which  shows  that  the  minus 
sign  cannot  be  used. 

Formulas  (i)  and  (a)  embody  the  so-^ialled  addUum  theorems  for 
the  sine  and  cosine  respectively.    In  words, — 

The  sine  of  Ike  sum  of  too  a»g/&t  is  equal  U>  the  sine  of  the  first  angle 
times  the  cosine  of  the  second  plus  the  cosine  of  the  first  angle  limes  the 
sine  of  the  second. 

The  cosine  of  the  sum  of  two  angles  is  equal  to  the  product  of  the 
cosines  of  the  separate  angles  diminished  by  the  product  of  their  sines. 

It  is  plain  that  by  means  of  these  theorems  the  sine  and  cosine  of 
the  sum  of  two  angles  may  be  found  if  the  sines  and  cosines  of  each 
tii  the  separate  angles  are  known. 

ExAicPLE  I.  Given  the  functions  of  45°  and  of  30°,  to  find  the 
sine  and  co^e  of  75°. 

Scdution.     sinys"- sin(4s°+ 30°)  =  sm4s''cos3o''+ cos45''Mn3o'' 

008  75°=  cosC4,5°+3o'')=03s_45''cos3o°-  sin 45^ sin 30° 

107.  Generalization  of  the  Addition  Theorems.  In  the  fore- 
going demonstration,  A  and  B  are  angles  of  a  triangle,  their  sum  is 
therefore  necessarily  less  than  2  R.  This  restriction  may  be  removed, 
in  other  words,  the  addition  theorems  hold  for  angles  of  any  mag- 
nitude and  whether  positive  or  negative. 

To  prove  this  let  A  and  B  be  two  angles  each  less  than  R,  so  that 
their  sum  is  less  than  2  R,  and  let  ^  1  =  .4  ±  R,  then 

sin  ill  =  ±  coaA,  cosAi  =  T  sin/l,  (Art.  104,  and  Ex.  48,  4) 
sinUi  +  B)  =  sinU±K-|-B)=  ±  cos(A  +  B) 
=  ±  (cos  A  cos  S  —  sin  il  sin  5) 
=  ±  cos  A  cos  B  T  sin  i4  sin  £ 

=      ^^icos£-|- cos^isinB.  (i) 

cm(Ai  +  B)  =  cos(A  ±R  +  B)=  Tsin(^+S) 
=  T  (sin ^cosB+cos-4sinS) 
=  Tsin^icosBTcos^sinB 
=      cosj4iCosB  —  sin^isinB*  (a) 

*  If  the  stndent  finds  it  di£Bcult,to  follow  the  double  sgns,  let  him  considei  the 
two  cases  Ai  -  A  +  R,   Ai  m  A  -  R,  separately. 
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Equations  (i)  and  (a)  show  that  the  addition  theorems  continue 
to  hold  if  the  angle  A  is  increased  or  diminished  by  R,  and  the  same 
reasoning  applies  to  the  angle  B.  By  a  repetition  of  the  process 
just  employed  it  is  clear  that  the  theorems  will  continue  to  hold  true 
ii  Aiis  replaced  by  Ai,  where  At='  Ai  ±  R  =  Ai±  a  R,  and  gen- 
erally that  A  may  be  i^Iaced  by 

An  =  A  ±  nR, 
and  B  by 

B,  -  B  ±  mR, 

n  and  m  being  two  arbitrary  integers. 

But  this  proves  the  theorems  for  all  values  of  the  angles,  for  any 
po^tive  or  negative  angle  may  be  put  in  the  form  A  ±  nR,  where  n 
is  some  integer  and  A  some  angle  less  than  R. 

108.  Addition  Theorems.  Second  Proof.  The  addition  theorems 
may  be  proved  without  making  use  of  the  law  of  sines  and  the  jiro- 
jection  theorem. 

In  Fig.  140,  let  XOM  =  angle  A,  and  MON  = 
angle  B,  then  XON  =  angle  {A  +  S). 

On  ON  take  any  point  P,  and  from  P  draw 
PT  .xaA  PQ  perpendicular  to  OX  and  OM 
respectively. 

From  Q  draw  QR  perpendicular  to  OX  and  j^  j„ 

QS  parallel  to  OX. 

The  triangles  QOR  and  QPS  are  similar  (Why?),  hence  angle 
QPS=  ai^lei4.    Now 

^     ^     '      OP  OP  OP^OP 

=  *2     02,  5P     QP 

OQ  '  OP     QP  '  OP 

==  sin  -4  cos  B  +  cos  X  sin  5. 

, ,   ,   „,     or  _  OR-TR  ^gR_SQ 

^  '     OP  OP  OP      OP 

OR     OQ_SQ     QP 

^  OQ'  OP     QP  '  OP 

=  cosAoosB~siaAwiB. 
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In  the  figure  we  have  taken  A  +  B  less  than  a  right  angle,  but  the 
proof  just  given  will  hold  for  any  angles,  provided  proper  attention 
be  given  to  the  algebraic  signs  of  the  lines  which  enter  the  figure. 

109.  Subtraction  Theorems  for  die  Sine  and  Cosine.  Since 
the  addition  theorems  have  been  shown  to  hold  for  negative  as  well 
as  for  positive  angles,  we  may  replace  Bhy  —  B.  The  equations  (i) 
and  (3),  Article  106,  then  become 

sin  (4  -  S)  =  an  ^  cos  (-  B)  +  cos  il  sin  (-  S) 
cos{^  —  B)  =  cos  A  cos(—  B)  —  sini4  sin(—  B), 
from  which 

^(A  —  B}=  ^n A  cos£— cos^  sins,  (i) 

cos(^-  B)-c6s-4  co8B+^^  sinB.  (2) 

These  formulas  enable  us  to  compute  the  ane  and  coane  of  the 

difference  of  two  an^es  if  the  sines  and  cosines  of  the  separate  angles 

are  known. 

Example.  Given  the  functions  of  45°  and  30°;  to  find  the  sine 
and  co^e  of  15". 

Solution. 

sin  15°  =  an  (45°  -  30")  -  sin  45°  cos  30°  -  cos  45°  sin  30° 

008  15°  —  COS  (45"  —  30°)  =  COS  45°  cos  30°  +  an  45°  sin  30" 

=  i  Va .  i  \/^  +  §  V; .  i  =  }  (^  +  Va). 

Exercise  49 
I.  Find  the  sine  and  cosine  of  15° from  the  relation,  i5''=6o''— 45°. 
3.   Given   sin  x  =  f ,   cos  a;  =  f,    sin  y  =  -^j  cos  y  =  |?;     find 
sin  (a:  +  y)  and  cos  (x  +  y), 

3.  Find  sin  90°  and  cos  90°  from  the  relation  90°  =  60"  +  30°. 

4.  Find  an  0°  and  cos  0°  from  the  relation  0°  =  30"  —  30°. 

5.  Apply  the  addition  and  subtraction  theorems  to  find  the  fol- 
lowing: 

sin  (90"  —  x),    cos  (90°  -{-  x),  sin  (180°  -{-  x),  cos  (270°  —  x), 
an  (360°  -  y),  cos  (45°  -  y),  sin  (30°  +  y),    a»s  (60°  —  y). 
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6.  Show  that 

sin{A+B)  +  an{A-  B)=  a  sin  .1  cos  J, 
an  U  +B)  -  sin  (^  -  B)  =  2<mAanB, 
<m{A  +  B)  +  cos  {A  -  B)  =  laysAcosB, 
cos{A+B)  ~  cos{A  -  B)  =  -  2siaAsaB. 

7.  By  puttii^  B  =  A  in  Problem  6  show  that 

^2  A  =■  2WiA  cosil,cos2^  =  zcos'^  —  1=1 

8.  Prove  the  subtraction  theorems  geo- 
metrically by  means  of  Fig.  141.  XOQ  = 
angle  A,  MON  =  angle  B,  XON  =  ai^e 
(A  ~  B).  QR,  QP,  PT  are  perpendiculars 
to  OX,  OM,  OX  respectively.  Angle  SQP  - 
ang^e  A  (Why?).  , 

9.  Show  that  the  answers  to  Problem  17,  Fig.  141. 
Ezerdse  3S,  may  be  put  in  the  forms 

=  asingcosg  ^  a  sin  a  sin  0 

sin(a-/3)'  ^       sin(a-^)" 

10.  Show  that  the  answer  to  Problem  19,  Exercise  38,  may  be 
written 

.  a  sin  a  sin  a' 


Vsin(a 


.')sin(a  +  «') 


^  an  M  ±  g) 
cos^  cosB 


And  hence  that 


tan  ^  +  tan  B  _  sJnM 
tan  A  —  tan  B      an  (A 


--S1. 


■B) 


13.   Show  that    sin(«+ 1)1?  =  sin«flcosfl  +  cos«flsintf, 
and  hence  that  an»+i   =  sin«°cosi''  +  a>SM''sini'', 

similarly  cosb  +  i   =  cos»''co8i'*  — sinn'sin  1°. 

Hence,  if  the  ane  and  cosine  of  1°  are  known,  those  of  2",  3",  etc., 
may  be  readily  computed. 

13.  Show  that  cos  (i4  +  J  r)  +  sin  (-4  —  J  «■)  =  o, 
and  an  (X  +  Ja-)  +  <»s(^  -  ir)  -n/2  (suiX+  coa^). 
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14.  Show  that 

cos4  sin  (S  -  C)  +  cosBsin  (C  -A)  +  cosCan  M  -  B)  =  o, 
an^sm(B-C)  +  sinBsin(C--4)  +  sinCsm(^  -  B)  -  o. 

15.  Two  straight  roads  OA  and  OB  (Fig.  14a) 
cross  at  an  angle  a.  From  0,  their  poiDt  of  inter- 
section, a  straight  road  is  to  be  laid  out  to  a 
p<mit  P,  which  is  p  miles  from  the  first  road  and 
g  miles  from  the  second.  Required  the  angle  6  "^ 
which  OP  will  make  with  OA .  Fig_  j^j, 

£=_4°9_,  whence    tan  fl  -     ^^°«    . 

q       sm(a-9)  pcosa  +  g 

16.  The  area  T  of  a  triangle  was  computed  from  two  sides,  b  and  c, 
and  the  included  angle  A .  Afterwards  it  was  found  that  an  error  < 
had  been  made  in  measuring  the  angle  A.  Show  that  the  corrected 
area  is  given  by  the  formula 

r' =  r  (cos  t  +  sin  «  cot  ^ ). 

17.  Two  parallel  forces  p  and  9  act  on  levers  of  lengths  a  and  b 
re^>ectively,  which  are  inclined  at  an  angle  a  at 
the  common  fulcrum  0.  What  angle  0  must  the 
forces  make  with  the  lever  a  in  order  that  there 
may  be  equilibrium? 

(Suggestion.     Equating  moments  about  0  we 
_  have 

Fig.  143- 

ap^0  =  bg  sin  {a  +  0), 

from  which  tan  tf  =       ^^^'""      ■) 

ap  —  bg  cos  a 

18.  Show  that 

sin{A  +  B)  sin  (A~  B)  =  sin'  A  —  sin'S  =  cos'B—  cos'^, 
cos  {A  +  B)  00a  {A  —  B)  =  cos*  A  —  sin*B  =  cos*S  —  sin*  A. 

i().  «,  y,  s  being  any  angles,  show  that 
sin  (x  +  y  +  z)=  sinxcosycosa  +  sinycosgcosx  +  sinicosaicosy 

—  sin  a:  sin  y  sin  2. 

«09  (x  +  y+e)  =  cosa;cos)icosB  —  cosssinysinz—  cosystnzsinx 

—  coszsnxsiay. 


1 
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20.  Show  that 

sin  (x  +  y  —  z)  +  ^(x  —  y  +  z)  +  s\n(—  x-\-y  +  z)  = 

sin  (x  +  y  +  i)  +  4  dn  a:  sin  y  sin  !. 
cos  (*  +  y  —  z)  +  cos  (x  —  y  +  z)  +  cos  (—  a^  +  y  +  e)  ■" 

4  cos  X  COS  y  cos  2  —  cos  (a;  +  y  +  z). 

21.  By  eliminating  a,  b,  c  from  the  equations  (Art.  63), 

c  =  flcosB  +  icos^, 
a  =  b  cos  C  +  c  cos  B, 
6  =  1;  cos  A-{-  a  cos  C, 
show  that 

cos*j4  +  cos'B+  cos*C  +  2cos-4co3BcosC—  I. 
Solve  this  equation  for  cos  C,  and  obtain 

cosC=  — cos^cosB±sin^sinS, 
Remembering  that    C  =  180°  —  {A  ■\-  S),   and  disregarding   the 
lower  sign  which  is  inadmissible  (Why?),  we  find 

cos  (^  +  S)  =  cos  ^  cos  B  -  sm  il  sin  S. 
This  constitutes  another  proof  of  the  addition   theorem   for   the 
cosine. 

'  110.  Tangent  of  the  Sum  and  Difference  of  Two  Angles.  If 
we  divide  the  sine  of  the  sum  of  two  angles  by  the  cosine  we  obtain 
the  tangent,  thus 

/ .   ,    „,  ^  sin  (j4  +  B)  ^  sin  A  cos  B  +  cos  ^  an  B 
^  '°"cos(^  +  B)""co3.4cosB-sin^sinB' 

On  dividing  both  the  numerator  and  denominatpr  of  the  right- 
hand  member  by  cos  A  cos  B,  we  have 

A   ,  sin  B 
.l"'"cosB 


tan(^+B). 


cos  ^  cos  B      sin  ^  sjn  B"  an  j4  sin  B 

cos  A  cos  B      cos  A  cos  B  cos  A  cos  B 

that  is 

To  obtain  the  tangent  of  the  difference  of  two   angles,  we  need 
only  put  in  (i)  for  B,  —  B,  thus 

tan(^  -  B)  =   tan^+ton(-B) 
I  -  tan -4  tan  (- B) 
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that  is, 

^  i+tan^tanB  ^' 

Of  course  we  might  have  deduced  (a)  just  as  we  deduced  (i)  that 
is,  by  dividing  an  (A  —  B)  hy  oos  (A  —  B). 

111.   Fnnctioiis  of  Double  an  Angle.    Ji  B  =  A,  the  formulas 
for  the  sine,  cosine  and  tangent  of  the  sum  of  two  angles  become 
sin(^+i4)  =  sin^  cos  A  +  cos  A  sin  j4, 
cos(^  +  i4)  =  coSi4co8^  —  3ini4sin.4, 

tan(^  +  ^)-   tan^+tan^ 
I  -  tan^  tani4 
that  is, 

aa2A  =  2aaAcoBA,  (i) 

cos 2  A  =  cob'  A  —  an' A  =1  —  2  sin*.^  =  2C0S*j4— 1,     (2) 
2tanA  ,  , 


tan2.4  = 


-tan'^ 


By  means  of  these  formulas  the  functions  of  twice  an  angle  are 
easUy  computed,  provided  the  functions  of  the  single  angle  are 
known. 

112.  Functions  of  Half  on  Angle.  It  is  frequently  necessary  to 
express  the  functions  of  half  an  angle  in  terms  of  the  functions  of 
the  whole  angle.  This  is  most  easily  accomplished  by  means  of  (a), 
Article  in.  Since  these  formulas  hold  for  any  value  of  the  angle, 
we  may  replace  AhyiA,  thus 

cos  {2- 1  A)  =  1  —  asin'i^  =  acos*J<4  ~  i, 
or  cos  ^  =  I  —  2  an'  \A} 

=  2  cos*  ^  A  —  I.) 
If  we  solve  the  first  of  these  equations  for  sin  ^  ^,  we  obtain 
/l—COsA 


(i) 


^\/^ 


M 


and  the  second  solved  for  cos  J  ^  gives 
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Dividing  (a)  by.  (3)  gives 


Exercise  50 

1.  Given  the  tangents  of  45°  and  30°,  compute  the  tangents  of 
75°  and  15°. 

«      ^  -4-  V7  „      1  -  Vj 

Am.  tan  75°- '^1-' — ^.     tan  15°=  >5 -i- 

3-V3  3  +  V3 

2.  Given  tan  4  =  §,  tan  S  =  §,  find  Un  (A  +  B)  and  tan  {A  —  B). 

3.  Show  that 

tan(4S°  +  -4)-i±^.         Un(4S"- ^)  -  i^^- 
I  -—  tan  A  I  +  tan  A 

4.  Show  that 
^  cot  ^  cot  g  —  I  ^.  (A^w\—  cot  ^  cot  B  +  I 

-cot-4+cotB' 

5.  Show  that 

tj^/j  I      I  j-j^    tanx  +  tany  +  tong-tanJtanytaog 
I  —  tan  a:  tan  J  —  tan  y  tan  a  —  tan  e  tan  x 

6.  Express  sin  4^4,  cos  ^A,  tan  4.4  in  terms  of  the  functions 
of  2  ^. 

7.  Given  the  functions  of  30°;  find  the  sine,  cosine  and  tangent 
of  60". 

8.  Given  the  functions  of  45°;  find  the  sine,  cosine  and  tangent 
of  22^°.  

AnS.    sin22j°™JV2  — Va,  cos  221"  =  I  V'2+\/2,  tan  22^°-=  v^— I- 

9.  Given  the  functions  of  30°;  find  the  sine,  cosine  and  tangent 
of  "S".  ^ 

Ans.  sin  r5°=J  ^^2— v^,  cos  is°~i  ^^  +  v's,  tan  is''=2— vj- 

10.  Express  sin  3  i4  in  tenns  of  ^  ^. 

Ans.   sin3.4=3sini4  —  4 sin' A . 
(Suggestion._3^  =3  A  +-4.) 

11.  Express  cos  3  ^  in  terms  of  cos  ^ . 

Ans.   cos  3  <4  =  4  cos*  A  —  3  cos  ^. 
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12.   Express  tan  5  ^  in  terms  of  tan  vl . 


Arts,   tan  3  -4  ■■  ■* t—. 

1  —  3  tan*  A 


13.   Find  the  sine  and  cosine  of  18°. 
Ans.   sin  18"= — ^ j 


(Suggestion.  Let  x  —  18°,  then  2  »  +  3  «  —  90°,  3  «  —  90°  —  3  jc, 
sin  2  3t  =  cos  3  a:. 

Now  express  sin  2  x  and  cos  3  x  each  in  terms  of  functions  of  x, 
and  solve  for  an  x.    Then  cos  x  =  Vi  —  sin*x.) 

14.  Show  that  if  t  stands  for  tan  A , 

cos  2  i4  = -1         tan  2A= _• 


i  +  fi 

5.   Use  Fig.  144  to  prove  that 
sin  2^  "  3sin^  oos^, 
cos  2  -4  =  cos*  A  —  an*  A 


16.  Use  Fig.  145  to  prove  that 


a^A  =  Vjd-cos^), 


cosj.4  -  -s/Ki  +  cos^). 


fs 
Fig.  us- 


(Suggestion.  smM  =  — .     R^  =  0^  +  0^  -  20R-0ScosA, 

cosM-— ,    RP'=0R'+0P'+2  0R-0PcoiA,) 
2r 

17.  If  A +  B  +  C~  180°,  show  that 

tan^  +  tanS  +  tanC-tan^tan^tanC. 

18.  tan ^  =     '^^^^   .    Solve  this  equation  for  tan i ^,  and 

I  —  tan* }  A 
identify  your  result  with  (4),  Art.  112. 

19.  Show   that  the  equation  a  tan  x  +  b  cot  x  =  c,  may  be  re- 
duced to  the  form  (a  —  6)cos23c  +  csin2x  =  a+ft. 
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ao.  A  flagpole  50  ft,  high  stands  on  a  tower  40  ft.  high.  At  what 
distance  from  the  foot  of  the  tower  will  the  flagpole  and  tower  sub- 
tend equal  angles?  Ans.  130  ft. 

-  21.  A  tower  is  situated  at  a  distance  of  a  ft.  from  the  banks  of  a 
river  b  ft.  wide.  At  what  height  on  the  tower  will  the  river  subtend 
an  angle  of  30°.? 

Ans.  iAV^±}V3  6*-4o>-4oA.     (Two solutions?) 

33.  The  dial  of  a  town  dock  has  a  diameter  of  2  r  =  S  ft.  and  its 
center  is  A  =  70  ft,  above  the  ground.  At  what  distance  from  the 
foot  of  the  tower  will  the  dial  be  most  plainly  visible? 


I  by    o#^^4      f 


Ans.  X  =  V(A  +  r)(A  -  r)   -  69-98  ft. 
(Suggestion.    The  angle  subtended  by  the  dial  must  be  the  largest 
possible.) 

23.  The  height  A  of  an  object  AB  was  computed  from  the  dis- 
tance rf  of  a  point  O  from  the  foot  of  the  object 
and  the  angle  9  which  AB  subtended  at  this  point.  y'    Jl 

It  was  found  that  an  error  <  had  been  made  i 
measurii^  6.  Show  that  A  must  be  corrected  1 
an  amount  Fig.  146. 

dsint 

'"C0!(»  +  ,)C0»' 

113.  Sums  and  DlfEerences  Transformed  into  Products.    From 

sin(^  +  B)  =  sin^cosB-|-cos^anS 
sin  (.4  —  S)  =  sin  i4  cos  B  —  cos  ^4  sin  £ 
cosiA  +  B)  =  cosAtxy&B  —  sinAsinB 
cos  {A  —  B)  =  cosjlcosB  +  sin^MnB 

we  obtain  by  addition  and  subtraction 

an(^  +  B)  +  sin(.d  —  B)  =  3sin,<lcosB 
sin(i4  +  B)  —  sm(i4  — B)-2cos^sin5 
cos  (^  +  B)  +  cos  (^  -  S)  -  a  cos  4  cos  S 
cos  (ii  +  B)  -  cos  (^  -  B)  =  -  3  sin  il  sin  S. 
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(i) 


A  +  B  =  X  and .4-5  =  y, 
from  which  ^4  =  4  (*  +  y),    B  =  ^(x-  y), 

so  that  the  preceding  formulas  become 

^iB+  any  =  2sn.i{x-\-y)  COB  i{x—  y)' 
sis  X  —  sin  V  =  3  cos  j  (iT  +  p)  sin  I  («  —  y) 
cosa!+cosv=acos|Cir+p)cosl(ic—  tf) 
COB  as-  COSv=-3Snii(a!+v)sin|(a;-y). 
These  formulas  are  frequently  used  in  the  further  study  of  mathe- 
matics.   One  of  their  uses  is  that  they  enable  us  to  replace  sums  or 
differences  by  products  and  thus  help  us  to  adapt  formulas  to  com- 
putation by  logarithms. 

Example  i  .    Transform  sin2^-|-an4^-hsm6^  into  a  product. 
Solution.     By  the  first  formula  (i) 

sin2  0-(-sin4^  =  2Sini(2  0  +  40}cosi(2^-4^) 
■>  3  sin  3  0  cos  <p 
and  by  (i),  Art.  in, 

sin6^=  2  sin  3^  cos  3  <f>. 
Adding 

sinz0  +  sin40  +  sin60=  asin3^(cos3  0  +  cos^). 
We  next  apply  the  third  of  formula  (i)  to  the  expression  in  paren- 
theses on  the  right 

cos  3  0  +  cos  0—2  cos  2  0  cos  0, 
so  that  finally 

sin  2  0  +  sin  4  0  +  sin  6  0  ™  4  sin  3  0  cos  2  0  cos  0. 
Example  2.   If  ^ -(-S  +  C=  180°,  show  that 
sin 2  A  -f-sin25  +  sin2C=  4sin^sin5sinC. 
Solution,  sin  a  .4  +  sin  2  B=  2  sin  (.4  +  5)  cos  (A  —B) 
=  2  sin  C  cos  {A  —  B), 
and  sinaC^  asinCcosC 

=  —  2sinCco8(^  +  B); 
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hence 

sm24  +  siiia5  +  sm2  C=  2  sin  C  [cos  (j4  —  B)  —  cos  (^  +  B)]; 
but  by  the  fourth  of  the  formulas  (i) 
cxys  ( A—  B)  —  cos  (A  +  B)  =  z  sin ^4  sin  S, 
therefore  finally 

Mn2^  +  sin2B  +  sinaC  =  4sin^sinBsinC. 

EXESCISE  51 

1.  State  in  words  the  theorems  embodied  in  the  formulas  (i), 
Article  113. 

2.  Show  that 

sm  (30'  +  y)  +  sin  (30*  -  y)  =  cos  y, 
9hi(30°  +  y)  -  310(30"  — y)  =  Vssiny, 
cos  (30°  +  y).+  cos  (30°  ~  y)  =  V^  cos  y, 
cos  {30°  +  y)  —  cos  (30°  —  y)  =  —  sin  y. 

sin  75°+  sm  15°=  J  Vfi, 

sin  75°-  smi5''=  Jv^, 
cos  75°+  cos  15"=  }  v'd, 
cos75''-coais''=  -\Va. 

4.  Express  the  following  products  as  sums  or  differences  of  two 
functions, 

sin  10°  cos  s",  cos  20'  sin  10°,  ^  }  4  sin  }  0, 
cos{lr-^))cos(lT  +  0). 
Ans.  J  (sin  15°  +  sin  5°),  ....  §  (cos  i  x  +  cos  a  ft)  -=  ^cos20. 

5.  Show  that 

sin  16°+  sin  14°"  2  sin  15°  cos  1°, 

sin^-^—  8m-=  acosa:sin-. 
22  2 

sin  (»  +  i)  a:  +  sin  (»  —  i)x  =  3  sin  nx  cos  x. 


3.  Show  that 
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Prove  tlie  following  identities: 

tanJU-5) 


sin^- 

sinB 

cos^  + 

cosB 

coaA  — 

cosB 

sini4  - 

3in£ 

cos^~ 

cosB 

sin^- 

sin£ 

=  ~coti('4  +  B)cotJU-S). 
=  tan}U-.B). 


cos  A  —  cos  B 

10.  Show  tliat 

an  (a  +  x)  sin  a:  =  m  cos  (a  +  a)  cos  a: 
may  be  transfonned  into 

—  cos(o!+  2a;)  +  cosa  =  m[cos(<i!  +  2a:)  +  cosa]. 

11.  Show  that 

i  (cos  2  X  +  cos  2  y)  =  coa  {x  +  y)  cos  (x  ~  y), 

—  i  (cos  2X—  cosiy)  =  sin  (a:  +  y)  sin  (x  —  y). 
13.   Using  the  results  of  ii  show  that 

cos  (x+y)  sin  {x—y)+cos  (y+z)  sin  (y-z)+cos  (z+x)  sin  (z-a:)-o. 

13.  Show  that 

sin  100°+  sin  40°+ sin  60°=  4  cos  30°  an  50*  cos  «>% 
sin  2ff  +  sin6tf  +  sin89  =  4COsffcos3tfsin4ff. 

14.  Show  that 

sin  d  +  sin  (a:  —  2)  =  2  sin  (x  —  i)  cos  i, 
whence  sin  a:  =  2  sin  (a:  —  i)  cos  i  —  sin  (x  —  2). 

Similarly  sin  x  =  a  cos  (a;  —  i)  sin  i  +  sin  (a;  —  2), 

cos  X  =  2  cos  (x  —  i)  cos  I  —  cos  (a;  ~  a), 
cos  X  =  —  2  an  (x  —  i)  sin  I  +  cos  (x  —  2). 
These  formulas  enable  us  to  compute  the  sine  or  cosine  of  x°  if 
the  sines  and  cosines  of  (a;  —  i)",  (a:  —  a)°,  and  1°  are  known. 

15.  Assuming  the  functions  of  1°  and  2°  as  known,  compute  the 
sines  and  cosines  of  3°,  4°  and  5°. 

(Si^estion.    Apply  the  results  of  Problem  14.) 
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i6.  By  the  law  of  sines 


Takinf;  this  proportion  by  composition  and  division,  we  obtain 

a  +  b  ^  anA  +  sJnB 

a  —  b      sin^  —  sinS 
Apply  formulas  (i),  Art.  113,  to  this  result  and  deduce  the  law 
of  tangents.     (This  constitutes  an  independent  prm^  of  the  law  ef 
tottgents.    This  proof  is  the  one  generally  given  in  elementary  text- 
books on  trigonometry.) 

17.  From  the  law  of  sines  we  obtain  readily 

c      ^         sinC  e     _         sinC 

a  —  b      sinj4  —  sinB  a  +  b      sinj^  +  sinB 
Hence  deduce  the  dcvUe  formtdas 

c     _siniiA+  B)  c     ^C08H-^  +  ^) 

a-b      sinJ('4--B)'  «  + A  "  cosH^  -  £)' 

18.  In  Fig.  83,  let  A'  =  angle  PAC,  B'  -  angle  PBC,  then  by 
applying  the  law  of  sines  to  each  of  the  triangles  PAC  and  PBC, 
we  find 

J  _  osinB'  ^  b^A'  J.  , 

sin0  sina 

from  which 

sinyl^  _  gang 
sin  S'  "  A  sin  (3 
By  composition  and  division  and  the  identity  in  Problem  6 

sinA'  +  sinB'  _  a  sin  a  +  &  an  ff  _  tan  }  (A'  +  B')         ,  , 
sin^'-sinB'"osina-6sin(S      tan}U'-B') 
Now  A'  +  B'is  known  from  the  relation 

A'+B'  +  C  +  a  +  »~  i6o->, 
and  therefore  (2)  enables  us  to  find  A'  —  B'.     Hence  A'  and  B' 
may  be  found  and  with  these  known,  the  law  of  sines  gives 
J  _6sinU'  +  a)  j^_csin(5'  +  g) 

ana  sinfS 

This  omstitutes  another  solution  of  the  three-foint  probleM. 
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19.  Prove  the  formulas  (i),  Article  113,  geometrically  by  means 
of  Fig.  147. 

Suggestion.    Take  the  radius  of  the  arc  equal  to  unity,  that  is, 
OE  =  OD=  I,  then  ^ 

sin  a:  +  sin  y  =  2  •  GF, 

sin  X  —  sin  y  =  2  •  LF,  /   \k  \i\d 

cos  x  +  cos  y  =  2  ■  OG, 
cos  X  —  cos  y  =  —  a  ■  LD. 

30.  Show  that 

tan  ia  +  x)  +  tan  x  _  sin  (a  +  2  x) 
ton  (fx  +  x)~  tan  x  sin  a 


Fig-  147- 
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TRIGOHOMBTRIC  EQUATIONS 

114.  Angles  Corre^ondiug  to  a  Given  Function.  Every  given 
angle  has  a  single  sine,  cosine,  tangent,  etc.  In  Chapter  X  it  was 
shown  how  these  functions  may  be  found  from  the  tables  by  first 
expressing  them  in  terms  of  an  angle  in  the  first  quadrant.  Suppose 
now  that  one  of  the  functions  of  an  angle  is  known  and  it  is  required 
to  find  the  angle.  If  the  angle  is  known  to  be  less  than  R,  it  is  at 
once  found  from  the  tables;  if  less  than  2  R,  there  also  is  no  uncer- 
tainty except  in  the  case  of  the  sine  (and  its  reciprocal  the  cosecant), 
which  may  be  either  the  angle  given  in  the  table  or  its  supplement. 
But  in  case  no  restriction  is  imposed  on  the  magnitude  of  the  angle, 
the  given  function  may  belong  to  any  one  of  an  unlimited  num- 
ber of  angles.  We  shall  show  how  all  the  angles  corresponding 
to  a  given  function  can  in  each  case  be  expressed  by  a  single  for- 
mula from  which  their  separate  values  may  be  written  down  when 
required. 

116.  Principal  Value.  Of  all  the  angles  which  correspond  to  a 
pven  function,  the  one  which  has  the  least  numerical  value  is  called 
the  principal  value  (see  Article  81).  If  there  are  two  least  values 
with  opposite  signs,  the  positive  angle  is  taken  as  the  principal 
value. 

Thus,  if  sin  I?  =  i,  tf  =  30°  or  150°  or  either  of  these  values  in- 
creased or  diminished  by  any  number  of  times  360°.  Of  all  these 
angles,  30°  being  the  least  numerically,  is  considered  the  principal 
value  of  the  angles  i^ose  sine  is  ). 

If  sin  fl  =  —  ^  V3,  0  =  —  60°,  —  rao"  or  either  of  these  values 
increased  or  diminished  by  any  number  of  times  360°.  Here  —  60°, 
having  the  least  numerical  value,  is  the  principal  value  of  the  angles 
whose  sine  is  —  §_V3. 

If  cos  6  =  i  Vz,  6  =  45°  or  —  45°  or  either  of  these  increased  or 
diminished  by  multiples  of  360°.  In  this  case  45°,  not  —  45°,  is  the 
principal  value  of  0. 
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116.  Fonnota  for  An^es  Having  a  Given  Sine. 

Let  it  be  required  to  determine  6  from  the  equation 

sinfl  =  k. 
Let  a  "  the  principal  value  of  0,    Th«i  the  other  values  of  6  are 


2,  +  « 

-a»  +  <., 

31-or 

-3»-«. 

4ir  +  « 

-4T  +  «. 

S'-« 

-s»-«, 

6i  +  « 

-6t+o 

etc. 

etc. 

It  will  be  observed  that  the  coefficients  of  r  are  the  integers 
I.  2,  3,  4,  s,  6,  etc.,  -1,-2,-3,-4,-5,-6,  etc., 
while  the  sign  of  a  is  positive  or  negative  according  as  the  coefficient 
of  r  is  even  or  odd.  Now  (—  i)"  is  always  positive  when  »  is  an 
even  int^er,  negative  when  »  is  an  odd  integer.  Making  use  of 
this  property,  we  can  express  the  whole  set  of  angles  by  the  single 
formula 

fl  =  MT +(-!)"«, 

where  a  is  the  principal  value  of  the  angles  whose  sine  is  k,  and  » 
any  positive  or  negative  integer. 

When  «  =  o,  we  get  the  principal  value  of  9,  for 

OT+(-    .>  =  «. 

117.  Fonnula  for  Angles  Having  a  Given  Cosine. 

Ji  iXG  0  =•  k,  and  a  the  principal  value  of  0,  the  other  values  of  $  are 


2r  +  a 

-nr  +  fx. 

4T-a 

-4T-a, 

4i  +  « 

-4"-+c>, 

6i-« 

-6>r-«, 

6r  +  <. 

-  6»  +  «, 
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Ali  these  values  and  no  others  are  expressed  by  the  single  formula, 
tf  -  2  ««■  ±  a, 
where  2  »  is  necessarily  an  even  number. 

118.  Formula  for  Angles  Having  a  Given  Tangent 

If  tan  ff  =  k,  and  a  the  principal  value  of  0,  the  other  values  of  S 
are 

T  +  a,  -r  +  a, 

2w  +  a,  -2T  +  «, 

3T+a,  -3T  +  a, 

4T  +  a,  -4x  +  a, 

ST  +  a,  -S«-  +  ".  ^«'5°- 

etc.  etc. 

All  these  values  and  no  others  are  expressed  by  the  single  fonnula. 

n  being  any  positive  or  negative  integei. 

119.  Smnmary  of  Results.  Summing  up  the  results  of  the  last 
three  articles  we  have 

sin{n'ir+  (— i)"a)  =  slno, 
cos  (2nir  ±  a)         —  cos 
tan(mr+a)  =  tano, 

where  a  is  the  principal  value  of  the  ajigle,  and  n  any  positive  or 
negative  integer. 

These  three  formulas  should  be  thoroughly  understood  and  mem- 
orized by  the  student. 

120.  Trigonometric  Equations  Involving  a  Sii^e  Angle. 

Equations  involving  one  or  more  trigonometric  functions  of  one  or 
more  unknown  angles  are  called  trigonometric  equations.  They  may 
or  may  not  involve  other  unknowns  which  are  not  angles. 

To  solve  trigonometric  equations  involving  a  single  unknown 
angle,  we  express  each  of  the  functions  which  occur  in  the  equation 
in  terms  of  some  one  of  them,  and  solve  the  resulting  equation  alge- 
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braically,  considering  this  function  as  the  unknown.  The  cor- 
responding angles  may  then  be  easily  found  from  the  fonnulas  of 
Article  119. 

Example  i.    Solve  the  equation  2sina:  +  csca:=3. 

Solution.    Expressing  the  cosecant  in  terms  <^  the  sine,  we  have 


Now  consider  sin  x  the  unknown,  call  it  s  say,  we  then  have 

a  J  +  -  =  3. 


Clearing  of  fractions  and  traosposing, 
2S*-  $s-  I 


Solving  ,  =  3±/^*-4"  =  l^i  =  ,    or    J, 

that  is,  sin  X  —  I    or    §, 

from  which  the  principal  values  of  :c  are  a:  =  ^     or     ', 
2  6 

and  by  Article  119  the  general  values  of  x  are 

x  =  nr+(-ir^,     or     «t+(-i)"^. 

The  general  values  of  x  just  written  are  equivalent  to  the  two  sets 
of  values 

^  =  Z,    S£,    45,    ia^,  etc.,   ^^,    =-^.    ^-^.etc. 


ii,  uj,  nj  , 


- ,  etc., 


Check.  If  an  X  =  i,  esc  x  =  i,  and  2sinx  +  cscx=  2.1+  i  =3. 
Ifsinx  =  J,  cscx  =  2,  and  2sinx  +  c3Cx=  2  .^-\-  a  =3. 

Example  2-    To  find  tf  in  the  equation  tan  tf  +  3  cot  tf  =  4, 
Solution.    Expressing   the   cotangent   in   tenns   of   the   tangent 
gives 

<  +  ?  =  4, 
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where  I  ™  tan  0.    Solving  for  t, 


Al^=i-^-SOTi 


that  is,       tan9~3    or     i, 

from  which  the  principal  values  of  9  arc 

B  =  tan-13  =  7i''33'54"ortan-»i  -45°. 
By  Article  119  the  general  values  of  9  are 

fl  =  »  •  180°  +  71"  33'  54"  or  »  •  180"  +  45°. 
Check.    If  tanff-3,cotff=  i,      tantf +  3cottf  -  3  + 3.  J  =  4. 
If  tan  tf=  I,  cot 9-  I,      tanfl  +  3cottf  =  1  +  3.1  =  4. 

Example  3.    Find  ^  in  tan  ^  +  a  v  3  cos  <ft  =  o. 

SoIuUon.  tan^=^^~'^f'^, 

cos^ 

hence  V  i  —  cos*  0  +  a  V  3  co^  ^  ™  o. 

Transpo^ng  one  term  and  squaring, 

I— co^^"  lacos*^, 

la  cos*  ^  +  cos*  ^  —  I  —  o, 

a».^=ZLi±^^ZTZiF.:^l±7  =  i    or     =^, 
24  34  4  3 

co80  =  i,  -i,  v^,  -v^. 

The  last  two  values  of  cos  ^  are  not  admissible,  since  the  codne  of 
a  real  angle  cannot  be  imaginary,  and  the  first  two  values  each  give 


Check,    cos  ( a  «T  ±  -]=  J,   tan  ( a  «t  ±  -]=  ±  y/s, 

tan  ^  +  a  V3  cos  ^  =  ±  i  +  a  Vj .  ( J)  =  o  for  the  lower  sigr 
but  not  for  the  upper.    Hence  the  general  solution  of  the  equation 
tan^+  2 v'3Cos^  =  0    is    ^=a»T—  "■ 
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This  example  clearly  shows  the  necessity  of  verifying  the  results 
before  accepting  them  as  the  solutions  of  a  given  equation. 

Example  4.    Solve  the  equation  sin  x  +  cos  *  =  Va. 
First  solution,    sinj:+  vi  —  sin'x  =  v  2, 
Vi  —  sin*  X  •*  v  2  —  sin  x. 
Squaring  i  —  sin*  x=  a  —  a  Va  sin  i  +  sin*  x. 

Solving  a  sin*  x—  2  V2  sin  »  +  i  =  o, 

^^^aV7±V8-4.2,VJ, 
4  a 

x  =  wr+{-i)''!:. 

4 

Check.  sin/jw+C-O'^j-iVi,  cos  («H-(-i)"-)- ±  }'^^, 
according  as  » is  even  or  odd.    Therefore 

sini+ cos  1=  jVa  ±  J'/a  =  Va     or    o 

according  as  n  is  even  or  odd.  We  see  that  the  lower  sign  does  not 
satisfy  the  original  equation,  that  is  n  cannot  be  odd;  hence  the 
general  solution  of  the  equation 

sin  a;  +  cos  x  =  v  2 
is  a:  =  2  MT  +  }  T. 

Second  solution.  We  have  given  the  solution  which  would  most 
naturally  suggest  itself  to  the  beginner.  A  more  elegant  solution  of 
the  foregoing  equation  is  the  following: 

Since  cos  x  =  sin  i\ir  —  x),  the  equation  to  be  solved  may  be 
written 

sin  I  +  cos  a:  =  sina;  +  sin(jT—  x)  =  V  2. 

The  middle  member  is  the  sum  of  two  sines,  which  by  Article  113 
may  be  transformed  into  a  product,  thus 

sinx  +  sin(J)r  —  x)  =  asinjr  cos  {x  ~  \t)  =  V2, 
that  is  2  •  J  V^2  ■  cos (x  —  J t)  =  va , 

or  cost*  — Jtt)  =  I, 

from  which  x  —  }»■»  2fi±o,  orx— aft-t-Jx. 
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Examples.    Solve  the  equation  a  sin  (a:  +  a)  +  i  cos  (n:  +  j3)  -  o, 
a,  b,  a,  ff,  being  known  constants. 
Solution.     ^  (x  +  a)  =  sin  X  cos  a  +  cos  x  sin  a, 
cos  (x  +  (J)  =  cos  X  cos  ^  —  sin  X  sin  p. 
Substituting  these  values  in  the  original  equation, 

a  (sin  xcosa  +  cosxsina)  +  6  (cos  xcos/S— sinxsin^  =  0. 
CoUecting  the  coefficients  of  sin  x  and  cos  x  separately,  we  have 

(a  cos  a  —  isin/3)sinx+  (osinci;  +  &cos^)cosx=  o. 
Dividing  by  cos  x,  and  solving  for  tan  x, 

tan  I  31      a  sin  Of  +  ft  cos  p 
ffl  cos  a—  ft  sin  0 


\BCOsa—  ftsin^/ 


Check.    To  check  complicated  results  like  the  one  just  obtained 
it  is  best  to  assume  arbitrary  values  for  the  constants.    Thus  if 

o  -  .,  i  =  .,  »  -  20-,  ^  -  ,s°,  °«i»°  +  *<^<  .  ,.„8,, 
a  COS  a  —  Dsmff 

x=  nr—  tan-i  1.0181  =  »ir  —  4S''3i', 

X  +  a  =  W  -  25''3i',     ar  +  /S  =  KJT  -  3o''3i'. 

Substituting  these  values  in  the  original  equation,  we  have 

a  (±  0.4308)  +  I  (T  0.8615)  =  o. 

EXESCISE    53 

In  the  following  find  both  the  principal  and  the  genetal  value  of 
the  angle: 

I.   tan$  =  2&m$. 

Ans.  tf  =  »]ror2»T±-;  principal  values  o  and  -• 


a.  3  sin*  X  =  (©s*  X. 

3.  3  tan*  X  —  4  sin*  x  =  i . 


i4»j.  x  =  «T±-;   prindpai  value -• 
6  6 


prindpai  value  -• 
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4.  2  sin*  ^  =  3  cos  ^, 

Ans.  6=  2nr±~i   principal  value '- 
3  3 

5.  tany+coty  =  2.   Ans.  y  -     Tn+ J  ir;  principal  value -• 

In  the  foUowii^  problems  find  those  values  of  the  variable  angle 
which  are  less  than  360°: 

6.  tan*x  +  csc»«  =  3.  Ans.  x  =  ^,    ^,    ^.    ^• 

4       4        4        4 

7.  dniS  +  cos0=i.  Ans.  tf™o,  ir. 

8.  cscaicota:- 2^3.  Ans.  *"|'    ^• 

9.  sin*<—  a  cos(  +  i=  o.  Ans.  '  =  T'T" 

10.  3sec*tf  —  iosec»tf+8  =  o. 

Ans.  tf  =  t,    '-,    ^,    ^,    ^,    ^,    ^.     ^^■ 
6446644  6 

11.  tan«+  sec* a:  —  7. 

Ans.  «"  63°  26' 04",  io8°26'o6",  243°  26' 04",  288°  26' 06". 

12.  6  cos*x+ ssina:  =  7. 

Ans.  X  =  ig"  28' 16",  30°,  150°,  160°  31' 44". 

13.  an  a;  +  CSC  a;  —  jf.  Ans.  a;  =  30",  150°. 

14.  sin  a:  —  cos  a:  =  5.  Ans.  Nos<riution. 


15.  If  a  an  X  +  d  cos  %  =  c,  show  that  sin  «  =  — = —       "j • 

16.  If  o  tan  a:  +  6  cot  X  =  c,  show  that  tan  X  =  ^-^ ~  ^    ■■ 

20 

17.  If  sin  (a  +  x)  =  m  sin  ar,  show  that  sin  X 


or  more  simply  cot  x  = 


'n/hi'— 2«C0Sa!  +  I 
f»—  cosa 


=  m  tan  x,  show  that 


^^^  (w-  i)±V{m-  0*-4Wtaa*a 


19.  If  tan  (a  +  x)  tan  X  ™  ffi,  show  that        

t^.^_  -(i  +  M)tana±V(i  +  w)*tan'a  +  4» 
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By  expressing  each  product  as  a  sum  or  difference  of  functions 
show: 

20.  If    sin  (a  ±  x)  sin  X  =  m,  then    cos  (a  ±  3  x)  =  cos  a  T  2  «. 

21.  If    cos  (a  ±  r)  cos X  =  m,  then    cos(«±  2x)  =  2«  —  cosot. 

22.  If    sin  (a  ±  x)  cos x  =  m,  then    5in(a±  2x)  =  2m  —  sina. 

23.  If   cos  (a  ±  x)  sin  X  =  m,  then    sin  (a  ±  2  x)  =  sin  a  ±  2  «■ 

121.  Trigonometiic  Equations  InvolTing  Multiple  Angles. 

When  an  equation  involves  multiple  angles,  as  the  equation 
C0S3fl+sinatf  =  a,  or  tanzx  =  cotsx, 
it  can  frequently  be  solved  by  two  or  more  different  methods,  and  the 
answer  will  appear  in  various  forms  according  as  one  or  the  other  of 
these  methods  has  been  employed  in  the  solution.     Generally  the  dif- 
ferent forms  of  the  answers  can  easily  be  identified,  but  in  some  cases 
considerable  ingenuity  is  required  to  show  that  the  different  forms  are 
really  the  same.    Thus  it  is  easy  to  see  that  inr  ±  ^r  and  mit  +  J  r 
(»  being  any  integer,  but  not  the  same  integer  in  both  forms)  ex- 
press the  same  general  value,  but  it  is  not  so  easy  to  see  that 
8^me  +  ^T    or   ««--t- (  —  i)"sin~>  J  (— i±v'5) 

and  *=  2Mjr-i»  or   ?^+^ 
5        10 
are  equivalent  results. 

Example  i.    Solve  the  equation  sin  2  0  =  cos  9. 
First  solution.    Substituting  for  sin  28  its  value  in  terms  of  the 
single  ai^le  6  (Article  iii,  (t)),  we  have 

2  sin  0  cos  6  =  cos  6. 
Transposing  and  factoring, 

cosfl(2sinfl—  i)  =  o, 
from  which 

cos0  =  o,  or   &n8  =  i. 
TTierefore 

fl=3llT±iir  =  «T-t-4T«,Or»W-l-(-l)»^.  (i) 

•  9  —  3  nx  +  jrand  3nx  —  J»  —  (jB  —  i)  t  +  Jt.  Now  a  »  reprcKnta 
every  even  and  »  n  —  i  every  odd  number,  hence  we  may  write  $  ~  itr  +  Jt, 
where  n  is  si^  latter,  even  oc  odd. 
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Check. 

sin  2  tf  =  sin  (2  BJT  +  «■)  =  o,  or  sin  (a  ««■+(—  i)''-]=±  i  V3, 
according  as  n  is  even  or  odd. 

costf  =  cos(Mfl-  +  4fl-)=  o,  or  cos|ffir+(—  i)"M=±  J  V^, 
according  as  »  is  even  or  odd. 

Substituting  these  values  in  the  original  equation,  we  have 

0  =  0,01  ±iVi=±^vi. 

Second  solution. 

Since  costf  —  sin  (^t  —  $),  we  have 

sin  3  0  —  sin  (i  T  —  tf), 
fromwhidi  3fl=  «■■  +  (—  i)"(iT— tf), 

j.5L±fcitll.  (,) 

Third  solution.    Transposing  the  second  member  of  the  equa> 
tion,  we  have 

sinafl— cosfl  =  ana0— sin{}ir  —  9)  =  o. 
By  Article  113,  the  difference  of  two  sines  may  be  tranformed 
into  a  product  of  a  sine  and  cosine,  thus 

sin2ff-sin(i»-ff)=acos(Jfl  +  i)r)sin(Jfi-}T)  =  o, 
from  which 

cos  (ifl+  iir)  =  o,  or  sin  (Jff  -  Jt)  =  o, 
and  ifl+i""=  2tar  ±iT  =  nT  +  ^v,oi  ^9  —  \ir  =  mr, 

that  is,  9  =  2  MT  +  J  «■,  or  I MT  +  J  IT.  (3) 

Identification  of  results. 
If  in  (2)  « is  odd,  say  2  *»  +  i,  we  have 

0  =  {3  m  +  i)Tr  —  ^T  =  2  mw  +  ^r, 
and  if  ti  is  even,  say  2  m,  we  have 


■  3wir  +  i 


=  ImT  +  iw. 


This  shows  that  the  results  (3)  and  (3)  are  the  same. 
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Next  consider  the  second  value  in  {3).  Every  integer  n  is  either 
some  multiple  of  3,  say  3  m,  or  some  multiple  of  3  increased  by  unity, 
say  3  m  +  I,  or  some  multiple  of  3  increased  by  2,  say  3  m  +  2. 

In  the  first  case,  w  =  3  m,  we  have  from  the  second  value  of  (3) 

3636  6 

In  the  second  case, «  —  3  m  +  i, 

l^  +  t     lhJ!Ltj}l  +  Z=  (,„  +  ,)^_' 
3636  6 

In  the  third  case,  «  >"  3  m  +  2, 

3636  2 

This  last  value,  combined  with  the  first  value  of  0  in  (3),  gives 
e=3nt+ir,  or  (2M+r)»-+}»,  that  is,  fl=»BH-iT  («  even  or  odd), 
and 

9=  2mr+  J*,    or     (2m+  i)t—  i-r,  may  be  written 

This  shows  that  the  results  (3)  and  (i)  are  the  same. 

Exercise  53 
Find  the  general  value  of  the  angle  in  each  of  the  following  equa- 
tions: 

I.   coS3«  +  cosx+i=0.     Ans.   x  =  mr  —  ^v,  or  2nr  ±^r. 
cos 52:=  sm4X.  Ans.   X  =  a mr  —  i-r,  Ot 1 — -■ 


cos  s  X  =  cos  4  «■ 


sm  4  X  =°  sm  5  s. 


Alts.  X  >E  2  n 


Ans.  a:=2«ir,  or  (2»4-i)-- 


tansfl=cot2fl.  ^fM. 

sin3x  +  sin2a;  +  sinx  =  o. 

Ans.  X  '=  3 mr,  OT  3 nw ±  h^ 
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7.  cos  X  —  cos  3  X  =  sin  3  X. 

Ans.  x  =  mr,  or  nv  ~  i*,  or  »t+{— i)"-- 

8.  cossy— cos3y+smy  =  o. 

Ans.  y  =  mr,    or  if»r+(— t)"~- 
34 

9.  cos  (60°  —  x)  +  cos  (60°  +  x)  =  \. 

Ans.  3C  =  anir  ±  COS"' J  =■  Zfti8o''±  7o°32'. 

10.  cos  mx  =  sin  kx,  m  aod  jt  being  known. 

Ans.  X  =  <2S±M. 
{m±k) 

11.  cot^  ™  U.nk^,  k  bdng  known. 


12,  tan2xtanx=  1.  .ilns.  x  =  fwi  -• 

Solve  each  of  the  followii:^  problems  by  each  of  three  methods, 
and  identify  the  results. 

13,  cosaff=anff.  Ans.  tf  =  ainr  —  Jir,or !»«■  +  -• 

6 

14,  cos 3 a;  ™  sin  2  a:.  Ans.  x  =  2»w  — })r,or}»irH • 

Suggestion,    i  (-  i  +  VJ)  =  sin  ^.  1  (-  i  -  Vs")  =  sin/-  i^V 
13.   sin3x  =  cos2x.  Ans.  x  =  2f«r  +  iT,orf «)r  +  — ■ 


122.  Trigonometric  Equations  Involving  Two  or  More  Vari- 
ables. When  there  are  given  two  or  more  trigonometric  equa- 
tions, involving  two  or  more  variables,  the  solution,  if  it  is  possible 
at  all,  generally  depends  upon  more  or  less  ingenious  combinations 
of  the  equations,  for  which  no  definite  rules  can  be  given.  We  shall 
illustrate  the  various  methods  and  devices  commonly  employed  by  a 
few  examples  chosen  from  among  those  which  most  frequently  occur 
in  applied  ttigonometry. 
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Example  i.    To  find  r  and  6  from  the  equations 

f  sin  tf  =  o,  (i) 

r  cos  S=h,  (z) 

a  and  h  being  known  constants. 

Fir  A  s<Aui,ion.    Dividing  the  first  equation  by  the  tecond,  we  have 
tantf  =  ^ 
from  which  9  may  be  found,    r  is  then  found  from  either  (i)  or  (z), 

sin0      cosd 

Since  the  angles  6  as  detennined  from  the  tangent  differ  by  multiples 
of  T,  sin  9  and  cos  0  will  have  two  values  each  which  are  numerically 
equal  but  opposite  in  sign.  Therefore  r  will  have  two  values  which 
are  equal  and  opposite  in  sign.  If  from  the  outset  it  is  known  that  r 
can  be  positive  only,  which  is  the  case  frequentiy,  then  sin  9  must  have 
the  same  sign  as  a  and  cos  f  the  same  sign  ash.  Q  must  then  be 
limited  to  the  quadrants  determined  by  these  signs. 
•  Second  solution.  Squaring  each  equation  and  adding  the  results 
gives 

r'  =  a*  +  6', 

from  which  r  is  obtained.    Then  0  is  found  from  either  of  the  equa- 
tions 

sinff  =  -I    costf  =  - 

r  T 

Of  the  two  methods  the  first  is  better  adapted  to  the  use  of  loga- 
rithms than  the  second. 


Example  2. 

Find  r,  0  and  <j>  from  the  equations 

f  cos  tf  cos  ^  -  a 

(i) 

r  cos  5  sin  ^  =  6 

C^) 

r  sin  fl  =  c. 

(3) 

First  soluHon.    Dividing  the  second  equation  by  the   first  we 
obtain  t 

tan^  =  2 
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from  which  ^  is  obtained.    ^  haa%  known,  r  cos  f  is  obtained  from 
either  equation  (i)  or  (2) 

rco^e.-£-:-^.  (4) 

From  (3)  and  (4)  r  and  0  may  be  found  as  in  Example  i. 
Seamd  sohttkm.    Squaring  each  of  the  equati(»is  (i),  (2)  and  (3) 
and  adding  the  results  gives 

r»  =  ,^  +  d*  +  ^ 

from  which  r  may  be  found. 

r  being  known,  0  is  found  from  the  equation  (3),  and,  r  and  6  being 
known,  ^  is  found  from  either  equation  (i)  or  (a). 

The  first  solution  is  preferable  if  logarithms  are  to  be  used  through- 
out. 
ExAifPLE  3.    Solve  the  equations 

J-  sin  (a  +  5)  —  a 
fsm0  +  d)  =  b 
for  r  and  0. 

Solution.    Applying  the  addition  theorem  for  the  sine,  we  have 

rsinacostf  +  rcosasintf  —  a 

rsmficos$  +  rcos0sia$  =  b. 

Put  r  cos  0  =  x,r  shi9  *=  y,  the  equations  then  become 

a:  sin  a  +  y  cos  a  =  a 

a:sin/3-|-ycos(3=6. 

Solving  these  equations  for  x  and  y,  we  obtain 

K     ca-.O—        **  ^°^  P  —  b  cos  a        ^  a  cos  0  —  b  cos  a 
sin  a  cos  ^—  sinasin^  sin  (cr  —  ^) 

g  sin  ff  —  A  sin  a  tsina  —  asinp 


X  and  y,  that  is,  f  cos  0  and  r  sin  9  being  known,  r  and  0  are  found  as 
in  Example  i. 

Exercise  54 
In  the  following  equations,  consider  r  positive. 

1.  Given  r  anS  ==  8.319,  r  cos  0  =  12.88,  find  r  and  0. 

Ans.  r  =  15.28, 0  =  32"  33'. 

2.  (Mven  rsinfi  —  3,  rcostf  =  4,  find  r  and  0. 


D.qitizeabyG00l^lc 


im]  trigonometric  equations  239 

3.  GiVea  r  dn  0  »  27.138,  r  cos  9  =  —  92.692,  find  r  and  9, 

Ans.  r  =  96-583,  9  =  163°  40'  52". 

4.  Given  r OK ff cos ^  =    59.953,] 

rcosSain^—  197. 207^    Find  r,0  and  <f>. 
rsin^  ~    39.062.) 
Ans.   r  =  Z08.16, 9  =  10°  49'  00",  4>  ~  74°  4*'  oo"- 

5.  Given  r  sin  0  cos  ^  =    5, 

rcostfsin^  —  13,       Find  r,  0  and  0. 
r  sin  9  —  84. 
Xjw.  By  natural  functions,  r  —  85,  tf  =  81°  13',  ^  =  86°  36'. 

6.  Find  r,  X  and  /( from  tlie  equations 

rcosXcosff— 4,    rcosXsinft=5,  fsiaX™V59. 

7.  rsin[-  +  xW  ^3,    rsiD[^  +  a:)=  I.    Findrand*. 

Ans.  r  ■■  a,  X  "  o". 

8.  Show  how  to  solve  the  equations 

f  cos  (x  —  a)  =  o,  r  sin  (i  +  ^)  =  t,  for  r  and  x. 

9.  Solve  the  equations 

cos  (a:  —  y)  =  J  V2,  sin  (i  +  y)  —  J  V3, 
living  both  the  principal  and  general  values. 

An--   Prindpal  values,  x  =  ^or  i,  y  =  i  or  ^■ 
34       24  24        34 


where  m  and  n  are  any  two  integers. 
10.  Solve  the  equations 

cosaa;  —  C0S2y  =  a, 

Am.   X 


*--r-^}  y-^-'-'i'Tf} 


II.   Show  how  to  solve  the  equations 

tan  (*  +  y)  =  fl,        tan  a:  •  tan  y  =  ft. 
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123.  SolutioQS  Adapted  to  Logarithmic  Computatioit.     The 

solution  of  a  problem  la  trigonometry  is  not  considered  completed 
until  it  can  be  effected  by  the  use  of  logarithms,  in  fact  the  adapta- 
tion of  formulas  to  the  use  of  logarithms  forms  an  important  part  in 
trigonometric  investigations.  Many  trigonometric  equations  whose 
algebraic  solution  is  exceedingly  simple  require  furtier  treatment 
from  the  trigonometric  point  of  view.  Equations  15  to  19,  Exer- 
cise 53,  are  typical  equations  of  this  kind.  We  will  show  now  how 
each  of  these  equations  may  be  solved  by  logarithms. 

ExAiCPLE  I.    To  solve  the  equation 

asinjB+ftcosa:- c.  (i) 

Solution.     Divide  each  term  of  the  equation  by  Vo'-f-fi*,  then 
and  — ^^=-  are  fractions  the  sum  of  whose 
squares  equals  i,  we  may  therefore  put 

cos  if>,  -  =  sin  ^,  (a) 


and  the  given  equation  becomes 

sin  X  cos  ^ -|- cos  a:  sin  ^ 


Va*+b* 


sin(r  +  ^)=-^==icos^=^sin0,  (3) 

V  a"  -I-  J»      ffl  0 

and  from  (3) 

tan*-i  (4) 

Having  found  <f>  from  (4),  x  is  found  from  (3). 
An  angle  like  the  angle  0,  introduced  to  facilitate  the  solution  <^ 
a  problem,  is  called  an  auxiliary  angle. 

NuuERicAt  Illustration 
Suppose  the  given  equation  is 

3.4537  sin  X  -  0.9328  cos  «  =  -  1.3794. 
then  a  =  3-4537.     b=  —  0.9328,     c  =  —  1.3794. 
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Solution. 

By  (4)  By  (3) 

\ogb  =  9.96979 »  *  logc  =  o.  13969 n 

loga  =  0.53828  cologa  =  9.46173 

log  tan  ^  -  9.43151  n  log  cos  ^  =  9.98471 

^t=  -  15°  06' 52",  logsm(a;+^)=  9.58612  » 

X+^=  «T+   (-    l)"    (33°  40' 48") 

x  =  nT+  15° 06' 32"  +  (-  1)"*^  {22° 40' 48") 
The  two  smallest  positive  values,  (»  =  i,  2),  are 
x=  2i7''47'4o",352''26'o4". 
Check.    By  (3)  logc  =  o.i3969fi 

cologb  =  0.03021  n 
log  an  ^  =  9.41621 » 
log  sin  (a:  +  ^)  =  9.58611 »   ■ 

ExAifPLE  2.    To  solve  the  equation 

atanic+  bcotsc  =  e. 
St^ution.    Expressing  the  tangent  and  cotangent  each  in  terms 
of  the  sine  and  co^e,  the  equation  reduces  to  (Problem  19,  Exer- 
cise 50) 

c  sin  2  a;  +  (a  —  6)  cos  2x  =  a-\-b. 

Tliis  equation  is  of  the  form 

a  sin  a:  +  6  cos  x=  c, 
which  has  been  solved  in  Example  i. 
ExAUPLE  3.    Solve  the  equation 

sin  (a  +  iv)  =  m^nx,  (i) 

Solution.    By  compodtion  and  division  the  proportion 

sin«  I 

gives  rise  to 

sin  (g  +  3:)  +  sin  j:  _^  2  sin  (a  +^  «)  cos  \  a 
sin  (a  +  x)  —  sin  a:      2  cos  (or  +  i  x)  sin  i  a 

=  tan  (a +i  x)  cot  i  a  =  ^!^i-^ 
m  —  I 

*  This  »  indic&tes  that  th«  number  to  which  the  logarithm  belongs  Is  negative, 
t  Knee  ^  is  an  auxiliary  angle  which  is  not  retained  in  the  end,  any  (me  of  its 
values  may  be  used. 
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or  taii(«  +  Jx)  =  2L±JtanJ«-  (a) 

From  (a)  a  +  J I  and  hence  x  can  be  found. 
Um  =•  tan^ 

^t+j  _  _   UjiiUiii  .  _  ^„  (^  +  f  ,)  .  „,  (^  _  f ,), 
m  —  I  I  — tanjTtaa^ 

hence 

tan  (a  +  J  x)  =  cot  (^  —  J  x)  tan  J  a,  where  tan  ^  ■-  «.        (3) 
Many  computers  prefer  (3)  to  (z)  in  solving  equation  (i). 

Example  4.    Solve  the  equation 

taii(a-f-sc)  =  mtanw. 
Solution.    Taking  the  proportion 

tan  (g  +  x)  ^  m 
tanx  I 

by  composition  and  division,  we  obtain 

tan  (q  +  x)  +  tan  jp  _  m+  i 
tan  (a  +  x)  —  tanx      «— i 
But  by  Problem  20,  Exerdse  51, 

tan  (a  +  x)  +  tanx  _  sin  (a  +  a «) 
tan  (a  +  x)  —  tan  X  sin  a 

hence 

sinCa+3x)  =  ^!^sina,  (i) 

or  we  may  write  the  result  in  the  form 

sin  (a  +  2  x)  =  cot  (0  —  i  ir)  sin  a,  where  tan  <ft  =  m.  (2) 

Either  (i)  or  (a)  may  be  used  to  find  a  +  a  x  and  hence  x. 
ExAicPLE  5.    Solve  the  equation 

tan  (a  +  a:)  tan  X'=  m. 
Solution.    Expressing  the  tangents  in  terms  of  sines  and  cosines, 
we  find 

sin  (a  +  x)  sin  a;  =  m  cos  (a  +  x)  cos  X, 

which  by  Problem  10,  Exercise  51,  may  be  written 

cos  a  —  cos  (a  +  a  x)  =  m  [cos  (a  +  a  x)  +  cos  a]. 
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from  which 

By  Example  3,     ^^  =  cot  (^- i»),  where  tan  <^=  m, 
heD(% 


so  that  equatioa  (i)  may  be  written 

cos  (a+  2x)  =  tan  (i  t  ~  ^)  cos  a,  where  tan  if>  =  m.        (2) 
From  (i)  or  from  (3)  a+  2x  may  be  found  and  hence  x. 

Exercise  55 

1.  If  cos  (a:  +  a)  =  M  cos  a:,  show  that  x  is  given  by  the  formula 

Umia  +  ^x)  -  tan(jT— ^)cot  Ja,  where  tan^  1=  m. 

2.  If  sin  (x  +  a)  =  m  cos  X,  show  that  x  is  given  by  the  formula 
tan  Ci«+i»  +  *)  =  cot(iT-  ^)  tan(l*—  i  «),  where  tan  0=  m. 

3.  If  cos  {x  +  a)  =  manx,  show  that  x  is  given  by  the  fonnula 
tan{Ja-l*+a:)  =  tan(lT-  0)cot  (ix+ ia),wheretau^=  m. 

4.  If  tan  (_x  +  a)  =  m  cot  x,  show  that 

cos  (a  +  2 a:)  =  tan  (iw—  if>) cos «, where  tan 0  =  m. 

5.  If  cotix+a)  =  m  cot  {x  —  a),  then 

sin  2  a;  =  a)t  (^  —  }  t)  sin  a  a,  where  tan  ^  =  m, 

6.  It  tan  (a  +  a:)  cot  x  =  m,  show  that 

sin  (o  +  2  a;)  =  cot  (^  —  J  «■)  sin  a,  where  tan  ^  =  «. 

7.  If  tan  (a  +  x)  tan  (or  -  a:)  =  m,  show  that 

cos  2  a:  "  cot  (i  T  —  ^)  cos  2  a. 

8.  Find  the  angles  between  0°  and  360°  which  satisfy  the  equation 

4sina;  +  3Cos3:=s, 

Ans.  x=  53°  07' 45" 

9.  Fmd  9  from  the  equation 

2.76  cos  ff  —  2.32  sin  0  =  1.91. 

AfK.  9  =  if  59.6',  261'  55'. 
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10.  Find  the  general  solution  of  the  equation 

V3  sin  X  —  cos X  ™  Va , 
Ans.  jc  =  a»Mr+ Ax,  or  (a»+ i)»-  — •^• 

12 

11.  Find  the  general. solution  of  the  equation 

(i  +  V3)  tanx+  (i  -  VJ)  cotx  =  2. 

a;  ™  ««■  +  i  T,  «ir  —  — . 
12 

la.   Find  r  and  x  from  the  equations 

r  sin  (a  +  x)  =  m, 
rsin(fi  +  x)  =  n. 
Suggestion.    Form  the  sum  and  difference  of  these  equations,  and 
change  each  into  a  product  by  the  formulas  in  Article  113.   Divid- 
ing the  first  result  by  the  second  gives 

\    2  /      m  —  n  2 

or 

tan(5^-^+xW  tan(lT  +  ^)tan5^-^.  where  tan  A  =  -. 
V    2  /  a  m 

13.  Iff  co3(a  +  x)=  m,  rco3(p+ x)  =  »,  thenxisgivenby 

cotf^^t£+x)=  tan{l»-+^)tan^^^^.  where  tan ^=  — . 
\    a  /  a  « 

14.  Adapt  the  formula 


I  +  fficosa 
to  computation  by  logarithms. 

Suggestion.    Express  the  tangent  in  terms  of  the  sine  and  cosine 
and  dear  fractions,  the  result  may  be  written 

sin  X  =  m  sin  (a  —  x), 
which  by  Example  3  may  be  transformed  into 


15.  Show  that 
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These  fonnulas  enable  us  to  find  the  logarithm  of  any  sum  or 
difference.     Thus, 

log  (o  +  6)  =  log  a  +  a  colog  cms  0,   log  tan  0  =  J  Gog  6  —  log  a). 
log  (o  —  6)  =  log  o  +  2  log  cos  0,       log  sin  ^  IE  J  (log  ft  —  log  o). 
16.  Establish  the  following  transformations: 


-^_     _L  i„!_     _  a  cos  (a  —  0)\ 

tt  sin  at  +  0  SID  a  =* ^ '■ 

COS0         I 

.CO.  ..-ism. -'"°' '"  +  '')' 
COS0       ) 


where  tan  fl  = 


124.  Inverse  Functions.    The  two  expressions 

v  =  sinx  (i) 

a!=an-'y  (z) 

represent  different  views  of  the  same  relation. 
Fig.  151.  jijg  grgt  one  states  that  y  is  the  sine  of  x,  the 

second  that  x  is  the  an^e  or  arc  (measuring  the  angle)  whose  sine 
is  y.    (i)  expresses  y  in  terms  of  x,  (2)  expresses  x  in  terms  of  y. 
Taking  the  sine  of  each  member  of  (3)  gives  us 

sina;  =  sin  (sin-' y)  =  y,  by  (r),  (3) 

and  taking  the  inverse  sine  of  each  member  of  (i)  gives  us 

sin"'y  =  sin-'  (sinx)  =  x,  by  (a).  (4) 

In  precisely  the  same  way  it  may  be  shown  that 
cos  (cos-*a:)=  x,  cos-'  (cosx)  =  x, 
tan  (tan-'  x)  =  x,  tan-'  (tan  x)  =  x, 
etc.,  etc. 

From  these  relations  it  appears  that  of  each  pair  of  operations, 
say  for  example  that  of  taking  the  sine  and  that  of  taking  the  arc- 
sine,  either  undoes  the  other,  that  is,  if  the  two  operations  are  per- 
fumed in  succession,  the  result  is  that  the  quantity  operated  on  is 
left  unchanged.  This  explains  why  sin  -'a:  is  called  the  inverse  sine 
of  X,  tan-'x  the  inverse  tangent  of  x,  etc.,  in  fact  in  any  pair  of 
such  functions  each  is  the  inverse  of  the  other.  Viewed  as  opera- 
tions, the  relation  of  the  members  of  each  pair  is  like  that  of 
addition  to  subtraction,  of  multiplication  to  division,  of  involution  to 
evohition. 
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In  general,  it  y  =  f(x)  represents  any  function  of  x,  the  inverse 
function  is  represented  by/"'  (x),  and  the  relation  between  the  two 
is  always  such  that,  considered  as  operations  on'  x,  each  undoes  the 
other,  that  is, 

/[/-M!B)l  =  a:,    and    f-'[f(x:)]~x.  (5) 

I^  y  =  /(*)  is  known,  /""'  (x)  is  found  by  solving  (provided  we  can 
solve)  y  =f{x)  for  x,  and  by  substituting  in  the  result  x  for  y.    Thus, 

(6) 

we  find  X  =  V3y  +  4  =/"'  (y), 

■and  VJxTi  -  /"'  W.  (7) 

To  verify  the  relations  (5)  we  substitute  for  x  in  (6)  the  expression 
(7),  and  for  x  in  (7)  the  expression  (6);  thus. 


-[/Wl  -  y/^ 


/-[/Wl-V/3('^^^')  +  4-.. 


There  is  this  important  difference  between  the  trigonometric  func- 
tions and  their  inverses, — while  each  of  the  former  has  a  single 
value,  each  of  the  latter  has  an  indefinite  number  of  values.    Thus, 

if  X  =  -,  sin  X  has  a  single  value,  namely  },  but  if  x  »  ),  sin~*  x 
6 

may  have  any  of  the  values  ^1    ^.    ^^,    ^^,  etc.    In  general, 

sin~'  x  =  na-  +  (—  i)V, 
COS"'*  =  a«Wr  ±  a, 
tan"'x  =  »«r-|-a, 

where  a  is  the  principal  value  of  the  angle. 

Any  relation  between  trigonometric  functions  may  be  expressed 
by  means  of  inverse  fimctions.  We  shall  illustrate  the  method  by 
some  exan:q>le3. 

Example  t.    Express  the  relation 

cos  2  ^  =  1  —  a  an*  A 
in  terms  of  inverse  functions. 
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SfdutJon.    Let  sin  j4  —  «»,  then  A  —  sin"*  m,  and  the  gjven  equa- 
tion becomes 

cos  (a  sin"'  m)  =  i  —  2  «*, 
or  2  sin~'  m  ■■  cos"'  {1  —  2  m'). 

Example  2.    Express  the  formula 

sin  (il  +  B)  =  sin  -4  cos  S  +  cos  j4  sin  S 
in  terms  of  inverse  functions. 

Solution.    Let  sin  ^  =«  m,    sin  S  =  w, 

then  cos^  —  V  i  —  »»',    cos5  =  Vi  —  «', 

and  the  given  formula  becomes 

sin  (sin"'OT  + sin-'n)  =  mVi  —  n'  +  wVi  — m*, 
or  sin~'M+ sin~'»  =  sin~' (wv  I  —  «*  +  »Vi  — «^). 

ExAUFLE  3.    Express  the  formula 

tenU  +  B)-   !"■<  +  '»»« 
I  —  tan^  tan£ 
in  terms  of  inverse  functions. 

Solution.    Let  tan  A  =  m,    tan  B  =  n, 

then  A  =  tan"'  m,    B  =  tan"' «. 

Substituting 

tan(tan~'»»+  tan-'«)  = 


m+  n 
I  —  m» 


or  tan"'m  +  tan"' «  =  tan' 

Formulas  involving  inverse  functions  may  be  verified  by  reversing 
the  process  illustrated  in  the  above  examples. 

Example  4.    Show  that 

tan"'  m  +  tan~'  n  =  tan"' ■ 

Solution.    Put         tan"'»«=^,  tan~'n  =  B, 
then  m  =  tanvl,  ft  ^  tanB. 

Substituting,  we  find 

■j+B-tan-  ta.^  +  tenB 
I  —  tan  A  tan  B 
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or 

taii(^  +  B)-   tanX  +  Un^ 
I  -  tanAtsuiB 

This  latter  expression  we  know  is  true,  hence  the  original  expres8i<m  I 

is  also  true.  | 

Example  5.     Find  the  value  of 

tan"'  J  +  tan~'  J. 

Solution.    Put         tan-'l  =  A,     tan"' j  =  B, 
then  tan^  = },        tanB  =  i, 

and  the  given  expression  becomes  A  +  B. 

Now        tan (^  +  5)  =   t^^  +  ^S  ^  _t±i_  =  ^ , 
i-tan^tanS      i-JXi 

therefore         A  +  B^  tan"'  i  +  tan"'  i  -  jw  +  -■ 

ExAifPLE  6.    Solve  the  equation 

sin->  2X  +  sin-'  33;=  cos-'  (-  J). 

Solution.    Put  sm"'  2X'=  A,  sin"'  31  =  5, 

then  sanA  =  2x,  sin5  =  3  3;, 

cos  .4  ■■  Vt  —  4  «*,  cos  J5  =  Vi  —  9  X*, 
and  the  given  expression  becomes 

v(  +  B  =  cos-'  (-  I). 
Take  the  cosine  of  both  sides, 

cos{.i4  +  5)  —  cos^cosS  —  8inJsinS=  —  J, 
and  expressing  this  in  terms  of  x, 

v'l  -4x* .  Vi  -gaU  _2a:.3x=-|. 
Solving  for  x, 

.-±j. 

Exercise  56 
I.   Find  the  general  value  of  each  of  the  following  angles: 
sin-'J,  cos-' — ^,  tan-'V3,  co8-*o,  sec-' r,  tan-' 00. 

Ans.  «»+(— i)"j,    z»T±-,     *w4--,etc. 
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Considering  principal  values  only,  verify  tbe  following: 

2.  tan~'f  —  tan~'i= -■ 

3.  tan~'m+ tan-*— = -■ 

4.  cos-'i^  +  a>s-'^4  = -• 

5.  tan->J  +  tan-4  +  tan-'A=?. 

Express  the  following  formulas  in  terms  of  inverse  functions : 
2tand 


6.  tan2tf=  - 


I-  tan'9 
Ans.   atan-'m  ■"  tan-'f — ^-^-— ), where  m=  tanfl. 


7.  cos  (A  —  B)  =  cos  A  cos  5  +  sin  -4  sin  5^ 


^«j.  sin-'m  —  sin->»  =  cos"'  {mn+  V(i  —  m*)  (i  —  «*), 
where  m  —  sin^,n'Esin£. 

8.  ffln2a:=2sina: cos x.  

Ans.   2sin"'m  —  sin"' (2  wV  i  —  m*),  where  m  =  sinx, 

9.  an  3  a;  =  3  an  a:  — 4  sin' ar. 

Ans.  38in-'t«  =  sin"*' (3m  — 4m'),  wherem  =  sin*. 

10.  Show  that 

sin-'  m  =  CMS"'  Vi  ~  «•  =  tan-'  ■  ,  ""  sec-'     . 

Vi— m«  Vi  -  «* 

ffi  m 

11.  Show  that 

sin-'  i  +  COS-'  H  =  tan-'  ||. 

12.  Show  that 

2  tan"'  J  +  3  tan-'  i  =  tan"'  (—  3). 

Find  X  in  the  following  equations: 

1%.  an-' 2*  +  3in"'a;  =  —  Ans.  x"± • 

3  14 

14.  tan-'{i  +  a:)+tan-'(i-a:)=  tan-'  — ■        Ans.  at«±5. 

"5  ^ 

15.  sin-'«  +  2C0S-'je- tan-'v^.  Ans.  x=± — 2. 
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i6.   Show  that  if /(*)=^-:t-i,    tiienf-'(x)~^-. 

17.  Prove  that  the  inverse  of  x*  +  4  is  V*  —  4. 

18.  What  is  the  inverse  of  I(^io«  ?    Of  i  -  x? 

Ans.   10',  I  —  X. 

19.  Prove  that  ^Jli.  is  its  own  inverse. 

Find  the  inverse  functions  of  each  of  the  following,  and  verify  the 
results: 


j«.. /-(»)- «v/^- 


126.  Review,  i.  (a)  Define  the  sine,  cosine  and  tangent  of  any 
angle,  (jb)  Give  the  signs  of  the  principal  functions  in  each  of  the 
four  quadrants,  (c)  Give  the  formula  which  expresses  the  periodicity 
of  the  sine,  (d)  Prove  that  tan  (9  +  »t)  -  tan  ft  (e)  WTiich  other 
function  has  the  same  period  as  the  tangent? 

3.  (a)  Follow  the  changes  in  the  sine  of  an  angle  as  the  angle 
increases  from  o  to  2  a-.  (6)  Do  the  same  for  the  cosine,  (c)  Do  the 
same  for  the  tangent,  (d)  Follow  the  changes  in  the  reciprocal  of 
the  tangent. 

3.  (a)  Draw  the  lines  which  represent  the  various  functions  of  an 
arc  of  a  drde  (or  of  its  angle  at  the  center  of  the  drcle)  when  the 
radius  of  the  drde  is  taken  as  the  unit  of  measure,  (b)  Draw  these 
lines  for  an  angle  in  the  third  quadrant,  (c)  Explain  the  derivation 
of  the  words  secant,  tangent,  sine  and  cosine. 

4.  (a)  Prove  geometrically  that  sin  (fi  +  ff)  —  cos  0,  tan  dR  —  ff) 
=  cot  6,  0  being  an  angle  in  the  first  quadrant,  (b)  Prove  that 
sm  (  -  fl)  =  -  sin fl,  cos  (3  R  +  6)  =  —  cosS  for  every  value  of  0. 
(c)  Give  from  memory  the  prindpal  functions  of  30°,  150°,  310°, 
330°.     (d)  Give  from  memory  the  prindpal  functions  of  45*,  135", 

5.  (a)  Show  that 

sin  (—  ;4)  +  cos  (—  A)  ^   sin  (qo°  +  A)  +  cos  (270°  —  A) 
tan  (-  i4)  -  cot  (-  A)      cot (180"  +  X)  +  tan  (360"  —  A) 
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m  Simplify^  ^^  +  ^^  "^"^  (*  -  J=)  I    sin  (R  -  x)  cos  (R  +  x) 

^'        ^    '  cos(aif  +  x)  ^  siii(3*  +  x) 

(c)  Find  from  the  tables  sin  234°,  cos  342",  tan  134°  54',  sin  957°  45', 

6.  (a)  Prove  the  addition  theorem  for  the  sine,  for  the  cosine  and 
for  the  tangent.     (6)  Give  the  formulas  for  sin  2  tf,  cos  3  tf  and  tan  2  9. 

(c)  Show  that  sin  (a;  +  y)  sin  {a:  —  y)  =  (sin  2;  +  sin  y)  (sin  x  —sin  y). 

(d)  Given  cos*  =t,  find  sin  -,  cos  -  and  tan  -without  the  use  of 

33  a 

Ubles. 

7.  Given  the  law  of  sines,  prove  the  law  of  tangents. 
S.   Express  each  of  the  foUowing  as  a  product: 

sin 7°  +  sin  15°,  cos-  —  cos 2-?,  sinJ+sin3i4+sin4jl. 

9.  By  multiplying  each  side  of  the  expression 

S  =  i  +  cos3:  +  cos2a:+cos33;  +  .  .  .  +cos««,by3sin- 

z 
and  expressing  each  product  on  the  right  as  a  difference  of  two  sines 
show  that 

iiii  <'"+■>'+ sin?     an '"+')' COS  fe^ 
5-  -  ' 


»©  Hf) 


10.  (fl)  What  is  meant  by  the  principal  value  of  an  angle? 
(Jb)  Give  the  principal  values  of  sin"' J,  sin"'  —  i,  cos"' J,  tan~'  —  i. 
(c)  Give  the  general  values  of  the  aisles  under  (b). 

11.  (a)  What  is  meant  by  a  trigonometric  equation?  {b)  Solve 
the  following  equations,  sin  x  =  —  cos  «,  2  sin*  a:  +  3  cos*  a:  *=  5, 
a  sin  X  =  b  tan  x. 

13.  Solve  the  equations; 

(a)  sin  (a:  +  c)  —  cos  I  sin  c  —  cos  c. 

(6)  an  {«  —  a:)  =  CM  (a  +  x). 

V2 
(c)  sin  (x  +  y)  =  cos  (a:  -  y)  -  — ■ 
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13.  Solve  the  equations: 

(a)  sin  2  y  +  sin  3  y  —  3  sin  y,  (6)  i  +  cos x  =  cos  -■ 

(c)  sin  a;  cos  a;  =  i.  (d)  sin  a;  +  cos  x  =v'2. 

14.  (a)  Show  how  to  ad^t  the  equation  adnx-i-  bcosx  =  c 
to  solution  by  means  of  logarithms.  (&)  Solve  the  simultaneous 
equations :  3:cos«  +  ysina=o,  xsina  +  ycosa  =  6. 

15.  (a)  Define  the  inverse  trigonometric  funcrions. 

(6)  Complete   the  following   equalities,  sin~'x=  cos~'  (    ) 

=  tan-'(    )  =  sec->(    )  =  csc-'{    )-cot-i(    ). 
(c)  Find  tan  (sin"'  (),  dn  (tan"'  x). 
id)  Show  that  tan"' }  +  tan"'  J  =  45°, 

16.  (ffl)  Prove  that  sin  (2 sin" 'x)  =  2xv'i  —  x*. 

(6)  sin"'  t  +  sin-'  A  +  sin"'  if  =  ^■ 
2 

■7.   (.)  If /W-^±|,  find /-■(.). 

(b)  Solve  the  equation, 

cos"'  X  +  COS"*  (r  —  x)  =  COS"'  (—  a:). 
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126.  Functions  Represented  by  Curves.  The  student  is  prob- 
ably already  familiar  with  the  fa^t  that  for  every  function  of  :):,/(x),  a 
curve  or  graph  may  be  constructed  which  is  said  to  represent  that 
function.  This  curve  is  merely  the  totality  of  all  the  points  whose 
coordinates  x,  y,  satisfy  the  relation  y  =  /  (x).  The  actual  construc- 
tion of  the  curve  representing  a  given  function  y  =  f  (x)  consists 
in  plotting  a  limited  number  of  points,  using  for  abscissas  prop- 
erly chosen  values  of  x,  and  for  ordinates  the  corresponding  values 
of  y  determined  by  the  relation  y  ™  f{x).  The  smooth  curve  con- 
necting the  points  thus  plotted  is  said  to  be  the  curve  or  graph  r^ 
resenting  the  function  y  =  fix). 

127.  The  Strai^t  Line,  y  =  moe  +  e. 
Suppose  the  given  function  is 

y  =  2X+  I. 
We  give  x  certain  values  and  compute  the  corresponding  values 
of  y.    Thus,  if 

x=    5,   4,   3.    2,    I,   o,    -  I,    -2,    -  3,    -  4,    -  5,   etc., 
y~",   9.    7.    5.   3.    I.    -I.    -3.    -5.    -7.    "9.   etc. 

We  now  locate  the  point  whose  abscissa 
is  5  and  whose  ordinate  is  ii,  another 
point  whose  abscissa  is  4  and  whose 
ordinate  is  9,  and  similarly  each  of 
the  points  (3,  7),  {2,  5),  (i,  3),  (o,  i), 
(-1,-1),  etc. 

We  then  connect  the  points  thus  lo- 
cated by  a  smooth  curve,  in  this  case 
a  straight  line.  Fig.  15a.  Tliis  line  is 
said  to  be  the  curve  or  graph  repre- 
senting the  function  y  =  a  «  H-  i,  or,  in 
short,  the  straight  line  y  ="  2x  +  i. 
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In  the  example  just  given,  x  may  have  one  value  as  well  as  another, 
say  1,000,000  as  well  as  3  or  3,  consequently  the  line  representing  the 
equation  y  =  2  x  +  i  will  be  indefinite  in  length  and  we  must  con- 
tent ourselves  with  drawing  only  a  portion  of  it.  What  portion  this 
is  to  be  depends  on  the  purpose  in  view,  but  unless  there  is  a  special 
reason  to  the  contrary,  it  is  customary  to  construct  the  portion 
nearest  the  origin. 

In  a  similar  manner  every  equation  of  the  form 
y  =  mx  +  c, 
where  m  and  c  are  known  numbers,  is  represented  by  some  straight 
line,  m  and  c  determining  the  direction  and  position  of  the  line  with 
respect  to  the  co5rdinate  axes. 

128.  The  Circle,  x'  +  v'  =  «'■ 

Suppose  the  given  equatiqn  is 
a*  +  /  =  25, 


y  =  ±v  25  -  ^» 
and  we  have  for  corresponding  values  of  x  and  y, 

x=  %,  4.  3.  2.  I,  o, 

y  =  o,  ±3,         ±  4,     ±  4-58,     ±  4.89,     ±  S. 

*  =  -  I,  -  2,  -3.-4,  -  5.  et«^-) 

y  =  ±  4-89,     ±  4-58,     ±  4,     ±  3.  o,  etc 

If,  as  before,  we  construct  the  sep- 
arate points 

(s,o),  (4, 3),  (4, -3),  (3,  4),  (3,-4), 
{3,  4.58),  (2,  —  4.58),  etc.,  and  connect 
the  points  thus  obtained  by  a  smooth 
curve,  we  obtain  the  circle.  Fig.  153, 
which  is  said  to  be  the  curve  or  graph 
representing  the  equation  a?  +  y*  =  25, 
or,  in  short,  the  drcle  x*  +  y*  =■  25.  In 
this  case  x  cannot  be  numerically  greater 

than  5,  for  then  y  would  be  imaginary.  Fig.  153.  :^-{-^-*3$. 

In  like  manner  every  equation  of  the  form 
**  +  y»  =  a', 
where  a  is  some  known  number,  is  represented  by  a  circle  whose 
center  is  at  the  origin  and  whose  radius  is  a. 
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12s.  The  I^perbola,  x*  —  y^  =  a\ 

As  another  example,  let  us  construct  the  curve  whose  equation  is 

Solvii^  for  y,  

y  "  ±  Vx*  —  25. 
Corresponding  values  of  x  and  y  are 
x=  5,  6,  7,  8,  9,  10 

y  =  o,  ±  3.32,      ±  4.90,      ±  6.25,      ±  7.48,      ±  8.66, 

X  =  ~  s,      -  6,  -  7,  -  8,  -  9,  etc. 

y  =  +  o,      ±  3.32,      ±  4.90,      ±  6.2s,      ±  7-48,  etc., 

In  this  case  x  cannot  be  numerically  less  than  5,  for  otherwise  y 
is  imaginary. 

If  we  construct  the  separate  points  (5,  o),  (6,  3.32),  (6,  —  3.32), 
etc.,  and  draw  a  smooth  curve  connecting  them,  we  obtain  the  two 
curves  PQ,  P'<^,  Fig.  154.  These  curves  constitute  the  two  branches 
of  a  single  curve,  known  as  the  hyperbola,  more  specifically  as  the 
equilateral  hyperbola. 

It  is  easy  to  see  from  the  equation  that  the  larger  x  is,  the  more 
nearly  will  x  and  y  be  equal,  that  is,  the  branches  of  the  equilateral 
hyperbola  approach   the  straight  lines 
PP"  and  QQ"  drawn  through  the  origin 
and  making  angles  of  45°  with  the  two 
directions  of  the  a^axis  respectively. 

In  like  manner  it  will  be  found  that 
every  equation  of  the  form 

where   a   is   some   known    number,   is 
represented   by   an   equilateral   hyper- 
bola,   a  determines  the  distance  from  *a  _  ,*  = 
the    origin    at    which    the    hyperbola 

crosses  the  x-axis.    This  is  known  as  the  semimajor  axis  of  the 
hyperbola. 

130.  The  Sine  Curve,  0=  anx. 
Let  us  now  construct  the  curve  representing  y  =  sm  x. 
Smce  X  may  have  any  value  either  positive  or  negative,  the  curve 
representing  the  sine  function  will  extend  indefinitely  in  both  direc- 
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tions  (right  and  left).  Let  us  first  construct  that  portion  of  the 
curve  which  corresponds  to  values  of  x  between  o  and  \  x,  that  is,  to 
angles  in  the  first  quadrant.  Referring  to  the  table  of  natural  sines, 
we  find  the  following  corresponding  values  of  x  and  y: 

In  degrees,  o",     lo",   ao",  30°,  40°,    50",   60",   70°,    80",  90°. 

In  radians,  o,       — .      ->    -,  —1    -i^.      -.   ^i    ^—1 


18 


3     18 


y  =  o,    0.17, 0.34,  0.5, 0.64, 0.77, 0.87,  0.94,  0.98,    I- 

In  order  to  avoid  awkward  fractions,  we  will  use  )  *  as  the  unit 
along  the  i-axis.* 

With  -  for  a  unit,  ~  =  i  unit,  -  =  ^  unit,  etc.,  and  we  now  readily 
3  18  9 

locate  the  points 


^  =  &-) "''t-'} 


Connecting  these  points  by  a  smooth  curve  we  obtain  the  curve 
OPiPtPi  .  .  .  Ri  (Fig.  15s),  which  is  the  sine  curve  for  the  first 
quadrant. 


y 

T      f      -f 


Fig-  'SS-    y  -  sin  I. 

We  may  now  easily  continue  the  sine  curve  through  as  many 
addidonal  quadrants  as  we  choose. 

Second  quadrant.  While  x  varies  from  J  t  to  t,  sin  x  varies  from 
I  to  o.  Moreover,  since  dnes  of  supplementary  angles  are  equal, 
ordinates  equally  distant  from  £1  will  be  equal,  that  is,  the  curve  will 
be  symmetrical  with  respect  to  the  ordinate  at  £1.    Hence,  con- 

•  This  wfll  distort  the  curve  slightly,  since-  -  3-'4'Sq+  ^  1.0471+. 
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tinuing  from  Jfj,  the  curve  will  approach  the  x-axis,  meeting  it  at 
Rt  (Fig.  156),  whose  distance  from  the  origin  is  t. 
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Fig,  is6.    7  -  ain  X. 

Third  and  fourth  quadrants.  While  x  varies  from  «-  to  3  *-,  ^  x 
is  negative,  the  numerical  value  being  the  same  as  when  x  varies 
from  o  to  -r.  Hence,  continuiog  from  ffj  the  curve  will  descend  below 
the  X-axis,  reaching  the  lowest  point  at  S»,  where  x  =  3  t,  and  meeting 
the  X-axis  again  at  R^,  where  x  =  xr.  The  form  of  the  portion  of 
the  curve  below  the  x-axis  will  be  like  that  above  the  x-axis  when 
revolved  about  this  axis  through  an  angle  of  180°. 

When  X  is  increased  or  diminished  by  2  x,  sin  x  has  the  same  value 
as  before,  hence  extending  from  Ri  to  the  right  or  from  0  to  the  left 
the  curve  repeats  itself  indefinitely,  that  is,  the  complete  sine  curve 
consists  of  an  infinite  number  of  waves  or  undulations  of  which 
ORiRiRtRt  is  one. 

ORf,  the  distance  between  two  consecutive  points  at  which  the 
curve  crosses  the  x-axis  in  the  same  direction,  is  called  the  wave 
length  of  the  curve.  The  greatest  height  of  the  curve,  represented  by 
the  ordinate  at  Ri,  is  called  the  amplitude  of  the  curve. 

A  curve  like  the  sine  curve,  which  repeats  itself  at  definite  inter- 
vals, is  called  a  periodic  curee;  the  interval  at  which  the  re[>etition 
takes  place  is  called  the  period.  Likewise  the  function  which  such 
a  curve  represents  is  called  a  periodic  function. 

The  sine  function  is  a  periodic  function  whose  period  is  ar. 

131.  The  Tangent  Curve,    y  =  tan  x. 

To  construct  the  tangent  curve  for  the  first  quadrant,  we  com- 
pute by  means  of  a  table  of  natural  functions  the  corresponding 
values  of  x  and  y,  as  follows: 

In  degrees,  0°,  10°,   zo",    30",   40°,    50°,  60°,    70",  80°,  90°. 

In  radians,  o,    ^>      ^.      ^.   ^.   ^.      '-    ^'  i^.   ^■ 
18        9        6      9      18        3     18       9       2 

o,  0.18,  0.36,  0.58,  0.84,  1. 19,  1.73,  a.7S,  5.67,  00. 
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Plotting  the  points  obtained  by  using  the  x's  for  abscissas  and  the 
corresponding  values  of  y  for  ordinates,  and  connecting  these  points 
by  a  smooth  curve,  we  obtain  the  curve  OR,  Fig.  157,  which  rep- 
resents the  equation  y  =  tan  i  for  values  of  x  m  the  first  quadrant. 
Since  tan  }  r  =  00 ,  the  curve  will  not  intersect  the  perpendicular  at 
^  T,  but  will  approach  it  indefinitely. 
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Fig.  157,    y  V  t&nx. 

Second  quadrant.  While  x  varies  from  ^  t  to  i,  the  tangent  varies 
from  —  00  to  o,  hence  between  R\  and  Ri  the  tangent  curve  will  be 
below  the  x-axis,  the  numerical  values  of  the  ordinates  being  equal 
to  those  between  O  and  R\  taken  in  the  reverse  order. 

Tan  (t  +  *)  =  tan  x,  hence  beginning  with  R%  the  curve  repeats 
itself.  The  tangent  curve,  therefore,  consists  of  an  infinite  number 
of  discomiected  branches. 

The  tangent  curve  is  a  periodic  curve,  the  tangent  fimction  is  a 
periodic  function,  the  period  in  each  case  is  v. 

A  line  like  R\R\  or  R-  \R- 1,  Fig.  1 57,  to  which  the  curve  approaches 
indefinitely  near  without  ever  reaching  it,  is  called  an  asymptote 
to  the  curve.  The  lines  PP'  and  QQ*,  Fig.  154,  are  asymptotes 
to  the  hyperbola.  An  asymptote  is  a  tangent  to  the  curve  at 
infinity. 

When  the  student  has  become  familiar  with  the  forms  of  the  sine 
and  tangent  curves,  he  can  readily  sketch  them  from  a  very  few  points 
whose  coordinates  are  known  from  memory.    Thus,  for  the  values 


the  corresponding  values  of  the  functions  are  known  without  cod* 
suiting  a  table,  namely 

soix  =  o,   o-s,    —  =  0.71,  — ^  =  0-87,    I, 
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tan«  =  o,    —^=0.58,     I,    \/3=-i.73.    "• 

The  same  remark  applies   to  the  sketching  of  each  of  the  re* 
maining  trigonometric  functions. 


57 

1.  Construct  the  cosine  curve. 

2.  Construct  the  cosecant  curve. 

(Suggestion.    This  curve  is  most  readily  sketched  from  the  sine. 

curve  by  remembering  that  y  —  esc  «  —  -r^' 1 
sma;/ 

3.  Construct  the  secant  curve,    (y  —  sec  x  —  — ^  V 

V  cos »/ 

4.  Construct  the  cotangent  curve,     (y  -  cot  x  —  — ^]- 

5.  Construct    the    durves    whose    equations    are    y  —  sin"'  x, 
y  =  tan~'  x. 

(Suggestion.    If  y  =  sin"*  x,  then  x  —  sin  y,  etc.) 

6.  y  "  cos  X  =  sin  f  -  +  a:  j  ■      From  this  relation  it  follows  that 

for  every  ordinate  on  the  sine  curve  there  is  an  equal  ordinate  on 
the  cosine  curve  whose  abscissa  is  the  absdssa  of  the  former  dimin- 
ished by  i  jr,  that  is,  for  every  point  on  the  sine  curve  there  is  a  point 
on  the  cosine  curve,  the  latter  being  J  t  to  the  left  of  the  former.  Thus 
we  see  that  the  codne  curve  is  merely  the  sine  curve  shifted  a  dis- 
tance )t  to  the  left.  By  a  similar  reasoning  show  that  the  secant 
curve  is  the  cosecant  curve  shifted  a  distance  i  t  to  the  left. 

7.  y  —  cot  X  —  —  tan  f -  +  x  I.     From  this  relation  show  that  the 

cotangent  curve  may  be  obtained  by  shifting  the  tangent  curve  a 
distance  of  }  r  to  the  left,  and  revolving  it  about  the  x-axis  through 
an  angle  of  180". 

8.  y  =  cos  X  =  sin  ( -  —  x]  =  —  sin ( X  —  - 1,     From  this  relation 
show  that  the  co^e  curve  may  be  obtaiaed  by  shifting  the  sine 


^cibyGoOi^lc 


PLANE  TRIGONOMETRY 


curve  a  distance  of  }  «-  to  the  right,  and  revolving  it  about  the  x-axis 
through  an  angle  of  i8o°. 
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Fig.  is8.    The  Sii  Tiiganometric  Curves. 

132.  The  Sinusoidal  or  Simple  Haimonic  Curves, 
y  =  a  an  (kae  +  €>. 

(a)  y  =  aaax,  a  being  constant.  Each  ordinate  of  the  curve 
representing  this  equation  is  a  times  the  corresponding  ordinate  of 
the  curve  y  =  sin  *.  The  required  curve  is  the  curve  obtained  by 
lengthening  or  shortening  (according  as  a  is  greater  or  less  than 
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Fig.  159.    y^oainz. 

unity)  the  sine  curve  in  the  direction  of  the  y-aids,  leaving  the  wave 
let^h  unchanged.  The  curve  is  a  sinelike  curve  (sinusoid)  whose 
amplitude  is  a.  Fig.  159  shows  three  sinusoids  of  equal  wave 
lengths  and  amplitudes  ^,  i,  2  respectively. 
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(b)  y  ^  aaakx,a  and  k  being  constants. 

The  curve  representing  this  eqtiation  has  the  same  amplitude  as 
the  curve  y  ■•  a  sin  x,  but  the  wave  length  differs,  for  it  crosses 
the  x-3jds  when 

kx  =  0,       "-,2  r,  etc., 

that  is,  when  x=  o,        ~,    —,  etc. 

The  distance  between  two  consecutive  crossings  of  the  x-aas  in 
the  same  direction  b  2  r/k,  that  is,  the  required  curve  is  a  sinusoid 
whose  wave  length  is  2  v/k.  If  we  denote  this  wave  length  by  X,  we 
have 


and  the  equation        y  —  a  sin  Aac  may  be  written 

y  =  a  sin  ~~ ,  X  being  the  wave  length. 
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Fig.  160  shows  three  sinusoids  of  equal  amplitudes  and  wave 
lengths  IT,  a  T,  3  T  respectively. 

(c)  y  =  0  sin  (Ax  +  «),  a,  A  and  t  bemg  constants. 
The  curve  representing  this  equation  crosses  the  a^-axis  where 
fcE  +  «=      o,  T,  2«-,       etc., 

that  is,  where  a;  —  —  7,    ''  ,*,    — ^-- — ^,  etc. 

k         k  k 

The  ordinates  of  the  highest  and  lowest  points  are  a  and  —  a 
reqjectively,  and  the  distance  between  two  points  where  the  curve 
crosses  the  a:-axis  in  the  same  direction  is  2  xjk.  When  x=  o, 
y  =  a  an  «.    The  curve  is  a  sinustnd,  amplitude  a,  wave  length  2  r/A^ 
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but  instead  of  passing  through  the  origin,  it  crosses  the  y-aids  at  a 
distance  o  sin «  above  the  origin.    Fig.  i6i  shows  three  sinusoids  of 
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equal  amplitudes  and  wave  lengths  and  «  =  o,  ^  r  and  )  t  respectivdy. 
The  third  of  these  curves  has  for  its  equation 

y  =  o  sin  ikx  +  -)  =  a  cos  fer, 

which  shows  that  every  cosine  curve  is  a  sinusoid. 

Sinusoids  are  extensively  used  in  physics  to  represent  the  motion 
of  vibrating  strings,  tuning  forks,  and  other  vibrating  bodies  emit- 
ing  musical  sounds.  For  this  reason  they  are  often  referred  to  as 
harmonk,  or,  more  strictly,  as  simpU  harmonic  curves. 

133.  Angles  as  Functions  of  Time.  In  many  physical  problems 
which  give  rise  to  equations  of  the  form  y  =  asin  {fcE+ <)>  the 
independent  variable  represents  not  an  angle,  but  the  time  of  an 
action  or  motion. 
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Let  /,  Fig.  i6z,  be  the  initial  position  of  a  p<»nt  moving  in  the 
•circumference  of  a  circle  (radius  OF  =  a)  with  a  constant  velocity. 
Let  P  be  the  position  occupied  by  the  moving  point,  t  seconds  after 
leaving  /,  and  let  tu  represent  the  angular  velocity  of  P,  that  is,  the 
Angle  described  by  OP  in  one  second  of  time.    Then  angle  lOP  =  fit, 
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and  angle  AOP  =  «(  +  «,  where  c  is  the  angle  which  01  makes  with 
some  fixed  diaoreter  as  AOA'.  Furthermore,  let  M  represent  the 
projection  of  P  on  BB',  the  diameter  perpendicular  Xa  AA',  then 
OM  =  o  sin  (w(  +  t).    The  curve 

y  =  asin  («!  +  «)  (i) 

obtained  by  using  equal  distances  on  the  axis  of  abscissas  to  repre- 
sent equal  intervals  of  time,  and  using  for  ordinates  the  distances 
OM,  which  correspond  to  various  values  of  t,  enables  us  to  see  at  a 
glance  the  position  of  M  at  any  given  time  t. 

If  T  represents  the  time  required  by  P  to  complete  one  revolu- 
tion ve  have 

aiT  =  ar,  from  which  w  —  ^, 
T 

so  that  (i)  may  also  be  written 


n(^+.), 


(=) 


where  T  is  the  periodic  time,  or  period  of  oscillation  of  P  and  M. 

Since  T  represents  the  time  required  to  complete  one  revolution, 
its  reciprocal  i  /T  will  represent  the  number  of  revolutions  completed 
in  a  unit  of  time.  This  value  i/T  is  known  as  the  jrequetuy  of  the 
oscillaUon.  If  the  frequency  is  denoted  by  »,  equation  (a)  assumes 
the  form 

V=  aBin(3VTr«+«).  (3) 

Motion  like  that  of  the  point  M  in  Fig.  162,  that  b,  any  motion 
which  can  be  expressed  by  an  equation  of  the  form  y  =  a  sin  {6(  +  c) 
is  called  simple  harmonic.  The  motion  of  vibrating  tuning  forks,  of 
water  waves,  of  an  oscillating  pendulum,  of  a  galvanometer  needle, 
of  alternating  currents,  of  soimd  and  light  and  magnetic  electric 
waves,  are  familiar  examples  of  simple  harmonic  motions. 

EXEKCISE  58 

Plot  the  following  curves: 

I.  y  —  fflna*.  2.  y  =  sin--  3.  y  =  3sin  — 

2  3 

4.  y  =  Jsin3a;.       $.  y  =  sin^x-|--y        6.  y=2sin(^«-^Y 
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7.  Construct    sinusoids    having    the    following    amplitudes    and 

wave  lengths: 

(ffl)  Amplitude  =  1.5,  wave  length  =  3,5. 
(5)  Amplitude  =  0.25,  wave  length  =  -■ 
(c)  Amplitude  =  i,  wave  length  =  8t. 

Write  the  equation  for  each  of  these  curves. 

Ans.   (a)  )i  =  1.5  sin^-^i      (6)  4 y  =  sin  4 a;,       (c)  y  =  sin-- 
7  4 

S.   Show  that  the  equation 

y  =  a  cos  {bl  +  c) 
may  be  used  to  represent  harmonic  motion  as  well  as  the  equation 
y  =ami{bt  +  c). 
9.   Plot  the  curves  (o)  y  =  sin*  x,      (6)    y  =  tan*  x. 

10,  Plot  the  curves  (o)  y*  =  sin  x,       (6)  y*  =  tan  x. 

11,  A  point  moves  in  the  circumference  of  a  circle  whose  radius 
is  8.5,  from  an  initial  position  whose  angular  distance  from  the 
right-hand  extremity  of  a  horizontal  diameter  is  15°,  with  a  uniform 
velocity  such  as  to  complete  a  single  revolution  in  54  seconds. 
Write  the  equation  between  y  and  (,  where  y  represents  the  vertical 
distance  of  the  point  from  the  horizontal  diameter  at  any  given 
time  I. 

12,  A  piece  of  paper  is  WTap[>ed  around  a 
wooden  cylinder  and  then  an  oblique  section  is 
made  by  sawing  the  cylinder  in  two.  If  the 
paper  is  now  unrolled  and  laid  flat,  its  edge  will 
form  a  sinusoidal  curve.    Prove  it. 

Ans.  The  equation  trf  the  curve  is"  y  =  o  sin  -  ■ 

where  PR~  y,  0R  =  x,  AT  -  a,  and  OC  =  r  = 

the  radius  of  the  cylinder.  Fig.  163. 

134.  Composition  of  Sinusoidal  Curves.  Curves  representing  an 
equation  of  the  form 

y  =  «,sill(6,a!  +  <;i)  +  o,fflll(6»a!  +  c,)+   etc., 
may  be  readily  constructed  from  the  component  curves 

yi  =  ai8in(6ia:  +  Ci),  Ji  =  fli  sin  (6ii  +  ct),   etc, 
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y  =  yi  +  yt 

the  ordinate  of  any  point  on  the  required  curve  is  found  by  adding 
the  corresponding  ordinates  of  the  component  curves. 

ExAHFLE  I.    Plot  the  curve  y  =  sin  a:  +  cos  a:. 
Solution.    Plot  separately  the  two  curves 

yi  =  mix,  [curve  (i),  Fig.  164], 

yt=  coax,  [curve  (3),  Fig.  164]. 
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Fig.  164. 

The  required  curve  y  =  yi  +  yi  [curve  (3),  Fig.  164]  is  then 
obtained  by  adding  the  two  ordinates  corresponding  to  any  given 
value  of  X.  Thus,  if  X'^OF,  y=FP  =  FPi+  FP^.  It  is  un- 
portant  to  remember  that  for  points  below  the  x-axis  the  ordinates 
are  negative;  thus,  ifa:- OG,  y  =  GQ  =  GOi  +  GQt.  Now  GQi  is 
positive  but  GQt  is  negative.  GQg  being  the  longer  of  the  two,  their 
algebraic  sum,  that  is,  GQ,  will  be  negative. 

It  should  be  noticed  that  certain  points,  as,  for  instance,  those  for 
which  y  =  ±  1,  ±  2,  or  o,  may  be  located  at  sight.  After  the  shape 
of  the  curve  is  known,  these  points  suffice  to  sketch  the  required 
curve. 

Eaeh  of  the  sine  curves  yi  =  sin x  and  yi  =  ca&x  has  the  period 
3  *-  and  the  resultant  curve  y  =  sin  ;c  +  cos  x  is  another  ane  curve 
with  the  period  1 «-.    This  may  be  shown  analytically  as  follows: 

y  =  sin  «  +  cos  a:  —  sin  a:  +  sin  (-  —  x  I, 
■"  asin- cosf- —  x\,  by  formulas  in  Article  113, 
=  v^cos(--x)  =  V^sin(x+-Y 
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that  is,  the  curve  y  =  sin  x  +  cos  a:  is  a  sinusoid  having  an  ampli- 
tude V  3,  period  2  TT,  and  crossing  the  avaxis  at  the  point  x  =  —  \t. 

The  method  employed  in  constructing  the  curve  in  the  preceding 
example  applies  equally  well  to  the  compounding  of  any  number  of 
curves.  The  ordinates  of  the  resultant  curve  are  always  the  alge- 
braic sums  of  the  ordinates  of  the  component  curves. 

Example  a.    Plot  the  curve  y  =  sina;-|-sin2a:. 
Solution.    Construct  separately  the  two  curves 
yi  =  sinx,     [curve  (i)], 
j^  =  sin  2  X,  [curve  (a)), 
then 

y  =  yi  +  ys  =  sinx-|-sm2x 

yields  the  curve  (3),  Fig.  165.    This  curve  has  the  period  2  «■. 
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Fig.  i6s. 

Example  3.    Plot  the  curve  y  =  sinx-f-isin3a:-|-jMn5». 
Solution. 

yi  =  sina:  gives  curve  (i). 

yi  =■  J  sin  3  X  gives  curve  (2), 

y,  =  J  sin  s  X  gives  curve  (3), 

y  -  yi  +  yi  +  ys  gives  curve  (4). 
This  curve  also  has  the  period  2  t. 
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136.  Theorem.  The  resultant  of  two  simple  harmonic  curves 
Moving  equal  wave  lengths  is  another  simple  harmonic  curve  having  the 
same  wave  length. 

Proof.    Let  the  given  curves  be 

yi  =  aisiiify  x+  cX     y,  =  atsm{^-^x+c^, 

X  bdng  the  commoD  wave  length.     (Art  13a.) 
Now 

yi  =  aismf?~a:Jcos(i4-aiC08|^rUinci,  . 

yt-  oismf^a^jcost^  +  ojcosf^xjsmi^, 
therefore 
y  =  yi  +  j^ 
=  {aicosci  +  aiCosci)smf^a:J+  {oisinci  +  disinci)co3(^*) 

-»  a  cos  c  sin  { -^  x]  +  o  sin  c  cos  ( —  a;  J 

=  a^mi^x-\-X  (1) 


a  cos  c  —  at  cos  ci  +  Ot  cos  ct, 
flsmc  =  fflismci  +  aismci. 
Dividing  the  second  of  the  equations  (3)  by  the  fiist,  gives 
^^^^g;.sinci  +  ^sint^_ 

oicos  ci  +  a»  cos  ci  '^ 

and  taking  the  sum  of  thfir  squares 

a*  (cos*  c  +  sin*  c)  =  af  (cos'  Ci  +  sin*  ci)  +  3  a^Ot  (cos  ci  cos  i^ 
+  sin  ci  sin  ci)  +  «»'  (cos*  ct  +  sin*  ci), 
or  a*=  Oi*+ai'+ 2ai(Jjcos(ci  — (^).  (4) 

Equation  (i)  shows  that  the  resultant  curve  is  a  simple  harmonic 
curve  whose  wave  length  is  X.  The  amplitude  a  of  the  resultant 
curve  is  given  by  (4),  and  the  constant  c  by  (3). 
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136.  Fourier's  Theorem.  Before  leaving  the  subject  of  har- 
monic curves,  we  will  state  in  simple  language  and  without  proof  a 
most  famous  theorem,  which  in  the  language  of  Thomson  and  Tait  * 
"  is  not  only  one  of  the  most  beautiful  results  of  modern  analy^, 
but  may  be  said  to  furnish  an  indispensable  instrument  in  the  treat- 
ment of  nearly  every  recondite  question  in  modem  physics.  To 
mention  only  sonorous  vibrations,  the  propagation  of  electric  signals 
along  telegraph  wires,  and  the  conduction  of  heat  by  the  earth's 
crust,  as  subjects  in  their  generality  intractable  without  it,  is  to 
give  but  a  feeble  idea  of  its  importance." 

Any  arbitrary  periodic  curve  can  be  considered  the  resultant  of  a 
sum  of  simple  harmonic  curves,  and  can  therefore  be  expressed  by  an 
equation  of  the  form 

y  =  Oi  sin  (bix  +  c,)  +  a,  sin  (ftja:  +  c»)  +  etc. 

The  importance  of  the  theorem  lies  in  this,  that  every  periodic 
phenomenon  whose  changes  can  be  measured  can  be  represented  by 
a  periodic  curve,  Fourier's  theorem  shows  how  every  such  phe- 
nomenon can  be  resolved  into  a  series  of  simple  harmonic  motions. 

ExEKaSE  59 

1.  Plot  the  curve  y  =  sin  x  —  cos  x. 

Show  analytically  that  this  curve  is  a  sine  curve,  whose  amplitude 
is  V  3,  and  which  crosses  the  x-axis  at  the  distance  i  r  to  the  right  of 
the  origin. 

2.  Construct  the  resultant  curve  of  which 

yi  =  cosfa; -!--)>     and     yt  =  cos(x~-\ 

are  the  components,  and  show  that  the  equation  of  the  resultant 
curve  may  be  written  y  =  cos  x. 

Construct  the  followii^  curves: 

3.  y  =  sina:  +  4sin3ar.  4.  y  =  sin2x-f-sin3a:. 
S-  y  =  sinx-t-isin4x.  6.  y  =  asinx  — sinax. 

7.  y  =  COS2X-I-4COSX.  8.  y  =  sinx  — isinsx-Hisinsx. 

9.  X  =  tan-'  (i  +  N^)  -I-  tan-'  (i  -  Vy). 

*  Elements  of  Nktunl  PhHooophy,  Second  Edition,  Chapter  I. 
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10.  Plot  the  curve  resulting  from  compounding  the  two  curves 

yi=  2sinfx  +  ^j,  J^  =  3 sin ( a:  -  ^j, 

and  show  that  the  equation  of  the  resultant  curve  is 
y  =  asin(a;  +  c)i 


where 

It.  Show  that 


a  3.  V ig,  c  =  tan  '( "j, 

)w  that 

«sin^+6cos^=*/o'  +  fi»sin(0  +  tan-'-Y 

13.  The  force  (inertia  force)  on  the  piston  of  an  engine  is  given 
by  the  equation 

L  ^. 


where  0  is  the  angle  which  the  crank  arm  makes  with  a  fixed  direc- 
tion, R  the  length  of  the  crank  arm,  L  the  length  of,  the  connecting 
rod,  and  F^  a  constant  (the  ideal  centrifugal  force  at  the  crank  pin 
ranter).  Plot  the  curve,  showing  the  value  of  F  for  any  given  posi- 
tion of  the  crank,  when  Fj,  =  600,  R  =  1$,  L  =  45- 

13.  s,  the  distance  of  the  piston  of  a  steam  engine  from  its  ex- 
treme poation  corresponding  to  0  =  o,  is  given  approximately  by 
the  equation 

s~r(i- 


R  , 


where  A,  £  and  if  have  the  same  meaning  as  in  Example  13.    Plot  the 
curve  showing  the  relation  between  ;  and  $,  when  J?  »  10  and  L  —  30. 

137.  The  Logaimunic  Curve,  v  ="  l°gift>'- 

With  the  aid  of  a  table  of  common  logarithms  and  a  knowledge 
of  the  fundamental  properties  of  logarithms,  we  &nd  the  following 
corresponding  values  of  x  and  y: 

a:  =-  I,  a,  3,  4,  5,  10,     100,         .,     ,,      00. 


y~  0,  0.30, 

0.48, 

0.60, 

0.70,     I, 

2, 

'-      i, 

J, 

1, 

i, 

0.01, 

y  —  0-30, 

-0.48, 

-  0.60,  - 

-  0-70,  -  I, 

—  *. 

In  any  case,  if  x 
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y 

^ 

— 

/ 

^ 

These  values  enable  us  to  plot  the  portion  of  the  curve  shown  in 
Fig.  167,  They  also  Jtive  us  a  definite  idea  of  the  shape  of  the  curve 
beyond  the  limits  of  the  figure.  To  the 
right  the  curve  diverges  more  and  more 
from  the  x-axis  as  x  increases,  below 
the  X-axis  the  curve  approaches  the 
y-axis  more  and  more  nearly  as  x  ap- 
proaches o;  that  is,  the  logarithmic 
curve  y  =  logiox  has  the  y-axis  for  an 
asymptote. 

Fig.  167.    y  -  logi.1, 

138.  The  Expoaential  Curve,   y  =  10*. 

Taking  the  common  logarithm  of  each 
side  of  the  equation  y  =  lo*,  we  obtain 
logio  y  =  3C,  or  «  —  logioy. 

This  shows  that  the  exponential  curve 
y  =  10'  may  be  obtained  from  the  curve 
y  =  logiD*  by  interchanging  the  x's  and 
y's,  that  is,  by  using  the  ordinates  of 
the  logarithmic  curve  for  abscissas  and 
the  abscissas  for  ordinates.    The  result- 


mg 


Fig.  168.    y  -  lo*. 
curve  is  shown  in  Fig.  16S. 


139.  The  Exponential  Curves,  y  =  «*",  where  ib  is  any  constant, 
and  e  =  3.718+)  the  base  of  the  natural  system  of  logarithms. 

(a)  y  =  e*.    Let  us  first  consider  the  special  case  for  k  =  i. 
A  general  idea  of  the  shape  of  the  curve  y  =  «*  may  be  gathered 
from  the  following  sets  of  corresponding  values  of  x  and  y: 

x=  o,      i,  I,  2,  .,00, 

y=  I,     (2.7)1=1.6,     2.7,     (2.7)* -7.4,  .,         00, 

x=  —  J,  —  I,  —2,  .,     -  00. 

y  —     -~r  =  o-6i>      "  =  0-38, 


1.6 


3.7 


7-39 


From  these  values  the  curve  may  be  sketched  as  in  Fig.  16S. 

If  the  curve  is  to  be  plotted  with  greater  accuracy  than  the 
above  figures  will  permit,  it  is  best  to  employ  li^rithms.    For,  on 
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takii^  the  logarithm  of  each  member  of  the  equation  >>  «  e*,  we 


have 


logio  y='X  logio  e  -  X  logio  2.718+  =  0.4343  a 


Assigning  to  x  in  succession  the  values  o,  0.1,  0.3,  .,  .,  i,  a,  3,  etc 
we  obtain  by  means  of  a  table  of  logarithms, 

x=  o,    0.1,  0.2,  ,,    .,     I,  2,  3,  etc., 

logy=o,    0,04343,    0.08686,    .,     .,    0.4343,    0.8686,    1.3029,  etc., 
y=  I,    1.1052,      1.2214,      ■.    ■.     3-718,      7-390.    ao.o8s,     etc. 

The  integrals  for  x  may  be  chosen  as  small  as  we  please,  and  the 
table  extended  at  will,  depending  on  the  accuracy  desired  and  the 
extent  of  the  region  for  which  the  curve  is  to  be  plotted.  The 
values  of  y  corresponding  to  negative  values  of  x  are  the  reciprocals 
of  the  values  of  y  when  x  is  positive. 

(b)  y  =  e**,  k  positive. 

When  X  =  o,  y  =  I,  therefore,  no  matter  what  value  k  has,  the 
curve  passes  through  the  point  (o,  i)  F^.  169. 

Let  k>  1.  So  long  as  x  is  positive,  e'  >  \,  and  therefore  ^  = 
(«•)*  >  e',  that  is,  to  the  right  of  the  y-axis  the  curve  y  —  t^,k>  1, 
lies  above  the  curve  y  =  e*,  and  it  will  diverge  from  it  the  more,  the 
greater  the  value  of  A.  Fornegative  valuesof  x,;t  >  i,e*'=(c*)*<e*, 
that  is,  to  the  left  of  the  y-axis  the  curve  y  =  e*',  k  >  i,  will  lie 
between  the  curve  y  =  e^  and  the  x-axis  and  will  converge  the  more 
rapidly  to  this  axis  the  greater  the  value  of  k.  For  any  given  value 
of  k  the  curve  may  be  roughly  sketched  by  means  of  a  few  properly 
chosen  points.  If  greater  accuracy  is  required,  we  first  compute  a 
table  of  values  from  the  relation  logio  y  =  0.4343  kx. 

Considering  in  like  manner  the  cases  when  k  <  i,  we  find  that  the 
curves  y  =  e*",  A  <  i,  lie  between  the  curve  y  =  e"  and  the  straight 
hne  drawn  parallel  to  the  x-axis  through  the  point  (o,  i)  and  that  the 
curve  will  approach  this  straight  line  more  nearly  the  smaller  the 
value  of  k.  Fig.  169  shows  the  curves  for  the  values  A  =  i,  A  -  i, 
A  =  I,  A  =  2  and  A  =  3. 

(c)  y  =  e**,  A  negative,  or  y  =  e"**,  k  positive. 

The  curve  y  -  e"**  (i)  is  most  readily  obtained  from  the  curve 
y  =  ***  (2).  For  y  -  e"**  =  (e*)"',  from  which  it  is  plain  that  for 
a  positive  value  of  x,  the  ordinate  y  of  (i)  will  be  the  same  as  the 
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value  of  y  in  (i)  for  the  corresponding  negative  value  of  x,  and  vice 
versa,  the  y  in  (i)  when  x  is  negative  will  be  equal  to  the  y  in  (3) 
when  X  is  positive.  This  means  that  the  two  curves  y  =  e~^'  and 
y  =  e**,  k  being  the  same  in  both  cases,  are  symmetrical  with  re- 
spect to  the  y-axis,  so  that  either  one  being  given,  the  other  may  be 
traced  from  it  without  computing  anew  the  coordinates  of  its  points. 
Two  such  curves  have  the  same  relation  to  each  other  as  an  object 
and  its  reflection  in  a  mirror.  For  this  reason  either  of  the  two  is 
said  to  be  the  reflection  on  the  y-axis  of  the  other.  Fig.  169  shows 
the  curves  y  =  e**  for  the  values  A  =  —  3,  —  3,  —  i,  —  },  —  J. 


^     '  f'  ii  >     r 

\XMtLX^ 

Fig.  169.    y  -  e*». 

140.  The  Compound  Interest  Law.  In  physics,  chemistry  and 
various  branches  of  engineering,  related  quantities  occur  which  are 
subject  to  laws  which  may  be  expressed  by  the  formula 

y  =  at/",  (i) 

or  by  the  equivalent  formula 

In  fact,  it  can  be  shown  that  whenever  two  quantities  are  so  related, 
that  the  ratio  between  their  changes  is  always  proportional  to  one 
of  the  quantities,  the  relation  between  them  may  be  expressed  by 
either  (i)  or  (3),  where  x  and  y  are  the  quantities  in  question,  and  k 
and  a  constants  which  depend  on  the  rate  of  change  and  the  initial 
values  of  x  and  y.  The  amount  of  money  due  at  any  time  on  a  sum 
of  money  put  out  at  compound  interest,  the  interest  being  added  to 
the  principal  not  at  stated  intervals  but  as  fast  as  it  accrues,  varies 
with  the  time  according  to  this  law.    For  this  reason  the  general  law 
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expressed  by  (1)  or  (a)  is  commonly  known  as  the  compound  interest 
law.  The  student  of  science  will  meet  numerous  examples  of  the 
compound  interest  law.  A  fen  simple  examples  are  given  in  the  set 
of  problems  which  follows. 

Exercise  60 
Plot  the  following  curves: 

I-  y  =  log,a:.  2.  y=io'.  3.  y=io~'. 

4.  y-10    '.  5.  j'=Jlog,--  6.  y  =  3-io'. 

7-  y  =  3'-  8-   y=3"'-  9-  y-  a*'. 

10.  y  =  2"**,  II.  y  =  2  e'  12.  y  =  —  2  e*. 

13.  Given  the  curve  y  =  e*',  trace  the  curve  y  =  —  e*'  without 
computing  the  coordinates  of  its  points. 

(Suggestion.  The  required  curve  is  the  reflection  on  the  a>axis  of 
the  given  curve.) 

14.  The  amount  A  due  on  a  principal  of  P  dollars,  put  out  at 
compound  interest  at  r  per  cent  for  t  years,  the  interest  being  added 
to  the  principal  as  fast  as  it  accrues,  is  given  by  the  formula 

A  -  Pe'^. 

Plot  the  curve  showing  the  amount  due  at  any  given  time,  when 
P  =  100  and  r  =  5- 

(Suggestion.  Use  different  values  of  t  for  abscissas  and  the  cor- 
responding values  of  A  for  ordinates.) 

15.  The  work  W  due  to  the  expansion  of  steam  in  the  cylinder  of 
a  steam  ei^ine,  while  expanding  from  a  given  volume  to  a  volume  V, 
is  given  by  the  formula 

W  -  alog^V  -b, 
where  a  and  b  are  two  constants  depending  upon  the  initial  volume 
and  pressure.    Plot  the  curve  showing  the  relation  between  V  and 
If  for  any  volume  from  F  =  i  to  K  -  4,  when  a  =  15,000,  and 
ft  =  o. 

16.  Newton's  law  of  cooling.  "Hie  difference  9  between  the  tem- 
perature of  a  body  and  the  temperature  of  the  medium  surrounding 
it  is  given  by  the  formula 
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where  a  and  b  are  constants  depending  upon  the  nature  of  the  body 
and  tlie  initial  temperatures.  If  when  t  =  o,  B  =  $0°,  and  when 
t  =  60  seconds,  0  =  25",  plot  a  curve  showing  the  temperature  6  at 
any  time  f  up  to  60  seconds. 

111.  The  Catenary,   v  =  £(«= +«~ -Jin  which « is  the  base  of 

the  natural  system  of  logarithms  and  c  any  positive  constant. 

We  first  consider  the  special  case  c  =  t,  y  =  i  (e'  +  e~'). 

Put  yi  =  e*  and  yi  =  e",  then  y  =  i  (yi  +  yj),  which  shows 
that  any  ordinate  of  the  required  curve  is  equal  to  half  the  sum  of 
the  corresponding  ordinates  of  two  curves  yi  =  e*  and  yt  =  e~'. 
If,  therefore,  these  two  curves  are  drawn  first,  as  in  Fig.  170,  the 
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F^.  170.    The  Catenary. 

required  curve  is  easily  drawn  by  taking  each  ordinate,  as  AP,  equal 
to  half  the  sum  of  the  ordinates  AP\  and  APt- 
It  should  be  observed  that 

,  _  aiJS .  ^  +  aj:J5 .  xp, + A?> , 

2  3  2 

that  is,  each  point  P  bisects  the  line  joining  two  corresponding  points 
P^  and  P,. 

We  now  pass  to  the  general  case,    y^-^e^+e    «j  may  be  written 


which  becomes  ■/ 

where  /  =  ^i 


y_g°+  g    ' 
c  3 


CO 

(3) 
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From  this  ve  see  that  if  the  coordinates  x",  y'  of  any  point  on  the 
curve  (2)  be  multiplied  by  c,  the  resulting  numbers  are  the  coordi- 
nates X,  y  of  some  point  on  the  curve  (i).  The  curve  (i)  is  therefore 
merely  some  magnihcatioa  of  the  curve  (3).  The  curve  in  Fig.  170 
may  therefore  be  taken  to  represent  any  equation  of  the  form  (i), 
provided  the  proper  scale  is  employed  in  the  construction.  It  is 
only  necessary  to  let  each  unit  of  length  along  the  coordinate  axis 
represent  c  units. 

The  curve  y=-[e'+e    « J  is  called  the  catenary.     It  is  the  curve 

formed  by  a  rope  or  flexible  cable  suspended  between  two  points. 
c  is  the  ratio  of  the  horizontal  tension  to  the  wdght  of  a  unit  length 
of  the  rope  or  cable. 

142.  The  Curve  of  Damped  Vibratioii8,y  =  a«~*"sin  ica:  +  d). 
Put 

yi  =  ae~'",         (1),  yj  =  sb  (ca:  +  d),  (a) 

then 

y  =  yiya==  ae'^sia  {ex ■{■<{),  (3) 

that  is,  any  ordinate  of  the  required  curve  is  equal  to  the  product  of 
the  corresponding  ordinates  of  the  two  curves  (i)  and  (2). 


Hg.  171.    The  Curve  of  Damped  ^^bratioDs. 

Let  the  curves  (i)  and  (2)  first  be  constructed  separately,  as  in 
Fig.  171.    Now  observe: 

(a)  Since  yt  is  less  or  at  most  equal  to  i ,  y  of  (3)  is  less  or  at  most 
equal  to  yi,  that  is,  the  required  curve  lies  below  the  curve  (i). 

(b)  Whenever  yi  or  y»  equals  zero,  y  of  (3)  equals  zero  also,  hence 
the  required  curve  crosses  the  x-njas  at  the  points  Ni,  JVj,  JVj,  Nt, 
etc,  at  which  the  curve  (2)  crosses  this  axis. 
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(c)  Whenever  yj  =  i,  as  at  Si,  Ht,  ^tc,  y  of  (3)  equals  yi,  hence 
the  required  curve  touches  the  curve  (i)  (since  it  cannot  cross  it) 
at  the  points  K^,  Kt,  etc. 

(d)  Whenever  yi  =  — i,_as  at  £fj,  H\,  etc.,  y  =  —  yi.  Thisenables 
us  to  locate  the  points  K^,  Kt,  of  the  required  curve. 

The  shape  of  the  curve  (3)  is  now  apparent.  It  is  a  wave  curve  of 
constant  wave  length,  but  the  amplitude  of  the  successive  waves 
diminishes.  The  rajudity  with  which  the  amplitude  decreases 
depends  on  the  value  of  the  constant  k  in  (i).  This  constant  k  is 
known  as  the  logarithmic  decrement  of  the  curve. 

Like  the  exponenti^  curve  and  the  sine  curve,  this  curve  finds 
frequent  appEcations  in  science.  While  the  sine  curve  represents 
free  vibrations,  that  is,  vibrations  not  retarded  by  friction  or  other- 
wise, the  curve  y  =  o«~*'  sin  (ex  +  tO  represents  damped  vibrations, 
that  is,  vibrations  suffering  resistance  of  some  kind.  A  pendulum 
vibrating  in  air  or  water,  waves  propagated  in  a  viscous  fluid  and  oscil- 
latory discharges  from  an  electric  condenser,  are  familiar  examples 
of  damped  vibratory  motion. 


Exercise  6i 

Plot  the  curves: 

I.  y  = 

,-co... 

2.  y  = 

«*sinx 

3--^ 

4.  y- 

>•-«-"■ 

/suggestion. 

The 

given 

equation    m 

written  y 

=  ^,  where  y= 

«■-«- 

-■\ 

1 

1 

5.  y  =  ■ ^—^ .    See  suggestion  under  Problem  4. 

(>■  y  = —•    (Suggestion.      The   given   equation   may   be 

written  y  =  ^,  where  yi  = — ,    yi  =  — — 1 

yi  3  2        J 


that  in  Problem  6.) 
8.  The  six  functions, 
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e'-e-'  e'  +  e- 

are  known  as  the  Hyperbolic  func- 
tions.   Show  that 

V  -  yi'  =  I, 
yt*  +  js*  =  I, 

y^  -  y.!  =    I. 

Compare  the  graphs  of  these  func- 
tions,  Fig.    172.    The   graphs   are 
numhered   in   correspondence   with  Fig.  i?*.  The  Six  Hyperbolic  Curves. 
the  sufGxes  of  the  y's  in  their  equations  above. 

g.  A  cable,  weighing  one  pound  to  the  foot,  is  suspended  between 
two  pieis  under  a  tension  of  100  pounds.  Plot  the  curve  which  it 
forms. 

10.  The  displacement  of  the  end  of  a  spring,  from  its  position  o£ 
equilibrium,  at  the  time  (  seconds  is  given  by  the  equation 


where  a  is  the  amplitude  of  the  vibration  of  the  string  if  there 
were  no  friction,  k  represents  the  effect  of  friction  retarding  the  vi- 
bration, and  T  is  the  time  of  a  single  vibration.  Plot  a  curve  show- 
ing the  displacement  at  any  moment  during  the  first  ten  seconds,  if 
«-5.    *  =  i    T-2. 
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TRIGONOMETRIC   REraESEITTATIOR  OF  COMPLEX  QUAHTmSS 

143.  Imaginary  Numbers.    If  we  solve  the  equation 

x»+i=o, 

we  obtain  x  =  ±  V-  i.    Similarly,  every  equation  of  the  form 

x'  +  a*  =  o, 
where  a  is  any  real  number,  has  for  its  solution 

a:  -  ±V-  o*  =  ±  aV~, 
wluch  contains  "/—  i  as  a  factor. 

This   new   number  V  —  i,  whose   square   is   —  i,  is  commonly 
denoted  by  the  letter  t  and  is  called  the  imaginary  unit. 
Since  »*  =  —  i,  it  follows  that 

i»  =  —  »,   i*=  I,  ^  =  i,  *•  =  —  I,  i'  ~  ~i,  ?  =  I,  etc., 
that  is, 

Every  integral  power  of  i  is  equal  to  t,  i,  —  i,  or  —  i,  according  as 
the  exponetU  of  the  power  when  divided  by  4  leaves  the  remainder  o,  i, 
3,  or  J. 
In  symbols 

Numbers  like  t,  a »,  —  s »,  - >  Vo .  i,  etc.,  are  called  imaginary 

numbers  or  quantities.  Every  ima^nary  number  consists  of  the 
imaginary  unit  *  multiplied  by  some  real  coefficient.  From  the  rule 
for  the  powers  of  i  it  follows  that  every  even  power  of  an  imaginary 
number  is  a  real  number,  every  odd  power  of  an  imaginary  number 
is  again  an  imaginary  number, 

144.  Geometrical  Representation  of  Imaginary  Numbers. 
Every  positive  or  negative  real  number  x  may  be  represented 

geometrically  by  a  distance  on  the  x  axis  measured  to  the  right  or 
left  according  as  x  is  podtive  or  negative.     Equal  distances  measured 

J78 
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in  the  same  direction  represent  equal  numbers,  but  equal  distances 
measured  in  opposite  directions  represent  numbers  which  are  equal 
in  magnitude  but  opposite  in  sign.  Thus,  in  Fig,  173,  if  the  points 
X-t,  X-i,  0,  Xi,  Xt  are  taken  at  equal  intervals,  and  OXi  represents 
unity,  then  each  of  the  segments 

OX  I,  XiXt,  X-iX-i,  X-iO  represents  +1, 
and  each  of  the  segments 

OX-i,  X-iX-i,  XiXi,  XiO  represents  -i. 

In  general,  if  the  segment  PQ  represents  the  number  a,  QP  repre- 
sents the  number  —a,  and  therefore  PQ  +  QP  =-  a  +  (—  i)  =  o-  It 
follows  that  a  line  segment  PQ  on  the  x-axis  will  continue  to  repre- 
sent the  same  real  number  if  it  is  moved  along  |the  ^c-axia  from  one 
position  to  another,  so  long  as  its  direction  remains  unchanged. 

If  all  the  line  segments  have  the  same  initial  point  O,  as  OXi,  OXt, 
OX~i,  OX^i,  Fig.  173,  the  terminal  points  Xi,  Xt,  X-j,  X-t  will 
represent  the  numbers  quite  as  well  as  the  s^ments  themselves. 
Thus,  if  0X1=  1,  the  numbers  i,  a,  —  i,  —  2  are  represented  equally 
well  by  the  segments  OXi,  0X%,  OX-i,  OX-t,  and  by  the  points 
Xi,  Xt,  X-u  X-t,  respectively. 

Likewise  every  positive  or  negative  imaginary  number  iy  may  be 
represented  geometrically  by  a  distance  on  the  y-axis  measured 
upwards  or  downwards  according  as  y  is  positive 
or  negative.  Equal  distances  on  the  y-aris  meas- 
ured in  the  same  direction  represent  equal  imagi- 
nary nimibers,  equal  distances  on  the  y-ajds 
,  measured  in  opposite  directions  represent  imagi- 
nary numbers  which  are  equal  but  opposite  in  sign. 
Thus,  in  Fig.  173,  if  the  points  Y-t,  Y-i,0,  Yt,  Fi 
are  taken  at  equal  intervals,  and  OYi  is  taken  in 
length  equal  to  OXi,  then  each  of  the  segments 
OYi,  YxYt,  Y^tY^u  Y-iO  represents  +  i,  and 
each  of  the  segments  OF-,,  Y-iY-t,  FiK,,  YiO  represents  ~  i. 
In  general,  if  the  segment  RS  represents  the  number  ai,  SR  repre- 
sents the  number  —  ai,  and  therefore  RS  +  SR  =  ai  +  (—ai)  ^  o. 
It  follows  that  any  line  segment  on  the  y-aris  will  continue  to  repre- 
sent the  same  imaginary  number  if  it  is  moved  along  the  y-axis  from 
one  portion  to  another  so  long  as  its  direction  remains  unchanged. 


Fig.  173- 
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If  all  the  line  segments  have  the  same  initial  point  0,  as  OYi, 
OYi,  OY-u  OK-2,  the  terminal  points  Yi,  Yt,  K_i,  K-j  will  represent 
the  imaginary  numbeis  quite  as  well  as  the  segments  themselves. 
Thus,  if  OYi  represents  i,  the  numbers  i,  li,  —  i,  —  2i  are  equally 
well  represented  by  the  segments  OYi,  OYt,  OY-i,OY-t,  and  by  the 
points  Y\,  Yi,  Y-  \,  F-i,  respectively. 

When  the  points  oa  the  x-xas  and  y-asis  are  used  to  represent 
real  and  imaginary  numbers  respectively,  these  axes  are  referred  to 
as  the  axis  of  reals  and  the  axis  of  imagUiaries  respectively. 

The  reason  for  choosing  the  axis  of  imaginaries  at  right  angles  to 
the  axis  of  reals  is  found  in  the  following  considerations: 

The  equation  »•  =  —  i  may  be  put  in  the  following  form, 
4-t  :i  =  i:-i, 
that  is,  »  is  a   mean  proportional  between  +i  and  —  i.    Now  the 
geometric  construction  for  a  mean   proportional  gives   the  perpen- 
dicular OFi,  erected  at  O,  to  the  semicircle  constructed  on  X-\Xi 
as  a  diameter.     Hence,  if  0X\  represents '-|-i,  and  OAT-i  represents 

—  I,  OFi  will  representrV-l-  i  X  -i  or  i. 

Or,  we  may  reason  as  follows:  i*  =  »  X  *  =  —  i,  that  is,  two 
successive  multiplications  by  i  have  the  same  effect  as  multiplication 
by   —I,     Now    multiplying  any  line   segment    0X\  by  — i  gives 

—  OXi  =  XtO  =  OX- 1,  that  is,  multiplying  by  - 1  has  the  effect 
of  turning  OXi  through  an  angle  of  i8o°,  hence  multiplying  by  i 
should  have  the  effect  of  turning  OXi  through  half  this  angle  or  90°, 
that  is,  »  X  0X1  =  OYi,  so  that  if  OXi  represents  i,  OYt  must 
represent  i. 

146.   Geometrical  Representation  <rf  Complex  Ntmibers. 

If  we  solve  the  equation  x*  —  4  x  +  13  =  0, 
we  obtain  a:  =  a  ±  3  v'—  i, 

that  is,  or  =  a  +  3  (,  or  2  —  3  ». 

Each  of  these  numbers  con^ts  of  two  parts,  a  real  part  +  2,  and  an 
imaginary  part  +  3  i  or  —  3  »,  A  number  like  a  +  3 1,  or  a  —  3  », 
which  consists  of  two  parts,  one  which  is  real  and  the  other  imaginary, 
is  called  a  complex  number.  The  general  form  of  a  complex  number 
'isa  +  bi,  where  a  and  b  are  real  numbers,  a  and  b  may  be  positive 
or  negative,  integral  or  fractional,  rational  or  irrational. 
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A  complex  number  a  +  bi  is  represented  geometiicaJly  by  a  )ine 
segment  joining  the  origin  0  to  the  point  whose  coordinates  are  a 
and  b.  Thus,  the  complex  number  2  +  3  »  is  represented  by  the  line 
segment  OPi,  Fig.  173,  obtained  by  joining  the  origin  O  to  the  point 
Pi,  whose  coordinates  are  2,  3,  Here  also  the  direction  of  the  line 
segment  as  well  as  its  length  is  to  be  considered.  The  line-segments 
OPi,  OPt,  OPi,  OPi  are  equal  in  length,  but  they  do  not  represent 
the  same  numbers.  OPi  represents  the  number  2  +  3  *,  OPt  rep- 
resents —  2  +  31,  OPs  represents  —  2  —  3  »,  and  OP*  represents 

2-3*. 

Two  directed  line  segments  which  have  the  same  length  and  the 
same  direction  are  considered  equal,  and  may  be  taken  to  represent 
the  same  number.  It  follows  that  .a  line  segment  wiil  continue  to 
represent  the  same  number  if  it  is  moved  parallel  to  itself.  Thus, 
OPx,  X^tYi,  PjO,  Y-iXi  being  parallel  and  equal  in  length,  all  rep- 
resent the  same  complex  number  2  +  3  ». 

If  the  directed  line  segments  all  have  the  same  initial  point  0,  as 
OPi,  OPt,  OPt,  OP,,  the  terminal  points  Pi,  Pt,  P»,  P«  may  be  taken 
to  represent  the  complex  numbers  as  weU  as  the  directed  segments. 
In  this  sense  we  may  speak  of  the  points  Pi,  Pt,  Pi,  Pa  as  represent- 
ing the  numbers  2-|-3»,  —  2-(-3*,  —  2  —  31,  2  —  3*,  respectively. 

If  in  o  +  M  we  put  6  =  o,  we  get  all  possible  real  numbers  a  ;  if 
a  =  o,  we  get  all  possible  imaginary  numbers  bi,  so  that  the  complex 
numbers  a-\-  bi  include  as  special  cases  all  real  and  im^inary  num- 
bers. 


M 


146.  TrigoiuHnetric  Representation  of  Con^lex  Numbers. 

Let  P  (Fig.   174)   represent  the  point  x-^-iy. 
Let  r  denote  the  length  OP  and  fl  the  at^le  which 
r  OP  makes  with  the  x-axis.    Then 

a;  =  r  cos  ft,  v  =  rsin9,  (i) 

Hg.  174.  and 

x+iy  =  r  (cos  9  -I-  <  sin  9).  (2) 

r  (cos  ff  -1-  t  sin  9)  is  called  the  trigonometric  form  of  the  complex 
number  x  +  iy;  r,  which  is  always  positive,  being  the  distance  of 
the  point  P  from  the  origin  8,  is  called  the  modulus  or  ahsoli^  value, 
and  B  is  called  the  argument  or  amplitude  of  the  complex  number 
x-iriy. 
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From  (i)  we  obtain 

cose-?,    ^n»  =  y,    tani-t,    r- 


Vz:'  +  t 


(3) 


The  equations  (3)  enable  us  to  express  any  complex  number  in 
the  trigonometric  form.    Thus,  U  x  +  iy  =  3  +  4  »,  we  find 

r  =  v'3*  +  4>  =  s,  costf=J,   ! 


so  that 


3  +  4t=  5(co5S3' 


Ifa:+iy  =  3-4*, 


J,    tan9  =  J, 
t  sin  53°  80. 
3,  y  "=  —  4,   and  we  have 
5,  cosff=  i,  sin9=  -  t,   tantf  =  -J, 


from  which  $  =  306"  52'  or  —  53"  8', 

so  that  3  — 4»  =  5(co5  3o6''5a'  +  »sin3o6''s2'), 

or  3-  4t  =  s(cos-  53''8'  +  t3m-  53" 8'), 

=  S  (cos  53°  8'  -  *  sin  53°  8')- 
Conversely,  if  a  complex  number  is  given  in  the  trigonometric 
form,  equations  (i)  enable  us  to  e;q>re3S   it  in  the  form  x  +  iy. 
Thus,  if  the  given  number  is  a  (cos  30°  +  t  sin  30*),  r  =  a,  0  =  30°, 


and  we  have  from  (i) 
so  that 


X—  a  cos 30"  =  V^,  y  = 
2  (cos  30°  + J  sin  30")  = 


!  sin  30  =  I, 


147.  GeometricAdditionandSubtractioiiof  ComplexNumbers. 

Let  OP  and  OP'  (Fig.  175)  represent 
any  two  complex  numbers  x+  ty  and 
^  +  iy'  respectively.  Complete  the  par- 
aUelogram  OPQP',  having  OP  and  OP'  for 
two  of  its  sides.  Draw  QC  perpendicular 
and  PD  parallel  to  OX.  The  right  tri- 
angles PDQ  and  OBP'  are  equal  (Why?), 
hence 

PD  =  OB  =  x',  DQ  =  BP'  =  y', 

and  therefore 

OC''OA  +  PD  =  x  +  x',CQ  =  AP  +  DQ  =  y+y', 
so  that  the  directed  hne  OQ  represenU  the  complex  number 
{x4-xf)  +  i(y+y')  =  {x  +  iy)  +  (/  +  if). 
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The  sum  of  two  complex  numbers  represented  by  OF  and  OP"  re- 
speclivdy  is  represented  by  the  diagonal  draum  jrom  0  of  ike  paraUelo- 
gram  formed  with  OF  and  OP"  as  sides;  or, 

To  find  geometrically  the  sum  of  two  complex  numbers  represented  by 
OP  and  OP"  respectively,  move  OP"  parallel  to  itself  so  that  its  initial 
point  falls  on  the  terminal  point  P  of  OP.  The  directed  Une,  drawn  to 
connect  the  initial  point  0  of  OP  to  the  termiital  point  of  OP"  in  its  new 
position,  represents  the  required  sum. 

In  its  second  form  this  nile  may  be  easily  extended  to  the  sum  of 
any  number  of  a>mplex  numbers.  To  add  geometrically  the  num- 
bers represented  by  OP,  OPi,  OPt,  OPi,  etc.,  we  first  add  any  two 
of  them,  as  OP  and  OPi;  to  their  sum  we  add  any  third,  as  OPt', 
to  the  sum  of  these  three  we  add  a  fourth,  as  0P»,  etc.  Leaving  out 
the  lines  which  are  not  needed  to  obtain  the  final  result,  we  obtain 
the  following  rule: 

Construct  a  broken  line  OFQRS  .  .  .  such  that  OP  coincides 
with  OF,  FQ  is  equal  and  parallel  to  OFi,  QR  is  equal  and  parallel 
to  OPt,  RS  is  equal  and  parallel  to  OPt,  etc.  The  directed  line 
joining  0  to  the  terminal  point  of  this  broken  line  represents  the 
required  sum. 

The  length  of  the  line  representing  the  sum  of  two  or  more  com- 
plex numbers  will  be  less,  or  at  most  equal,  to  the  sum  of  the  lengths 
of  the  several  lines  representing  the  numbers  added,  hence 

The  modulus  of  the  sum  of  any  number  of  complex  numbers  is  less 
than,  or  at  most  equal  to,  the  sum  of  their  moduli. 

Geometric  subtraction  follows  from  geometric  addition.  Let  OQ 
and  OF  (Fig.  175}  represent  any  two  complex  numbers  whose  differ- 
ence OQ  -  OP  is  to  be  found  geometrically.  Since  OP  +  OP"  =  OQ, 
OQ  -  OP  ~  OP' -^  PQ.  PQ,  or  its  equal  OF',  represents  then  the 
required  diSerence,  in  words, — 

The  difference  OQ  —  OF  between  two  complex  numbers,  represented 
by  OQ  and  OP  respecUvdy,  is  represented  by  the  third  side  PQ  of  the 
triangle  of  which  the  other  two  sides  are  OP  and  OQ. 

148.  Application  of  Complex  Quantities  to  Eliysics.  It  is 
shown  in  physics  that  if  OP  and  OF"  (Fig.  175)  represent  in  length 
two  forces  acting  in  the  directions  indicated  by  the  arrows,  then  OQ, 
the  diagonal  of  the  parallelogram  of  which  OP  and  OP'  form  the 
sides,  will  represent  thdr  resultant,  both  as  r^ards  magnitude  and 
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direction.  It  follows  timt  if  OQ  represents  a  given  force  in  magni- 
tude  and  direction,  and  OP  its  component  in  the  direction  OP, 
PQ  =  OP"  must  represent  the  other  component.  The  laws  of  com- 
position and  resolution  of  forces  are  then  precisely  those  which  govern 
the  geometrical  addition  and  subtraction  of  complex  numbers;  we 
may  therefore  compound  or  resolve  forces  by  adding  or  subtracting 
the  complex  numbers  which  represent  them. 

Suppose  «  forces  /i,  /»,  /», 
.  .  .  fit  (Fig.  (76)  act  in  the 
same  plane  on  the  same  point 
P  with  the  respective  inten- 
sities fi,  cj,  r>,  .  .  .  r„  pounds, 
and  at  angles  di,  $j,0,,  .  .  .  $n 
with  the  A^axis.  The  forces 
are  then  represented  by  the 
complex  numbers:  — 


iffi  +  isinffi), 
•  St  +  isinOi), 


rj(cosfli+»sinfl»), 


Adding  all  these  quantities  ^ 


,  (cosfl, +  »sine„)- 

e  obtain  for  the  resultant: 


f  =  ficostfi  + rscosflj-|-r»costfs+  .  .  .  +r„cosfl 

+  i  (fisinfli-f-fidnflj -|-fjsintfj+  .  .  .  +r»sin9„) 
=  R  (cos  ^  +  »  sin  4>), 

where  R  is  the  modulus  and  ^  the  argument  of  the  complex  num- 
bers representing  the  resultant  force  P. 

The  resultant  may  be  found  geometrically  by  constructing  OA 
equal  and  parallel  to  rj,  ^B>equal  and  parallel  to  rt,  BC  equal  and 
parallel  to  i-j,  and  so  on.  Then  OD,  the  directed  line  joining  the 
origin  0  to  the  terminal  extremity  of  the  broken  Une  thus  con- 
structed, represents  the  resultant  force  F  both  as  regards  magni- 
tude and  direction. 

We  will  apply  the  method  Just  explained  to  the  solution  of  Prob- 
lem 16,  Exercise  26.  Taking  AP  for  the  direction  of  the  x-axis  we 
have 
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n=is,  fi=6,  n  =5.7,        u  =  7.9,       fi  -  ia.3,     r,  =  10. 

tfi=o'',  9j=ij''3o',tf,  =«  3i°2i',ff4=  47°46',P(='  sS'io^ffj  =  72°  18'. 
f\=     IS  (coso''+ t'sino")  =15.0000  +  *  0.0000 

ft=       6  (cos  12°  30'  +  t  an  12°  30')  =    5.8578  +  i   1.2984 

/s=     5.7  (cos3i''2i'  +  »siD3i''2i')  =    4.8678  +  *   3.9657 

ft=     7.9(cos47''46'  +  *sin47''46')  =    5.3104 +  *   5.8493 

A  =   1 2-3  (cos  58°  10'  +  *  an  58°  10')  =    6.4882  +  i  10.4501 

/i  =      10  (cos72°i8'  +  *3in7a°i8')  =    3.0400  +  *'  9.5870 

Adding 
F  =  R  (cos  ^  + 1  an  ^)  =  40.5642  +  »  30.0904 

R  -  V40.5642*  +  30.0904*  =  50.51, 

^  =  cos-  45:56  =  sin-'  35^  =    ^o     , 
50.51  50.51 

whence  F  =  50.51  (cos  36°  34'  +  »  sin  36'  34'), 

that  is,  the  resultant  force  is  50.51  pounds  and  acts  at  an  angle 

36°  34' with  ^P. 

149.  Historical  Note.  The  method  of  representing  complex 
numbers  by  points  in  a  plane  is  often  referred  to  as  Argand's  repre- 
sentation, after  J.  R.  Argand,  a  French  mathematician,  who  gave  a 
discusdon  of  the  method  in  1806,  This  is  another  misnomer,  tor  it 
is  now  known  that  Caspar  Wessel,  a  German,  published  the  same 
method  as  early  as  1799.  The  method  was,  however,  completely 
forgotten  until  in  1831  it  was  rediscovered  and  applied  by  the  great 
Gauss,  to  whom  is  generally  conceded  the  credit  of  having  established 
the  true  theory  of  imaginary  numbers.  To  Gauss  we  owe  the  term 
"complex  numbers"andthesymbol  t  to  represent  the  imaginary  unit. 
The  term  "  imaginary  "  was  first  used  by  Descartes.  The  choice  of  the 
term  was  unfortunate,  for  imaginary  numbers  as  now  understood 
are  no  more  "  imaginary  "  in  the  ordinary  meaning  of  that  term 
than  are  negative  numbers.  In  view  of  their  geometrical  interpre- 
tation the  name  "  lateral  numbers  "  has  been  si^gested  in  the  place  of 
the  name  "  imaginary."  The  trigonometric  form  of  complex  num- 
bers was  first  used  by  the  great  French  mathematician  Cauchy. 
The  concept  of  complex  numbers  and  their  geometrical  representa- 
tion forms  the  basis  of  many  of  the  branches  o'  higher  mathematics, 
and  is  indispensable  as  well  to  the  study  of  theoredcal  physics. 
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ExEBaSE  62 
I.   Represent  geometrically  each  of  the  numbers, 

2,  -3.  4  *.  -  *',  I  + 1,  I  -  ».  3  +  3  t,  -  i  -  i. 
3.   Represent  geometrically  each  of  the  numbers, 
2  (cos  30°  +  »  sin  30*), 
cos  60°  +  i sin  60°,  3  (cos  120°+  »  sin  120°),  |  (003240°+ tan  240"), 
cos  o*  +  »  sin  0°,  cos  90°  +  »  sin  90",  V2  (cos  -  +  »  sin  -  J- 

3.  Express  the  following  numbers  in  the  trigonometric  form: 
^Vi  +  nVl,       i+ii^l,      h~ih^l      }^+Ji. 

-i^^  +  4»■      i,      -1,1. 
Ans.  00345°  + tsin45'',  cos6o''  +  »8in6o'',  ■  ■  ■  ,  cos 0°  + » an 0°. 

4.  Eiq)res3  each  of  the  numbers  in  Problem  2  in  the  form  x  +  iy. 

Ans.   ^3  +  i,^  +  i^Vl,  .  .  .  ,i+i. 

5.  Compare  the  moduli  of  the  following  numbers: 

■v'3  +  t,  V3  -t,  -^3  +t,  -^3-  »,  V'a  +  tV'2,  V~2  -  iVs, 
-s/i  +  iVs,  -V2-iV2,  1  +  JV3,  i-iVl,  -i  +  iV}, 
—  I  —  » V3,  2,  2 »,  —  2,  —  3 *. 

What  conciuaon  can  you  draw  with  reference  to  the  location  of 
the  points  representii^  these  numbers  ? 

6.  Add  geometrically  i  +  »  and  2  +  i; 

I  +  2  i,  2  +  j,  and  i  —  *;  i  +  2  »,  —  2  +  3 1,  i  —  t,  —  3  —  »,  and  3  —  3  »; 
I,  t,  2,  and  I  —  »'. 

7.  Add  I  +  J  »,  2  +  i,  and  i  —  i  geometrically,  in  three  different 
ways: 

(a)  By  adding  the  first  and  second  and  then  the  third, 

(b)  By  adding  the  first  and  third  and  then  the  second, 

(c)  By  adding  the  second  and  third  and  then  the  first. 

8.  Subtract  geometrically  2  +  3  » from  3  +  4 »;  2  —  t  from  i  +  *; 
3  +  2  *  from  I  —  i. 

9.  Prove  the  rule  for  geometric  subtraction  separately  by  means 
of  the  relation 

(.+ ij) -(»■  + .y) -(.-«')  + i  (5.  -  y). 
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10.  Prove  that  the  sum  of  the  complex  numbers  representing  the 
ddes  of  a  polygon  taken  in  order  equals  zero. 

11.  Three  forces  of  151,  106,  and  61  horse  power  respectively, 
make  angles  of  50°  04' 3°".  m°  20'  ^0$",  and  —  96°  respectively 
with  the  X-axis  Show  that  the  resultant  is  zero,  that  is,  that  the 
forces  are  in  equilibrium. 

ISO.  Multiplication  and  Division  oi  Complex  Numbers.    Let 

81  =  ri  (costfi  +  tsinffi),        Zt  =  r,  (cos^  +  »sin^) 
represent  any  two  complex  numbers.    Their  product  is 
z,Zt  =  riTt  (cos  9i  + 1  sin  fli)  (cos  ft  +  »  sin  9i) 

=  fif!  t(cos  fli  cos  flj  —  sin  5i  sin  9i)  +  i  (sin  S\  cos  fli  +  cos  0\imOti\ 
=  r.ra  [  cos  (6,  +  69}  +  isin  {6,  +  Ba)].  (i) 

Dividing  si  by  zt  we  obtain 

«l^  ri  (cosg]  +  tsingj)  _  u  _  C09 fli  + 1 sin Bi  ^  costft—  f  sinflt 
Xfl     ri(cosfl,  +  tain^)      u      co&$t  + iwiSi      cosO%~  «sin0t 
fi  (cos  6i  cos  ^  +  sin  9i  sin  ffi)  +  *  (sin  9i  cos  ft  —  cos  gi  sin  9^) 
"r,  (cos^fl-?sin»ff)  =  i 

=  ^'[«w(ei-ea)  +  *Bin(e,-e8)i.  (a) 

*■« 

From  equations  (i)  and  (2)  it  appears  that, 

The  product  of  two  complex  numbers  is  another  complex  number 
whose  modulus  is  the  product  of  the  moduli  and  whose  argument  is  the 
sum  of  the  arguments  of  the  numbers. 

The  quotient  of  tarn  complex  numbers  is  another  complex  number 
whose  modulus  is  the  modulus  of  the  dividend  divided  by  the  modulus  of 
the  divisor,  and  whose  argument  is  the  argument  of  the  dividend  dimin- 
ished by  the  argument  of  the  divisor. 

Corollary  i.    Smce        i  =  coso"     +  iano", 
i  —  cos  90°  +  *  sin  90°, 
—  I  —  cos  180°  +  » sin  180", 
the  modulus  in  each  case  being  unity,  it  follows  that: 

multiplying  any  complex  number  by  i  leaves  it  undianged, 

multiplying  any  complex  number  by  *  increases  its  argument  by  90°, 

multiplying  any  complex  number  by  —  i  increases  its  argument 
li^iSo". 
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In  the  first  case  the  line  segment  representing  the  complex  number 
is  left  unchanged,  in  the  second  case  the  line  segment  is  turned  in 
the  positive  direction  through  an  angle  of  90°,  in  the  third  case  the 
Une  segment  is  reversed. 

Corollary  2.  (cos  9  +  »  sin  9)  (cos  6  —  i  sin  6)  =  i;  therefore 
cos  9  +  t  sin  fl  and  cos  9  —  t  sin  9  are  reciprocals,  and  in  general  the 
reciprocal  of  r  (cos  ff  +  »  sin  fl)  is  -  (cos  9  —  » sin  C). 

Two  numbers  such  as  r  (cos  fl  +  »  sin  9)  and  r  (cos  9  —  i  sin  9)  are 
said  to  be  conjugate  to  each  other.  Each  is  called  the  conjugate  of 
the  other. 

161.   Powers  of  Complex  Numbers.     By  (1),  Article  150,  we  have 

siZt  =  n  (cosfli  +  isinfli)  X  r*(cos9i  -j-*sin^) 
=  nn  [cos  (9,  +9,)  +  i  sia  (0,+  fl»)l. 
Let  us  multiply  this  result  by  a  third  complex  number  z»,  thus: 
zi3»3»  =  r,f,  [cos  (9i  +  9,)  + 1  sin  (9i  +  ^)1  X  r,  (cos  ff*  +  » sin  9.) 
=  nr^i  [cos  (9,  +  9i  +  ft)  + 1  sin  C9i  +  (1,  +  9,)]. 
Similariy  we  obtain  for  the  product  of  «  factors 

Si  =  ri(cos9i4-»sin9i),  st  =  ri(cos9i  +  »sinft),  .  .  . 
Zb  =  ''n  (cos  9„  +  »  sm  9„) 

8122   ■    .    ■  3n  =  'I'-J   ■    .    .   '■n  [cos  (tf,  +  9,  +    .    .    .    +  9„) 

+  »sin(9.  +  9,+    .  .  .  +9»)]     (i) 
.  From  (i)  we  see  that, 

The  modulus  of  the  product  of  any  number  of  complex  numbers  is 
equal  to  the  product  of  the  moduli  of  the  factors,  and  the  argument  of 
the  product  is  equal  to  the  sum  of  the  arguments  of  the  factors. 

Now  let  us  suppose  that  the  n  factors  in  (i)  are  all  equal,  each 
factor  being 

a  =  r  (cos  9  +  »  sin  9), 
we  then  have  z"  =  r"(cosn9  +  Jsinn9).  (a) 

In  particular,  if  r  =  i, 

(cos  0  +  i  ^  0)"  ~  cos  n  e  +  i  an  n  e.  (3) 
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Equation  (3)  embodies  one  of  the  most  famous  theorems  of  □ 
analyas.    It  is  known  as  DeMoivre's*  theorem,  after  its  discoverer, 
and  may  be  stated  thus: 

The  argument  of  the  nth  power  of  any  complex  number  is  equal  to 
H  times  the  argument  of  the  number.  The  theorem  may  be  shown  to 
hcdd  for  any  value  of  n,  negative,  fractional,  irrational  or  even 
imaginary,  but  unless  n  is  int^ral  coan8  +  iann$  represents  but 
<me  of  the  several  values  which  (cos  fl  +  *  sin  9)"  may  have. 

To  illustrate  the  use  of  DeMoivre's  theorem,  we  will  employ  it  to 

raise  -  +  -  ^3  to  the  9th  power.      Changing  i  +  -  V3  to  the 

trigonometric  form  we  have 

f=-i,   cosS  =  -,   aa0  =  — ^,    hence   fl=-. 
22  3 

and 

/;  +  i  v^Y  _  (cos  ? + i  sin  rV  _  cos  ai + .■  sin  a^  -  - 1. 

Va      2       /      V      3  3/  3  3 

Similarly 
(,  +  «•)'-  fVa  (cos^  +  i  sin ^)]*-  4 V2  Tcos  ^^  +  »  sm  ^1 

--4(1+0. 

162.  Roots  of  Complex  Numbers.  Suiq>ose  it  is  required  to 
find  the  nth  root  of  the  complex  number  s  —  r  (cos  9  +  *  ^  8). 
Denote  the  root  ^  by 

s'-r'(cos9'  +  Jsine'). 
Then  (x*)"  ■«  z,  and  we  have  by  DeMoivre's  theorem 
K  {cos J' +  ionO]"  =  f^"  («»««' +  »3m«9')  -  »■  (cosfl  +  Jsinfl), 
from  which 

/-  y/?,  n0'  ='0,8+2T,e  +  4T,e  +  6r,  .  .  .  6  +  2Jhr, 

since  when  an  angle  is  increased  by  any  number  of  times  3  r  both  the 
sine  and  cosine  remain  unchanged.    It  follows  that 

*  DeMtHvre  (1667-1754)  created  a  kige  part  of  that  portirm  of  trigonometiy 
which  deals  with  complex  numbers.  His  death  has  a  curious  psychological  io- 
teiest.  Shortly  before  his  death  he  slept  a  little  longer  each  day,  until  when  the 
limit  of  twenty-four  houra  was  reached,  he  died  in  his  sleep. 
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»      »         rt         «       " ' '      » 

and 

where  k  is  any  integer. 
These  values  are  not  all  different,  for  when  ft  lo  n  we  have 

and  similarly 

,^(co.°+'(;+»+Jsm»+'<;+''')-^(cos»-±p+ism'-±^y 
and  generally 

30  that  /  has  only  m  distinct  values  corresponding  to  the  values 

jfe  =  o,  I,  2,  .  .  .  »—  I, 
that  is, 

Every  complex  number  r  (cos'$  +  i  sin  8)  has  n  ntk  roots  given  by 
the  formula 

W<»s»  +  i»m»)l'-ri[co5i^±i^  +  ismU:^l,         (.) 
where  k  has  the  values  o,i,2,.,.n  —  i. 
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ExAjiPix  1    To  find  the  fourth  nwts  of  i. 

Solutioii.    In  the  trigoaometric  fonn  i  =■  cos  0°  +  •  sin  o",  hence 
l^  the  fotmula  (i)  above 

■Vi  -  cos(^±^  +  fMB^  +  '^Y  where  ft  -  o,  1, 2,  or  3. 

Denoting  the  four  roots  by  s^,  Si,  ft,  st  respectively,  we  have 

f)=C03-  +  isin-=i,  «]  =  cos— +  isin— =  *', 

4  4  4  4 

,,«cos^  +  Jsin^  =  -i,  Zi-co3^  +  isin— =  -t- 

4  4  4  4 

Example  a.    To  find  the  fifth  roots  of  —  i. 

Sdution.    In  the  trigcmometiic  form  —  i  =  cosa-  +  *8in«-,  hoice. 

V=^i  =  cos^^i-^+»sin?^±^,wherei  =  o,i,2,3,4. 

"niis  gpves  the  five  values 

in=  COS-  +»  sin-,  zi  =  cos^  +  tsin^,  »%  —  cosT+»an«v 

5  5  5  5 

J,  =  cos^  +  *an^,  «4  =  cos^+ .'sin^. 
5  5  5  5 

The  last  two  roots  may  be  written  equally  well 

»i  —  cos^^—  isin^^,  s«  —  cos-—  »sin-( 
5  5  5  5 


cosi^-cosfar-^V^^s'^.  sinlf  =sinfa«--iiV-sini^. 
S-Vs/  5  5  \  5/  5 


for 

I 
5 

and 

coe2£<BaM[aT— -|-  cos-,  an^=3inf3T  — -1-  — sin', 
S\S/S5V5/  5 

so  that  finally 

"V—  I—  cos-  ±  tsin-,  cos^±  isin^,  cosrH-isinT— —  1. 
5  5  5  5 
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1B3.  To  Solve  the  Equation  x"-  i  -  o.    If  2"-  i  =  o,  then 
s"=i  =coso+*sino, 
and  the  n  roots  are 

Zo  =  cos- +»sm-  -  I, 
n  n 

Si  —  cos—  + 1  sin  — , 
n  n 

n  n 

8.-,-COs'("-'^  +  JSU.'<''-')', 
n  n 

^-.-cos'("-'>'  +  isin'("-')^ 
»  n 

Now 

«  \  n/  n 

A.  '("-■>'-  sii./»T  -  ^V  -  d.  ^, 

heQ(x 

a-_i=  cos— —  »  an—,  and  similarly  s.-t=  cosi^  —  »an^. 
n  n  MB 

that  is,  zi  and  Sa-t  are  conjugate  complex  aiunbers,  and  likewise  h 
and  2k-i,  St  and  «„-■,  etc.,  are  each  pairs  of  conjugate  niunbers. 

(a)  Let  n  =  2m+  1,  an  odd  number.    Thee  besides  the  first 
root  Xf  there  are  m  pairs  of  conjugate  roots,  that  is,  the  roots  are 

j,cosi^±.-8in^,cosi^±isin4^,  .  .  .  cos?^  ±  *  sin^^- 
n  n  n  n  n  n 

(b)  Let » =■  3  m,  an  even  number.    Then 

,„  =  cos^^^+»sin^^  -cosr  +  isin»--i, 
n  n 

and  the  roots  are 

1,  cos— ±»8in  — ,  cosi^iian*^,  .  .  .  , 
n  n  n  n 

co.('"-')"±i^('"-')",-i. 
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The  roots  of  the  eqiiati<Mi  a"  —  i  =  o  are  represented  geometri- 
cally by  the  »  lines  (or  by  their  terminal  points)  drawn  from  the 
origin  as  center  to  the  circumference  of  a  drcle,  radius  unity,  so  as 
to  divide  the  circumference  into  n  equal  parts,  one  of  these  lines 
CMudding  with  the  positive  direcdoo  of  the  a^-azis. 

164.  To  Solve  the  Equation  «"  +  i  =  o.    If8"+i=o,  then 
!"=  —  !  =  cosT  +  Jsina-, 
hence  the  n  roots  are 

A  =  cos-  +  »  sin -I 
n  » 

g,  =  cos^  +  i  mt^, 
n  n 


fl  n 

^.-.-cos("-')'  +  ism  ('"-■)' 

where  zo  and  Zn-i,  '1  and  Zh-i,  etc.,  are  pairs  o 

(a)  Let  M  =  a  m  +  I,  an  odd  number.    The  middle  root  is 

«  « 

so  that  the  »  roots  are 

cos- ±«  sin-,  co8i^±»sini^,  .  .  .  , 
n  n         n  n 

cos ('"-■)'±jsu. ''"-■)',  -I. 
«  n 

(b)  Let  n  =  3  IK,  an  even  number.    Then  the  roots  are 

cos-±isin-.    cos'^  ±»dn^< .  .  .  , 
n  n  n  n 

cos(""-')'  ±iA^""-')'. 
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The  roots  of  the  equation  z"  +  i  =  o  are  represented  geometri- 
cally by  the  n  lines  (or  by  their  terminal  points)  drawn  from  the 
origin  as  center  to  the  circumference  of  a  circle,  radius  unity,  so  as 
to  divide  the  circumference  into  n  equal  parts,  the  positive  x-azis 
bang  taken  to  bisect  the  angle  between  a  p^  of  consecutive  lines. 

Exercise  63 

Compute  the  following  expressions  by  DeMoivte's  theorem,  thrai 
verify  your  results  by  e^^anding  the  binomials  by  the  binomial 
theorem. 

I.   (i  +  *)*■  Ans.   2  i. 

a.   (i  —  i)*.  Ans.    —  4. 


'  -      — '  Ans.   —  *. 


6.  Show  that  each  of  the  following  ei^resdons  equals  —  i, 
/cos-±*sin-J.   (cos  i^  ±  »  sin  ^Y,    (cos*  ±  jsinir)*. 

7.  Construct  the  points  representing  the  expressions 

(cos- +  »sin-),   (cos-  — »  sin-|i  etc., in  Problem  6. 
5  5/     V      S  5/ 

8.  Find  the  seven  seventh  roots  of  i  and  plot  the  points  represent- 
ing these  roots. 

Ans.   i,C03^±.-sin— ,    cos^±»sini^,   cos  — ±»3in^. 
7  7  7  7  7  7 

9.  Find  the  seven  seventh  roots  of  —  i  and  plot  the  points  represent- 
ing them. 

10.  If  Zo,  Bi,  »!,,..  z„~i  are  the  roots  of  the  equation  a"  —  i  =  o, 
show  that 

Xt  =  Si*,  2»  —  2l',  Zt  =  Zi*,    .    .    .   Sb-i  ™  !i"~', 

^t.   Find  all  the  values  of  Vi  +  t  and  r^resent  them  geometri- 
cally.       Ans.    Va  (0059°  -h»sin9°),  ^  (cos  81°  -|-  »  sin  81°),  etc 
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15S.  The  Cube  Roots  ctf  Unity.    Let  %,«i,ut  represent  the  three 
cube  roots  of  i,  then  by  the  preceding  article 
«o=  coso  +  isino  =  I, 
«i  =  cos  ^  +  i  sin  —  =  ^i  +  »  ^, 

3  3  3  2 


«.» =  ( cos  i^  H 


3/  3  3 

n^Y=  cos  2^  +  jain  ££  =  «!, 
3/  3  3 


also  Willi  =  ffi*  =  ut*'=  I, 

that  is, 

The  square  of  other  of  the  imagittary  cube  roots  of  unity  equals  the 
other,  and  Iheir  product  equals  unity. 

We  may  then  denote  the  cube  roots  of  unity  by 
I,  w,  «», 
where  u  is  either  one  of  the  roots  wi,  uj. 

IBS.  The  Cube  Roots  of  Any  Real  or  Complex  ITumber. 

Let  r  (cos  8  4~  >  sin  9)  represent  any  number  and  zb,  zi,  it  its  cube 
roots. 
We  have 


..... 

cos?  + 
3 

-1) 

"-" 

cos' +  "  +  . •»»»+") 
3                        3      / 

-' 

cos^  + 
3 

.■sin|)(<»s^'  +  .si. 

7)= 

wzo, 

-" 

co.«-±i 
3 

ll  +  isin»  +  *'') 

=" 

cos  ^  +  .■  sin  2)  (cos  4^  +  i  sin 

f)= 

-^, 

whasthei 

oeaning  given  it  in  Article  155. 
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F^irthermore,  by  apjdying  the  results  just  obtained 

lasi  E  (D^  =  Zt,  <j?t\  =  w*so  =  It,  (3) 

(Ml  =  iiho  =  zo,  uHii  =  ti>%  =  trte  "  »i-  (3) 

From  (i),  (2)  and  (3)  it  appears  that  any  two  cube  roots  <A  a 

number  may  [be  obtained  by  multiplying  the  third  by  u  and  w* 

respectively.    Thus: 

from  (i),  from  (a)  from  {3), 

Zl  =  (|IS(,  Zt  »  WZi,  Zg  =  IMt, 

Xt  =  u*«(i,  '20  =  tAj,  ai  =  (Ai, 

where  w—  —  ±  j — *■ 
3  2 

167.   Solution  of  Cubic  Equations.     Every  cubic  equation  can 
be  expressed  in  the  form 

Oo*'  +  3  oiaj*  +  3  oasB  +  0,-0,  (i) 

where  do,  a\,  <h,  fh  are  given  numbers. 

Equation  (i)  can  be  replaced  by  another  in  which  the  second 
term  is  missing  by  putting 

:.  =  =-^'.  (2) 

On  making  this  substitution,  equation  (i)  reduces  to 

»»  +  3H«+0  =  o,  (3) 

where 

H  =  that  -  oi*,  G  -  (h*<h  -  3<haiat  +  2  oi*-  (4) 

Now  put 

Z  -=  M  +  P,  (S) 

then  (3)  bea)mes 

(«  +  i>)*+3ff(«  +  «')  +  G  =  «*  +  B*+3("+«)(^+«')+C-o.     (6) 

If  furthermore  we  put 

ff  -1-  «e  =  o,    that  is,    w  =  -  H,  (7) 

then  (6)  becomes 

«■  +  »»= -G,  (8) 

and  substituting  for  v  in  (8)  its  value  from  (7) 

«»  -  ^  =  -  G,  or  «•  +  Gw"  -  fl"  =  o.  (9) 
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(9)  is  a  quadratic  equation  in  K*.     Solving 


^      -G±Vffl+4fl* 
so  tiiat  for  dtber  sign  we  obtain 


»  2  T  3 


,h=,e  ..^-C  +  Vg  +  4Z 


But  the  cube  root  of  every  number  has  three  values,  which  by  Article 
156  may  be  denoted  by  «,  eo»,  co*u  respectively,  where  u  is  any  one 
<A  these  roots.  The  three  values  of  s  which  satisfy  the  equatitm  (5) 
are  therefore 


«o  -  « * 


(") 


u  being  dthei  one  of  the  cube  roots  of — it  A,     .       (la) 

In  fqtplying  this  method  to  the  scrfution  of  any  equation  of  the 
form  (i),  we  first  find  H  and  G  from  (4),  then  m  from  (la),  then  the 
three  values  of  2  from  (11)  and  finally  the  three  corresponding 
values  of  x  from  (3). 

Example  i.    Solve  the  equation  8  x*  +  iz  i*  —  42  a:  —  95  —  b. 

Solution.    Hereth  =  8,  01="  4,  Oi  =■  —  14,  Ot"  —  95. 

From  (4), 

H  =  ooUt  —  fli*  —  —  laS  —  —  2^, 

G  —  ao*fl|  —  3  oifiiOt  +  3  fli*  =  —  4608  ■-  —  2*3*. 
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VP  +  tB"  -  V'j»3<-4.j«  -  7.1', 
.  .'/-G  +  VP+4B'      .'/a'.l'  +  7.a'  _  j, 

I  +  Jl-^, 


--^-f-'(-i-'^)+«(-i-^)-"-"^^- 


.(») 

oo               8 

'          .1,                           8 

^      *-o,    .  -ia-4tV.l-4, 

-,-^ 

Check.      ^:c+2-^iVj  +  3+^»)=^  +  4*  +  -V  =  o,     - 

(x»  +  4«  +  ¥)  (*-*)-«•  +  ***- V-»  -  V  =  o, 
or  8  «*  +  la  a?  —  43  J  —  95  —  o. 

168.  The  Irreducible  Casi.    When  G*+4  dispositive,  as  in  the 
preceding  example,  its  square  root  is  real,  and  N,  which  is  the  cube 

root  of  — — — ^t-^ —  can  be  found  by  the  rules  of  arithmetic 

But  if  G*  +  4  ^  is  n^ative,  its  square  root  will  be  imaginaiy,  and 
we  must  employ  DeMoivre's  theorem  to  find  u.  This  is  the  so-called 
"  irreducible  case  "  of  the  cubic  equation.  Its  S(dution  is  as  follows: 
Since  G*  +  4  £f*  is  negative,  —  (C  +  4  B*)  will  be  positive,  and 
we  may  put 
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/(-Gl'  +  l-(g  +  4g)l_./-^i^  (,) 

C03»-        ""       ■  M 

-rl(cos?  +  .-si„5)-V3fl^eo8?  +  isiB?), 

^  -  V3ff  fcos»-±^  -  i  a'-±^. 

M  \  i  3       / 

•Al  \  3  3     / 


and  from  Article  157,  (2), 

«0 

Example  i.    Solve  the  equation  30^  +  30:*  —  3«— a  =  o. 
Solution.    ao  =  3iOi='i,    fl»  -  —  i,    «j  =  -  a. 

ff  =  a^ot  —  o,*  =  -  4,    G  =  Oo*0|  -  3  <hfi\Oi  +  2  ai'  =  -  7. 
G»  +  4  fl»  -  —  ao7,  hence  we  are  dealing  with  an  irreducible  case. 
From  (3), 

cosfl= -^^^=  =  -^  =  0.4375,    9  =  64° 3' 20". 
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From  (3), 

^-,v-- 

Fcos?  -4COS3I" 

ai'7".3.7as6, 

«i=  aV— flcos--i^^=4Cosi4i°ai'7"=— 3.1241, 

.-av: 

~ffcosl±-iI-4C< 

)S  a6i°  21'  7"-  —0.6015. 

From  (4), 

-^- 

-  0.908s, 

■■3747, 

Exercise  64 

—  0.5338. 

,„,.-±i^6, 

^--'-'^l 

By  actual  multiplication,  show  that 

Wl*  =  CO),     «J*  =  «1,    OJlWl  =   I,     ti>J*  "   I 

Show  also  that  i  +  wt  +  ti)j  =  o. 
3.  Compute  all  the  cube  roots  of  37;  of  37  t. 


3.  Compute  all  the  cube  roots  of  i  +  »'. 

^m.  V3(coa-|^+i!inJ^y    Va(cos2!!  + ismilV 

VJ/cosiii  +  isinii^V 
V        la  11/ 


Solve  tlie  following  equations: 


-  .1  ±  <  ^ 


4.  x"  -  6  »  -  9  -  o.  Aks.  3,-3  ±'V,1 

5.  4  a?  -  34  «*  +  4S  a:  -  25  -  o.  ^fu.  i,  2.5,  3.5. 

6.  X*  —  12  a;  —  10  =  o.         ^»j.  3.8232,  —  2.9304,  —  0.8928. 

7.  a:»  +  9x*  +  a4a:H-i9  =  o. 

Ans.  By  use  of  4-place  tables,  —14680,  —4.8794,  —2.6537. 
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S.  A  man  invests  $5000  and  two  years  later  $3000  more.  The 
interest  was  added  to  tlie  principal  at  the  end  of  each  year.  At  the 
end  of  the  third  year  the  total  increase  was  found  to  be  $3058. r6. 
Find  the  rate  per  cent  of  profit.  Am.  11  %. 

(Suggestion.    Let  x  =  1  +  rate.) 

9.  The  inside  of  a  tank  is  3  ft.  wider  than  it  is  deep  and  3  ft.  longer 
than  it  is  wide.  Its  volume  is  100  cu.  ft.  Find  the  dimensions  of 
the  tank.  Ans.   3.284,  5-384i  8.384.. 

10.  A  loan  of  $500  is  to  be  repaid  in  three  equal  annual  payments 
of  $190  each  without  further  interest.    Find  the  rate  per  cent. 

11.  In  determining  the  deflection  of  a  beam,  uniformly  loaded 
and  supported  at  its  two  ends  and  points  of  trisectibn,  the  follow- 
ing equation  occurs: 

aoa?—  2401*4-3  =  o- 
Find  its  roots.  Ans.  0.4460,1.0687,-0.3147. 

1S9.  To  Express  sin  »d  and  cos  n6  in  Terms  of  sin  6  and  cos  6. 

DeMoivre's  theorem  enables  us  to  express  the  sine  and  co^e  of 
any  multiple  angle  n6  in  terms  of  powers  of  the  sine  and  cosine 
of  S.    We  need  only  compare  s^>aratety  the  real  parts  and  the 

JmBginnty  partS  of 

cosn0  +  isinn6  =  (cosff -f  tsinfl)"  (i) 

after  expanding  the  ri^t-hand  member  by  the  binomial  theorem. 
For  ^ortness  sake  let  us  put 

cosfl  =  c,    aa$  =  *, 
the  right-hand  side  of  (i)  then  becomes 

,(„-,)(„-.)^, 

i-a-3 
+  »(»-■)('■- ')(»-}) i^.-.^  +  etc., 
i'S-3'4 

_  »(»-■)  ^.y  _  »(■-■)(»-')  i^-,j, 
i-a-3 
^.  «(»-i)(«-a)(»-.l)  £.-.,.  +  jtc. 
1.2.3.4 

-  I,  ?-—»",  »*  -  I,  etc. 
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The  real  part  of  tliis  expression  must  equal  cos  ti8,  since  this  is  the 
real  part  of  the  equivalent  left-hand  member  in  (i),  and  for  a  like 
reason  the  imaginary  part  must  equal  sin  n0,  hence  we  have 

cos  »e  =  c-  -  ""i""')  C-- V 

1-3. 3-4 

8in»6  =  ««-»,  -  »(«-iMn-3?^-,^ 

I'2'3 

,  n(n-i)fn-a)(n-3)(n-4)^-.j.      ^      .^ 
1-2. 3. 4-5 
Thus,  if  «  -  2, 

2(2  - 


co939=>c*-=^^ — i^<;«5*-c»-i»-C08»tf-sin»fl, 
I  •  3 

sin30»  3CS  —  3sintfcos9. 

0033^=  <«— iiiJILiZ  (^=.  ji_  2(^_  cos'9  — 3C08ffBin'fl 

=  4  cos'O  —  3cosd, 

sin  3  fl  =  3  A  -  iiS-Z-illiZl^  £0  ji  =  3  cos*  fl  sin  fl  -  sin»  fl 

=  3  sin  fl  —  4  sin*  fl, 

results  «4uch  agree  with  those  obtained  in  Exercise  50,  Problems  10 
and  II. 

160.  ToE:qiressco8  6  andsbiOinXennsof  i^eBandCosines 
ot  Mult^e  Ancles.    By  Article  150,  cor.  a, 

cos  9  +  i  sin  0  and  cos  0  —  i  sin  0  are  reciprocals. 

Put       «  =  cos*  +  »sintf,  then      —  =  costf  —  »sin9, 

2 

s*  f^  cos  tiff  +  isianO,  -=cos»rf  —  isinfrf, 

«  +i  =  acosff,  s—  — -aisinfi, 

z  2 

f"+-^=2Cos*tf,  <•-  -^=a»sinitf. 


hence 
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Now  let  U3  expand (2  +  —  )  *°d  (^  ~  ~)  ''5'  *^*  binomial  theorem, 
U+—y  ■="  2"cos"tf  =  B"+«z»-»  +«^Z1I)b»-*+  .  .  . 

+  '^^-7^  +  '^.  +  ^-        « 

I  •  a  8"-*  2"-*        *" 

where  in  (3)  the  upper  signs  in  the  last  terms  are  to  be  used  when  » 
is  even  and  the  lower  signs  when  n  is  odd. 

Let  us  group  together  the  first  and  last  term  in  each  of  the  ex- 
pressions (i)  and  (3),  also  the  second  and  second  last,  the  third  and 
third  last,  etc.;  we  may  then  write 

a''*»sin»fl  -  /a"  ±  -]  -  «/a"-»  ±  -—j 

+'^(--*±^)+---   w 

where  in  (4)  the  upper  signs  are  to  be  used  when  n  is  even  and  the 
lower  signs  when  n  is  odd.  l^e  total  number  of  terms  in  each 
binomial  expression  is  one  more  than  the  index  n,  and  since  we  have 
grouped  the  terms  in  pairs,  there  will  be  one  term  left  over  in  case  n 
is  even.  This  term  will  not  contain  z  at  all,  for  since  the  exponent  of 
z  diminishes  by  2  for  each  successive  term,  it  will  be  o,  and  a*  —  1. 

Let  us  now  substitute  for  b"  +  — ,    i"—  —  ,  etc.,  their  values 
2"  2" 

2  cos  n0,  z  *  sin  »0,  etc,  and  divide  out  the  common  factor  a.  This 
gives 

2*-'  cos"  fl  —  COS  «fl  +  «  COB  (»  —  2)  6 

+  ~~r^  COS  (»  -  4)«  +  etc.,  (s) 


^cibyGoOl^lc 


304  PLANE  TRIGONOMETRY  Ichap.  xiv 

2''-'<"sin'*9  =  cosn9-»co8(n  — 2)9 

+  **(»-') COS (n- 4)9 -etc.,  (n  even)  (6) 

=  i  [an  f»9  —  n  an  (n  —  3)9 

+  "  (»  ~  ')  sin  (n  -  4)6  -  eto.,1     (nodd).  (60 

The  factor  i  disappears  in  either  case,  for  when  n  is  even,  say 
2  w»,  we  have  »"  =  »*■'  =  (—  i)",  which  is  + 1  or  —  i  aax>Tding  as 
fft  is  even  or  odd,  and  when  »  is  odd,  say  3  m  -f  i,  we  can  divide 
both  sides  of  the  equation  (6')  by  i  and  have  left  on  the  left  side 

t''"=+ior—  las  before. 

EXAICPLES.     If  »  =  9, 

2co5'tf='COS2fl  +  i,       or      cos*fl=  L±.£^l*. 

2 

2«'sin*ff  =  cos2fl— I,      or      an'0  -  ^  —  sjnafl^ 


3»cos»tf-cos3tf  +  3COsfl,      cos«0=i^^^i^5Si«. 

2Vain»9  =  iCsin39-3sin(J),    sin'O  -  ^si"^- sin^g. 
4 
If"  =  4. 
2«cos«fl-cos4fl  +  4««2ff+6,    cos^g^6  +  4cos2g+cos4g. 

a*»*sin*tf=cos4»-4cos29  +  6,    sinM=  ^~  4"»'^+ ^4^. 


Exercise  65 

1.  By  the  method  of  Article  159  express  cos  4 9  and  an 49  each  in 
powers  of  sin  0  and  o>s  $. 

Ans.  cos4fl  =  cos*fl  —  6cos*flsin*tf +  sin*9, 
sin  40  =  4  cos*  0  sin  0  —  4cos0sin'0. 

2.  Show  that 

'       i-6taii'«+tiin'» 
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3.  Show  that 

cosstf  =  cos*fl  —  locos'flsin'tf  +  $cos9mi.*6. 

=  COSfl{l6cOS*e—  30COS»fl  +  5). 

sin$6  —  sin'tf  —  10  sin' ff  cos*  9  +  5  sin  0  cos*  0. 
=  sin  9  (16  sin*  fl—  9osin*0  +  5). 

tjm,j-tane(tan'fl-iotan'fl  +  .i;) 
5tan*(l-  iotan'9  +  i 

4.  By  the  method  of  Article  160  express  cos  S  and  ^  0  in  Usnua  of 
functions  of  multiple  angles. 

CQ^g=  aocosg  +  scosag  +  cosgg 
16 

sin*  e  =>  'o  sin  9  —  1;  ain  j  J  +  sin  .■;  J 
16 

5.  Show  that 

cos*  9  =  ^°+^-'iCOSj9  +  6co34tf  +  cos6g 

j^i 0 ^  20—  i.c;cos3g  +  6cos4g—  cosfig 
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CHAPTER  XV 

TRIGOROHETBIC  SERIES  AND  THE  CONSTRUCTIOn  OF  TABUS 

161.  Definition  of  Infinite  Series.  An  infinite  series  is  an  indi- 
cated sum  of  an  endless  number  of  terms.  Infinite  series  are  of 
common  occurrence  in  arithmetic  and  algebra.    Thus  in 


the  right-hand  member  is  an  infinite  series.  Similarly,  every  recurring 
decimal  may  be  expressed  as  an  infinite  series.  Again,  if  we  divide  i 
by  I  —  X,  according  to  the  rule  for  long  division  we  obtain 

— i+x  +  a?  +  x*  +  x*+  .  .  .  (a) 

1  —  X 

The  light-hand  member  of  this  is  an  infinite  series.  The  square  root 
of  every  number  which  is  not  a  perfect  square  and  the  cube  root  of 
every  number  which  is  not  a  perfect  cube  may  be  expressed  in  the 
form  of  an  infinite  series. 

Since  it  is  impossible  to  write  down  all  the  terms  of  an  infinite 
series,  the  series  is  not  completely  determined  until  we  know  the  law 
or  rule  according  to  which  the  various  terms  are  formed.  When 
this  law  is  known  we  can  write  down  any  term  that  is  needed.    In 

the  first  series  above,  the  law  for  the  general  term  is  -^i  and  the 

lO" 

series  is  completely  expressed  thus  : 

-  +  4i  +  -h+  ■  ■  ■  +-h+  ■  ■  ■ 

lO         lO*         lO"  lO" 

In  hke  manner  the  series  (a)  is  completely  expressed  by 

l+X  +  3?+    .    .    .    +X''-'+    .    .   . 

In  each  case  n  stands  for  the  number  of  the  term. 

When  the  law  of  formation  is  clearly  apparent  from  the  first  few 
terms,  as  in  the  above  examples,  the  general  term  is  not  always 
expressed. 
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A  series  is  frequently  expressed  by  writii^  the  Greek  letter  S 
befoie tbe  general  term;  thus  the  second  series  above  may  be  written 
2  j^~',  wtot^is-iead  "summation  of  a:""'." 

The  general  expreaaoa  for  an  infinite  series  is 

2»,=  Ml +  «*  +  «»+..■    +«,+  ■■• 
where  »i,  Id,  Id,  •  ■  ■  h*,  are  the  teniis  of  the  series. 

162.  Ctmveigeiit  and  Non-Conveigent  Seriw.    Let  5.  stand  for 
the  first  fl  terms  of  the  series,  thus 
Sa-ui  +  ut, 
St  "  vi  +  ut  +  ut, 
5^  =  »i  +  Id  +  «i  +  «4, 


5b  -  Ml  +  «»  +  «»  +  ■  ■  ■  +  «■■ 
As  fl  increases  indefinitely  (approaches  a),  one  of  three  things  must 
happen, — 

(a)  5„  may  approach  some  finite  quantity  as  its  limit. 

(b)  5||  may  become  larger  than  every  assignable  finite  quantity. 

(c)  5„  may  neither  approach  a  finite  limit  nor  become  infinite, 
but  fluctuate  between  two  or  more  different  values. 

No  other  alternative  is  conceivable.  In  the  first  case  the  series  is 
said  to  be  convergent,  in  the  second  divergent,  in  the  third  osciQating. 
Divergent  and  oscillating  series  are  grouped  together  under  the 
term  non-convergent  series. 

If  a  series  contains  a  variable,  as  the  series  (3),  Article  161,  the 
series  may  be  convergent  for  certain  values  of  the  variable  and  non- 
convergent  for  other  values. 

Example  i.    Consider  the  series 

x  +  i^  +  :fi+  ...  +3C"+  ... 
(a)  If  X  »  J,  the  series  becomes 

-  +  ^  +  ~+   ■■  ■   +\+  ■•• 
a      2*      a'  a" 

3  34  4  a48  8 

5„  =  i+i  +  |  +  ^+   ■   .    ■   +i=i--L. 
a      4      8      16  a"  2" 
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As  n  approaches  co ,  -^  i^proacbes  o  and  5„  approaches  i,  hence  the 
series  comes  under  (a)  and  is  convergent. 

{b)  Next  let  us  put  x  =  2,  then  the  series  becomes 
2  +  a'  +  2»  +  ...  +  2"  +  ■  ■  . 
Si  =  a,    St  =>  2+4  =  6,    5,  =  2  +  4  +  8  =>  14, 
5.  -  2  +  4  +  8  +  .  .  .  +  2". 
Plainly,  as  n  approaches  00 ,  Sn  ^proaches  <a ,  hence  the  series  comes 
under  (b)  and  is  divergent, 
(c)  Finally,  it  x  =  —  i,  the  series  becomes 

-I  +  1-I+  ...  +(-!)■+  ... 
Si  =  —  I,  St  =  o,  St  =  —  I,  5|  =  o,  5„  =  —  I  or  o  acconUng 
as  »  is  odd  or  even.     In  this  case  S^  neither  approaches  a  finite 
limit  nor  becomes  infinite,  hence  the  series  is  oscillating. 

Divergent  series  frequently  lead  to  absurdities,  and  must  therefore 
be  avoided.  For  instance,  if  in  the  series  (a).  Article  161,  we  put 
«  =  2,  the  left  member  becomes  — - —  =  —  i,  while  the  right  member 

1-2 

becomes 

1  +  2+4  +  8+  .  .  .  ; 

hence  for  the  value  a;  =  2,  which  makes  the  series  divergent,  the 
two  members  of  (2)  can  no  longer  be  considered  equal. 

163.  Absolutely  Convei^iit  Series.  A  series  which  remains 
convergent  after  all  its  terms  are  made  positive  is  said  to  be  abso- 
lutdy  convergent. 

Convergent  series  which  become  divergent  when  all  the  terms 
are  made  po^tive  are  said  to  be  semi-convergent  or  conditionally 
convergenl. 

For  instance,  if   in  (2),  Article  161,  we   put  x  »  —  },  the  series 


'--+-,-'-,+  ■■■, 

2      2'      a* 

which  is  convergent,  for  it  remains  convergent  when  aU  its  terms 
are  taken  with  the  positive  sign.  The  series  is  therefore  absolutely 
convergent. 
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The  series  1  —  i  +  i  —  i+  ■■■is  convergent,  but  when  all 
the  terms  are  made  positive  the  resulting  series  is  divergent.  The 
given  series  is  therefore  a  seiiu^<x>nvergeDt  01  conditionally  con- 
vergent series. 

Absolutely  convergent  series  are  subject  to  all  the  fundamental 
laws  of  algebra,*  that  is,  they  may  be  added,  subtracted,  multiplied 
and  divided,  like  expressions  consisting  of  a  finite  number  of  terms. 
This  is  not  true  of  semi-convergent  and  divergent  series.  Curious 
results  may  be  arrived  at  if  this  is  not  kept  in  mind.  For  example, 
take  the  divergent  series 

■^-1+3  +  5+7+9  + II +  13  + IS +■■■ 
o-i-i  +  i-    1+  I-    1+    I-    1+  -.. 

Adding         5  =-  3  +  3  +  6  +   6+10  +  10  +  14  +  14  +  ■  ■  ■ 


-         4         +" 

+  20          +  >8  + 

-4    (i          +3 

+    S          +7  + 

-  4  5,  which  of  com! 

)e  is  absurd. 

Or  take  the  semi-convergent  series 

S. ,-1+1-1+1-1 

+  ■  ■  . 

which  is  known  to  be  equal  to  Ic^  2  ="  0.69315  ■  ■  -    We  may  write 

22344566 

^^  +  1  +  1  +  1  +  1+ (?+£  +  |  +  |+...  ) 

2345  V3468  / 

=  1+1  +  1  +  1+1+  .  ..    _/i+l  +  l  +  l+  ...  \ 

2345  \334  / 

=  o,  that  is,  a  constant  0.69312  ■  ■  ■  equal  to  zero,  which 

is  absurd.  These  examples  show  that  we  cannot  treat  an  infinite 
series  like  we  do  other  expressions  until  we  know  whether  it  is  abso- 
lutely convergent  or  not. 

■  For  the  proof  of  this  statement  we  must  refer  the  student  to  textbooks  od 
hitler  Algebra,  such  as  Chiystal's  Algebra,  Chapter  XXVI. 
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A  series  which  is  absolutely  convergent  will  of  course  remun  con- 
ve^ent  when  some  or  even  all  of  the  tenns  are  made  n^ative,  but 
if  a  series  is  divergent  when  all  its  terms  are  positive  it  may  become 
convergent  when  a  certain  proportion  of  its  terms  are  made  n^ative. 

164.  The  Sum  of  an  Infinite  Series.  When  a  series  converges, 
not  otherwise,  the  limit  which  S  approaches  as  »  approaches  oo  is 
called  the  sum  of  the  series.  Thus  when  we  say  that  the  sum  of  the 
series 

248  2" 

is  1,  we  mean  that  the  limit  of 

5,-i  +  !  +  i+    ■■■+h-'--. 

248  2"  a" 

b  I  as  n  ^proaches  •» .    A  divergent  series  has  no  sum  in  the  pn^>er 
sense  of  that  word. 

166.  The  Limit  of  r"  as  n  Approaches  00 . 

(a)  Let  r  =  I .  i  multiplied  by  i  equals  i  no  matter  how  often 
the  multiplication  is  repeated.     Hence  the  limit  of  r"=  i. 

(A)  Let  r  >  I.  We  may  write  r  =  1  +  d,  where  d  is  some  pod- 
tive  quantity.    By  applying  the  binomial  theorem  we  have 

r- =  (i  +  rf)"  =•  I  +  «<i  +  ■  ■  ■, 
Now  no  matter  how  small  d  may  be,  if  n  is  taken  sufficiently  large  nd 
can  be  made  larger  than  any  assignable  quantity,  hence  we  see  that 
as  n  approaches  00 ,  r"  approaches  00  also. 

(c)  Let  r  <  I.  Then  -  >  i,  and  since  by  (o)  and  (6)  (~j  =  -, 
:iq}proaches  00  as  b  approaches  00 ,  therefore  r"  approaches  -jj-  =■  o  as 


As  n  approaches  00 ,  r"  approaches  o,  i  or  <»  according  as  r  is  less 
than,  equal  to  or  greater  than  r. 

166.  The  Infinite  Geometrical  Series.    Let 

Sn  =  a  +  af  +  at*+  ■  ■  ■  +«r"-', 
then  r5,  =■  or  +  or*  +  -  ■  •  +  «»*-'  +  or". 
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Subtractmg         5,  -  r5„  =  (i  -  r)  5,  =*  o  -  or-  =  a  (1  -  f"), 

fnHD  which  5„  =  ^'-:i^  . 

I  ~r 

(a)  Let  T  be  numerically  less  than  1.    By  Article  165  (c)  as  » 

approaches  00  r"  approaches  o,  hence  Sn  approaches  the  limit 

and  the  series  is  convergent.  Since  the  series  converges  when  all  its 
terms  are  positive,  it  is  absolutely  convergent. 

(A)  Let  r  -  I.  Then  5a-  o  +  a  +  o+  ■  ■  ■  +  a  ~  na,  which 
approaches  °o  as  »  approaches  00  \  hence  in  this  case  the  series  is 
divergent. 

(c)  Letr-  -  I.  Then5,-a-o  +  o-  ■  ■  ■  +(-  i^-^co 
or  a,  according  as  »  is  even  or  odd.  In  this  case  the  series  is 
oscillating. 

{£)  Let  r  be  numerically  greater  than  i.    By  Article  165  (i)  as  n 


and  the  series  is  divergent. 
The  results  may  be  summed  up  in  the  following  theorem: 
An  infinite  geometricai  series  is  absolutely  convergent  if  its  ratio  f  is 

numerically  less  than  i,  non^onvergent  if  its  raiio  is  numerically  equal 

to  or  greater  than  i.    When  convergent  its  sum 

I  —  T 

where  a  is  the  first  term  and  r  the  ratio. 
167.  Conve^ency  Test.    Let 

«i  +  «i4-«i+  ■  ■  ■  +"!.+  ■  ■  - 
represent  any  infinite  series  of  positive  terms.    Let  r,  represent  the 
ratio  of  any  term  »»  to  the  preceding  term  ««_!.    Then 

«i  =  »i^,   »»  =  IV»,    «4  =  W.,    ■   -   ■«»  =  «»-i»-„    .   •  • 
and  consequently 

«i=  Ml, 

«»  =  «if», 

«i  ==  »Vi  =  »iVt, 

«4  =  Mjf*  =  UiTf^t, 
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Adding »j  +  m,  +  «,  +  «4  H =  i*i  (i+  r,  +  r^,  +  f^ift  H )(i) 

<«i(i+je  +  je'  +  iP+  ...)    (2) 
>«i(i  +  r  +  f'  +  f'+  ..  .)    (3) 

where  R  is  greater  than  the  greatest,  and  r  less  than  the  least,  of 
all  the  ratios  t\,  r^,  r*,  .  .  .  r^,  .  .  . 

Now  (a)  is  an  infinite  geometrical  series  which  is  convergent 
provided  R  is  less  than  i ,  and  (3)  is  an  infinite  geometrical  series  which 
is  divergent  provided  r  is  equal  to  or  greater  than  i,  hence  the 
infinite  series 

»l  +  «»  +  Ml+   ■    ■   •   +«»+   ■   ■   ■ 

is  convergent  provided  R  ts  less  than  1,  divergent  provided  r  is  equal 
to  or  greater  than  i. 

The  ratio  r„  =  -^  is  called  the  raiM  of  amvergency  or  test  ratio  of 

the  series  £»,.   We  have  then  the  following  theorems: 

A  series  is  absolutely  coftvergent  if  the  lest  ratio  is  always  less  than 
some  number  R  which  is  itself  less  than  i. 

A  series  is  divergent  if  the  test  ratio  is  always  greater  than  some  num- 
ber r  which  is  itself  equal  to  or  greater  than  i. 

Nothing  is  settled  in  case  the  test  ratio  is  ultimately  equal  to  1.  In 
this  case  other  tests  must  be  applied. 

These  theorems  remain  true  if,  not  from  the  first,  but  after  some 
particular  term,  say  the  tth,  the  test  ratio  has  the  values  stated. 
For  the  sum  of  A  terms  is  finite,  hence  the  whole  series  will  be  con- 
vergent or  divergent,  according  as  the  series  begiimiog  with  the  jfcth 
term  is  convergent  or  divergent. 

The  convergency  test  established  in  this  article  is  known  as  the 
test-ratio  test.  It  is  sufficient  for  all  the  series  treated  in  the  re- 
maining portion  of  this  chapter  and  the  chapter  following.  In  fact, 
the  test-ratio  test  will  answer  most  purposes  of  elementary  mathe- 
matics; the  cases  in  which  the  test  fails,  that  is  when  the  test  ratio 
^pioaches  i  in  the  limit,  form  exceptional  cases  which  can  usually 
be  avoided.    There  are  a  great  many  other  convergency  tests   by 
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which  the  conveigency  of  a  series  can  be  settled  in  doubtful  cases. 
The  theory  of  series  forms  a  sqiarate  subject  of  study,  to  the  de- 
velopment of  which  many  famous  mathematidans  have  devoted 
their  besteff<nts. 


168.  Conveigency  of  Special  Series. 

(a)  The  exponential  series' 

where  »1  (factorial  n)  stands  for  i  X  2  X  3  X  :  •    -X  «. 

HereM-+i  =  — ,   «.  = — ,  hence  the  test  ratio 

«!  («-!)! 

Un       n!   '   («-  i)!      « 
If  n  is  taken  suffidently  large,  -  will  become  and  remain  less  than 
I  no  matter  how  large  x  may  be,  provided  only  that  it  is  finite;  hence 
the  series  is  absolutely  convergent  for  every  finite  value  of  x. 

(b)  The  cosine  series 

a!       4!       6!                       (aw)! 
Here  the  general  term  is  ±  - — — ,  the  preceding  term  T  ■; r ' 

(2«)!  (2»-2)! 

hence  the  test  ratio  is 


±  X*"  .     T  =g*""' 


(j  «) !       (3  M  —  2) !      a  » (3  n  —  1) 
When  n  is  taken  suffidently  large,  this  ratio  becomes  and  remains 
less  than  i,  therefore  the  series  is  absolutely  convergent  for  all  finite 
values  of  x. 


(c)  The  sine  series 

-i-%- 

-^•■•- 

f£^  — 

•  TTie  reasons  for  the  m 
shortly. 

Bines  given  to  the  ( 

leiies  in  this  article  will  appear 
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In  this  case  the  test  ratio  is 

(2«+  l)!         (2B-  l)!         a»(2B+  l) 

When  »  is  taken  sufficiently  Urge  this  ratio  becomes  and  remains 
less  than  unity,  therefore  the  series  is  absolutely  convergent  for 
every  finite  value  of  x. 
(_d)  The  logarithmic  series 


X 

3        3        4 

■  •    ±  — T  •  ■ 

«B  = 

n 

«»-i 

■■  T ,  hence  the  test  ratio  is 

»—  I 

±*-  .    Tx--'       - 

-(n-i)x 

is  a  proper  fraction  which  approaches  i  as  »  approaches  oo . 

llie  test  ratio  will  therefore  approach  a  number  less  than  i,  equal 
to  I,  or  greater  than  i,  according  as  i:  is  less  than  i,  equal  to  i,  or 
greater  than  i. 

The  series  is  therefore  absolutely  convergent  so  long  as  x  is  less 
than  I.  The  test  ratio  fails  to  lead  to  any  co  duMon  in  the  case 
X  is  equal  to  or  greater  than  i. 

ie)  Ilie  binomial  series 

,+„  +  !Li!^li).^  +  »(''-'K»-')^+    ... 
si  3! 

I  .(..-iX.-i).  .  .(.-r  +  i)^,  I       .. 

The  general  term  is 

.(.-.)(»-.)...  (»-r  +  .)^ 

The  preceding  term  is 

»(»-!)(.■-»).  .  .(n-f+a)   ■_, 
(r-.)! 
Dividing  the  graeral  term  by  the  preceding  term  and  cancdii^  the 
conm»»  factors,  the  test  ratio  reduces  to 
n  —  r+i 
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As  T  approaches  00 ,  "  '   ^  approaches   o;  the  test  ratio  therefore 

approaches  —x  as  its  limit,  and  we  may  conclude  that  the  series 
is  absolutely  ccmvergent  so  long  as  :e  is  less  than  i. 

EXEKCISE  66 
Write  down  the  first  six  terms  of  each  of  the  following  series: 

Write  down  the  general  term  id  each  of  the  following  series: 

5.  -L-+^  +  ^+^+... 
i-a      a-3      3.4      4.5 

6.  -^  +  -^  +  -^+_^+  .  .  . 
*  +  i      x+  2      x  +  3      ar+4 

7.  i-l  +  l-l+l-  .  .. 

3      5      7      9 

T  «*  X>  T*  «> 

8.  5 E-  ^ £. * 1 E. ... 

I      i+«      1  +  23^      1  +  3**      i  +  4ie* 

Show  that  the  following  series  are  absolutely  convergent: 

9.  i+-+i*  +  i*+    .  ■•  ■   +-^,+  ■  •  ■ 

2       2*     a*  3"-' 

,„.  .  +  ^'  +  a^  +  iiJ!  +  s:^'+  ;..  +iti^+... 
3       3'       3'       3*  3"  ' 

,,    ^  +  3^  +  i!?  +  5V+   .  .  .   +'"  +  ■)■»•- 4-  .  .  . 
2!        3!         4!  «! 

■2.  ,-i^+i£!-if+  ...+(- ,)'<''»+;)'^+... 

31        4I         61  (an)I 

Examine  the  following  series  as  to  convergency: 

3!       3!       4! 

14.  1+^  +  ^  +  ^+  r:  ■  +-,+  ■  •  • 

Ans.   Conv.  for  x<  i. 

15.  i  +  3l*  +  3!**  +  4lJ?+  ■  •  ■  +«l^-'+  ■  -  • 
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13$  n 

Ans.  Conv.  for  «  <  i,  div.  for  «  >  i. 
„.    ■-2  +  U_aj  +  4S_ZI+... 

3        6         12         20        30        43 

(Suggestion.    Find  St,  Si,  S*, .  .  .,  5-  =  (-  i) " — -•    Frran  this 
it  is  seen  that  the  series  is  oscillating.) 

18.  What  is  wrong  with  the  following  reasoning: 

Ut5'=i+         3+         s+         7+      9+  •  •  • 
y-        2+         4+         6+        8+       10+  •  .  ■ 
Addingy  +  y'=i  +  a+3  +  4  +  S  +  6  +  7  +  8  +  9  +  w+  •  ■  • 

a5'+25"=2  +  4  +  6  +  8  +  io+  ■  ■  •  =5", 
hence  2S'  +  S"=o. 

19.  Show  that  the  series 

»1 -«!  +  «»-  "4+    •    ■   ■    +  C-  !)•"*»,+    ■   ■   • 

where  ui>  th>  Ut>  «*>  ■  ■  ■  >  »»,  and  ».  approaches  o  as  » 
approaches  eo ,  is  certainly  convergent. 

169.  The  Number  e.    Consider  the  uifinite  series 

i  +  i  +  -^  +  -^+-i:+---+-i;+---  (i) 

I      3I      3I      4I  nl 

The  test  ratio  is f-  -. 7-  =  — i  which  is  less  than  i  for  all 

«!       {n~  i)]      n 

values  of »  greater  than  i,  hence  the  series  is  convergent. 

Let  the  sum  of  the  series  be  denoted  by  e.    The  sum  of  the  first 

three  terms  alone  is  3.5,  hence  e  is  certainly  greater  than  2.5.    We 

will  show  that  e  is  less  than  2.75. 

4I       3U       3I3' 

Sl       3U'5      3I3*' 

6r^3"uTr6"^^'  ''^' 
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3!       4!       S'-       6!  3!       3I3       ils*       ils* 

The  series  on  the  right  is  a  geometric  series  whose  first  term  is  ~-  and 

whose  ratio  is  - ;  its  sum  by  Article  166  is  equal  to 

3!       I-J       3!       2       4 

therefore  ±.  +  ±+±+±+  .  .  .  <o.2s, 

3!      4I      5>      61 

and  since  i  +  -  -( — -  "  2.5, 

therefore     e~i+l  +  ^+±+±+...+±+. 

I      al       3!       4!  »■ 

that  is  2.5  <«  <  3.75, 

To  determine  e  more  exactly,  we  proceed  as  follows:    Denote  the 
terms  of  the  series  e  by  Ui,  ut,  u*,  etc. 

1*1     =  i.oooooooo 


•  <a-7S. 


«*  =  —.=  I 


.00000000 
.50000000 

.166  666  67 
.041  666  67 
■008  333  33 
.001  388  89 
.000  19S  41 
.000  024  80 
.000  003  76 
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«U  =  —  "■  0.000  ooo  38 
10 

«M  =  —  ■=  0.000  000  03 
Adding  S^  =  2.718  281 84. 

This  is  the  sum  of  the  first  twelve  terms  of  the  series  for  e.  There 
is  an  error  in  the  last  figure,  owing  to  the  neglected  part  of  each  <tf 
the  decimal  fractions  added,  but  this  error  cannot  exceed  10  X  0.5 
or  5  in  the  last  dedmal  place.  Besides  this  error  there  is  the  n^ected 
portion  of  the  series,  which  is  wu  +  «»  +  «»  +  ■  ■  • . 

Now  Uu  =  -^ 

14'       13!  "3 

»«  =  -S  <  -^—2  ■ 
IS !       til  13* 

Adding  »u  +  tfi4  +  «u+  -  ■  •  <^Ci+-  +  -h+  ■  ■  •) 
13 'V        13      '3*  / 

<^ 1 ^—. 

13!  I-  A      "'la 
From  the  computation  above  «u  <  0.000  000  03,  hence  the  neglected 
portion  of  e  is  less  than  -^  <  0.000  000  003,  that  is,  less  than  3  in 
the  ninth  decimal  place.    Therefore 

e  =  2.718  281  ..  .  correct  to  six  places. 
170.  The  Exponential  Series.    By  the  binomial  theorem 


(-^ 


■  n(n-j)(n-^)i 


«  2!  »»  3!  »• 

If  H  is  greater  than  r,  each  term  of  (i)  is  numerically  equal  to  or 
less  than  the  corresponding  term  of 


«-i+i+^ - 
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hence  the  series  (i)  is  amvergent  for  every  value  of  «  >  i.  As  « 
ai^roaches  00,  each  term  after  the  second  approaches  as  its  limit 
the  correspcHidiiig  term  of  (3),  hence 

the  limit  of  ( i  +  - } ,  &3  m  approaches  00 ,  equals  e  =  3.71S  ■  •  • .  (3) 
Next  let  us  expand  ( i  +  -  J     by  the  binomial  theorem. 


(-r 


«  a!         «* 

I  m(nx-t)(nx-  2)  i,  .    .  .  . 
3I  *^ 

4-1)  4-i)(«-^) 

2!         3! 

If  »  is  greater  than  i,  each  term  of  (4)  b  equal  to  or  less  than  the 
corresponding  term  of  the  series 

■+'  +  ^  +  37+-"'  « 

which  in  Article  168  was  shown  to  be  convergent  for  evay  value  ctf 
X,  hence  (4)  Js  convergent  for  every  value  of  x.  As  »  approaches  m, 
each  term  of  (4),  beginning  with  the  third,  approaches  as  its  limit 
the  corresponding  term  of  (5).    Hence,  as  «  approaches  00, 

thelimitoffi+i'\"=i+x  +  4  +  4+  ■  ■  •  +4+    ■  •  -C*) 

Finally,  by  the  law  of  exponents 

[(-^)"T=(-r 

no  matter  how  large  »  and  z  may  be.  As  »  approaches  00,  the 
expression  on  the  right  approaches  the  series  (6)  as  its  limit,  while 
the  limit  of  the  expression  within  the  brackets  on  the  left  equals  e, , 
hence  in  the  limit 

^.,+.+j'+^+...+^;+....        (8) 

Hie  series  (8)  is  known  as  the  exponential  series  because  it  is  the 
equivalent  of  the  exponential  function  e^. 
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Tlie  exponential  series  may  be  used  to  compute  the  number  cor- 
responding to  any  given  natuial  Ic^arithm.  Assign  to  x  any  given 
value  k,  and  let  N  be  tbe  number  which  is  obtained  by  substituting  A 
for  X  in  the  series  (8).  Then  ^  =  N,  and  since  e  is  the  base  of  the 
natural  system  of  logarithms,  Article  36,  we  have  by  the  definititm  of 
a  logarithm, 

log,  A' =  ft, 

that  is,  iV^  is  the  number  which  has  k  tor  its  natiu^  logarithm. 

171.  The  Logaiidunic  Series.  Puti+y=e*,thenA=log,{i-|-y), 
and  (i  +  y)-  =e*«  =.  e"«*,ti+»). 

By  (8),  Article  170, 

(i  +  y)' -  e**^  ('+»'>- I  +  ilog,  (i  +  y)  +  I^i5feiLi2l£ 

I  [xlog.(i  +  y)P    '' 
By  the  binomial  theorem 

21  3! 

By  the  precedii^  article  the  first  of  these  series  is  absolutely  con- 
vergent, and  so  is  the  second  provided  y  <  i,  hence  we  may  treat 
them  like  algebraic  expressions  containing  a  finite  number  of  terms 
(Article  163).  Equatu^  tlie  two  series,  subtracting  i  from  each  side 
and  dividing  out  x,  we  obtain 

log,(i+}')[.+  ^l<ig.(>+y)+^log.'(i+)')+  •  •  •] 

This  equality  holds  for  every  value  of  x.    As  x  approaches  o,  the 
series  within  the  brackets  on  the  left  approaches  i,  and  the  series  <Ht 

the  right  approaches  y  —  2-  +  2-  —  .  ■  .  ^  hence  in  the  limit 
2       3 

log.{i+w)  =  ff-^  +  ^-^+  ■  -  ■  +(-1)-*^+-  •  .    (i) 

Similarly,  if  y  is  negative,  but  numerically  less  than  t,  we  obtain 

log.(i-»)— v-"^-!^-"^ t^ W 

234  n 
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The  series  (i)  and  (2),  which  differ  only  in  the  sign  of  y,  are  known 
as  the  logarithmic  series  because  they  are  equivalent  to  the  logarithms 
of  I  +  y  and  i  —  y  respectively. 

By  the  aid  of  (i)  and  (3)  the  natural  logarithm  of  any  given  num- 
ber between  o  and  r  may  be  computed,  but  the  actual  computation 
of  logarithms  will  be  very  much  shortened  by  means  of  the  method 
explained  in  the  following  article. 

172.  Calculatioa  of  Ix^^thms.  The  series  (i)  and  (2)  of  the 
preceding  article  have  been  shown  to  be  absolutely  convergent 
(Article  168,  (d) );  we  may  therefore  subtract  the  second  from  the 
first  and  obtain 

log.(i+y)-log.(i-y)-log.i±^=2fy+2^+3^+2^+  •  •  )    (r) 

i-y     v     3     s     7  / 

If  in  this  series  we  put  y  "  — -. — ,  we  obtain 

2«  +  I 

The  series  (2)  is  absolutely  convergent  so  long  as  y  is  less  than 
I,  that  is,  so  long  as  n  is  greater  than  o.  If  n  is  greater  than  i  the 
series  converges  rapidly,  so  that  but  a  few  terms  need  be  taken  to 
obtain  the  first  five  or  six  decimal  places  of  the  number  to  which  the 
series  converges.  The  natural  logarithm  of  any  number  may  thus  be 
readily  computed  provided  we  already  know  the  logarithm  of  the 
next  lower  number.  But  the  logarithm  of  i  to  any  base  is  o  (Article 
36),  hence  the  logarithm  of  2  may  be  computed.  Knowing  log,  2 
we  may  compute  log,  3,  thence  log,  4,  etc.  Of  course,  only  the 
logarithms  of  prime  numbers  need  be  computed  by  means  of  the 
series,  for  the  logarithm  of  any  composite  number  is  equal  to  the 
sum  of  the  logarithms  of  the  factors  of  the  number. 

To  compute  the  natural  logarithm  of  a  we  put  in  (2)  «  =  i,  thus 

log,2  =  Iog,i+f-+^  +  ^  +  ^+  ■•■)       (3) 
\3      3*3*      5*3*      7*3'  / 
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The  actual  calculation  to  five  places  of  dedmals  may  be  convenieDtly 
arranged  a  follows.  Denote  the  terms  of  the  series  in  the  parenthe^ 
by  «i,  wj,  ut,  etc.,  then 

lo&  I  —  0.OO0  ooo  o 


I  "  0.666  666  7  =  «i 
3  -  0.024  691  4  =  «, 
5  =  0.001  646  I  =  «, 
7  =  0.000 130  6  —  U4 
9  =  0.000  on  3  =  tts 
11  =  0.000  001  0  =  Ut 

13  =  0.000  000  I  =  1*7 


3 

2.000  000  0 

3' 

0.666  666  7  + 

3* 

0.074  074  I  4- 

3' 

0.008  230  s  -^ 

3' 

0.000  914  5  -^ 

3' 

0.000  lOI  s  -i- 

3' 

0.000  on  3-5- 

Adding 


0.000  001  3  - 
log.  I  +  «i  +  Us  H 


■  +  Mr-  0.693  147  a 


There  is  an  error  in  the  last  figure,  due  to  the  neglected  parts  of 
the  fractions  added,  but  this  error  canqot  exceed  7  X  0.5  or  4  in 
the  last  decimal  place.  Besides,  there  is  the  neglected  portion  of 
the  series,  consisting  of  the  terms 


19 .  3i» 


15-3'* 
2 

IS  ■  3" 


3* 


AddingMs  +  «>  +  ww  +  ■ 


IS  ■  3"" 


'+-1+-4+- 


The  series  within  the  brackets  on  the  right  is  a  geometric  series 

whose  ratio  is  —  =  -.    The  sum  of  this  series  is  ^ — —  =  2   hence  the 
3'      9  i-i      8' 

neglected  portion  of  the  series  is  less  than  •  5  =  . 

^  15. 3»      8      120.3'* 

From  the  computation  above  we  already  know  that  —  =  0.000  001  3, 
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hence ™  0.00000001.    The  error,  to  which  the  above  sum 

120  •  s"* 
0.693  '47  3  ^  subject,  may  therefore  cause  a  difference  of  at  most 
I  in  the  sixth  decimal  place.    It  follows  that  log,z  =  0.693  '5  -  ■  •> 
correct  to  $  places  of  decimals. 

Similarly  we  obtain  the  following,  each  correct  to  5  places  of 
decimals: 

log.3    -l0g,3  +  2fi  +  -I^  +  ^  +  ^  +  ^)=I.O986l 

\S      3*5*      S-5*     7-5'     9-57 
Iog,4  =2log,3  =  1.38629 

log.5  =log,4+2('-  +  -4+-4  +  -h)  =1.60944 

\9      3-9*      5-9'     7- 9V 
log,6  -l<^2+loge3  =1.79176 

log,;  =log,6+a(— H ^H ~\  =1.94591 

\'3      3 '13*      5*i3V 
log,8  =3log,3  =  a.07944 

log.9  =zlog,3  =  2.19722 

log,io-log,2  +  log,s  =  2.30259 

and  so  on. 

It  will  be  observed  that  the  number  of  terms  of  the  series,  which 
need  be  computed  to  obtain  the  l<^arithm  correct  to  a  given  number 
of  decimal  places,  grows  smaller  as  »  grows  larger.  When  m  is  43 
or  more,  the  first  term  of  the  series  suffices  to  give  the  first  five 
places  of  the  logarithm. 

When  the  natural  logarithm  of  a  number  is  known,  the  common 
logarithm  is  easily  obtained  from  it,  for  by  Article  35 

log„A'  =  J2&Z. 
log,  10 

Now  log,  10  was  just  found  to  be  2.302  59  -  .  . ,  hence 

\og^N '^'^^        =0.43429  .  .  .  Iog.^■  (4) 

2.302  59  .  .  . 

The  number  0.434  29  ...  ,  more  accurately  0434  294  48  .  .  . ,  is 
called  the  modulus  *  of  the  common  system  of  logarithms.  We  have 
then  the  following  simple  rule. 

*  The  base  e,  the  modulus  oF  the  common  system,  and  the  natui^  lo^rithms 
of  2,  J  Bod  5,  have  been  calculated  to  inore  than  350  places  of  decimals. 
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Rule:  To  find  the  common  hgarithm  of  a  number,  multifly  the  cor- 
responding natural  logarithm  by  the  modulus  of  the  common  system. 
Thus  for  the  numbers  from  a  to  lo  inclusive  we  find  the 

Common  Logarithms 


logMS     =0434294  . 

.  X  0.693  IS  ■  • 

.  =0.30103 

Iogio3    =0434294  . 

.  X  1.098  61  .  . 

.  =  0.477  12 

log,,  4    .0.434294  ■ 

.  X  1.386  29  .  . 

.  =  0.602  06 

logio  5    =  0-434  294  . 

.  X  1.60944  . . 

.  -0.69897 

Iogio6    =0434294  . 

.  X  1.791  76 . . 

■  -  0.778  IS 

log,.  7    =0434294  . 

.  X  1.94s  91  ■  • 

.  =0.845.0 

logioS    -0434294  . 

.  X  2.07944  .  . 

.  =0.90309 

logw9    =0434294  . 

.  X  2.197  22  . . 

■  =o.9S4  24 

Jogwio  =  0434  294  . 

.  X  2.302  59  .  . 

.  =  1.00000 

e&ch  correct  to  five  places  of  decimals. 
From  (4)  we  have        log«JV  =  2.30a  59  . 


■  logioJV. 


(5) 


By  means  of  (5)  we  can  readily  find  any  required  natural  logarithm 
from  a  table  of  common  logarithms.  It  is  therefore  not  very  im- 
portant to  have  separate  tables  of  natural  logarithms.  Thus,  if  at 
any  time  we  needed  to  know  the  natural  logarithm  of  337.3  ^^  would 
look  up  the  commcm  logarithm  of  237.3  and  multiply  the  result  by 
2.30359  and  obtain 
1(«.  237-3  ~  3.30259  logio  237.3  =  2.30259  X  a.37530  =  5-46933   -   ■  - 

173.  Errors  Resulting  from  the  Use  of  Logarithms.  In  Article 
44  were  given  certain  rules  governing  the  accuracy  to  be  e]^>ected 
in  the  results  obtained  by  the  use  of  logarithmic  tables  containing  a 
certain  number  of  decimals.  Some  of  these  rules  we  are  now  able  to 
verify. 

Let  N  be  any  number  obtained  by  logarithmic  computation,  and 
5  the  error  in  the  number  due  to  the  use  of  logarithms,  so  that  the 
true  result  is  iV  +  S,  where  of  course  £  may  be  negative  as  well  as 
positive.  The  difference  between  the  logarithms  of  the  true  result 
and  the  result  N  is 

log,.  (JV  +  8)  -  log,.  Af  -  log,.  (^)  -  log,.  (,  + 1) 
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-^log^i +-\  whereM  =  o.434a9  •  •  • 
(By  Article  172,  (4)) 

(By  Artide  169,  (i)  ) 
=  >i  —  >  approximately, 
provided  6  is  email  as  compared  with  N. 

This  ern^  fi  —  in  the  l(^rithm  of  iV  is  the  result  of  the  errors  in  the 

a 

logarithms  as  given  in  the  tables. 

In  a  four-place  table  the  value  of  a  unit  in  the  last  place  is  0.0001  — 

-^1  in  a  6ve-pla«  table  it  is  0.00001  —  -^i  in  an  m-place  table  the 
ro*  lo* 

value  of  the  unit  in  the  last  place  is  -^'    The  neglected  part  of 

any  one  logarithm  does  not  exceed  one-half  of  a  unit  in  the  last 
place;  when  several  logarithms  are  added  the  positive  and  negative 
errors  will  tend  to  offset  each  other,  but  in  special  cases  the  errors 
may  be  accumulative.  We  will  assume  that  the  combined  errors 
do  not  exceed  a  unit  in  the  last  place.  This  gives  for  an  n-place 
table 

log„(iV  +  8)-Iog„iy  =  ;i^  =  ^, 
from  which 

"^  10"  n  10" 

Putting  »  successively  equal  to  3, 4,  5,  6,  7,  we  find: 
In  a  3-pt.  table,  S  s  o-ooa  3  JV,  or  less  than  i  of  r  %  of  ^, 
In  a  4-pl.  table,  5  ^  0.000  33  N,  or  less  than  \ot-^%oiN, 
In  a  5-pl.  table,  h  s  0.000  033  N,  or  less  than  \  of  jtir  %  of  N, 
In  a  6-pl.  table,  h  ^  0.000  003  3  N,  or  less  than  \  of  tqVt  %  oi  N, 
In  a  7-pl.  table,  S  3  0.000  000  23  N,  or  less  than  J  of  Tvivu  %  of  iV. 

It  follows  that  the  third  figure  of  a  number  found  from  a  three- 
place  table,  the  fourth  figure  of  a  number  found  from  a  four-place 
table,  the  fifth  figure  of  a  number  found  from  a  five-place  table,  etc., 
cannot  be  relied  vpoa  with  certainty. 
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Exercise  67 
I.   Compute  the  oatural  logarithms  of  it,  loi,  257,  each  to  four 
places  of  decimals.  Ans.   a.3979,  4-6i5if  S-S49I- 

3.  From  the  results  already  obtained  compute  the  natural  logar- 
ithms of  13,  15,  0.05,  },  each  to  four  places  of  decimals. 

Ans.   3.4849,  2.7081,  —2.9957,  —1.0986. 

3.  From  the  results  of  Problem  i  compute  the  common  logarithms 
of  II,  loi,  357,  each  to  four  places  of  decimals,  and  compare  your 
results  with  those  given  in  the  table  of  common  logarithms. 

4.  By  means  of  a  table  of  common  logarithms,  find  the  natural 
logarithms  of  7,  341,  0.0473. 

Ans.  log,  341  =  5-4848.  log,  0.0473  =  -  3-05I3- 
S-  Prove  that 

l  =  ^  +  A  +  A+...+       '",,+  ■■■ 
e      3!       5!       7!  (2n+i)! 

6.  Compute  -  to  five  places  of  decimals,  using  the  series  in  Prob- 
lem 5.  Ans.  0.36788  .  .  . 

7.  Show  that  the  compound  amount  A  oa  P  dollars  for  (  years  at 
r  %,  interest  to  be  added  to  the  principal  as  fast  as  it  accrues,  is 

A  =  P^. 
(Suggestion.    Set  up  the  expression  for  the  compound  amount 
when  the  period  is  the  »th  part  of  a  year  and  find  the  limit  which  this 
expression  approaches  as  n  approaches  w ). 

8.  Sum  the  series  i+-  +  ^+---+^+--- 


174.   Limitii^  Values  of  the  Ratios  ^^t  ^£^,   x  being  the 

r  radian  measure  of  the  angle. 

Let  X  be  the  radian  measure  of  any  angle  less  than 
t/3.    With  the  vertex  O  as  a  center  and  any  radius 
OA  =  r  describe  an  arc  cutting  the   sides  of   the 
i  angle  in  A  and  B.    Join  A  and  B.    From  B  draw  a 
fig- 177-        perpendicular  to  AO  cutting  AO  in  C.    At  ^  erect 
the  perpendicular  to  AO  cutting  OB  produced  in  T.    Then 
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CB  =  r^x,    &rcAB  =  rx,    AT=rtmx. 
TlM!  area  of  triangle  0-4B  =  ^^^-^^^  =  ?^^^. 

2  2 

The  area  of  sector  0,4^     .QAJimAl.^. 

2  2 

Utt  area  of  triangle  OAT-  QAXAI  .  i<S5». 

Also  triangle  0/1 B  <  sector  O^  B  <  triangle  OA  T, 

ttatis,  Hm£^r^^!itanx^ 

2  3  3 

from  which  sin  x  <  x  <  tan  x 

fOT  every  value  of  x  less  than  -  ■ 
Dividing  each  term  of  (i)  by  the  positive  quantity  sinx, 


hence 


j> 


X       cosx 
sin  X  ^  (x>s  X 


Now  let  X  approach  o,.  then  cos  x  approaches  i,  therefore 

which  always  lies  between  cos  x  and  i,  must  approach  i  also. 

Similarly,  if  we  divide  (i)  by  tan  x 

a>sx<-^<  I, 
tanx 

from  which  it  is  seen  that approaches  i  as  x  approaches  o 

Summing  up, — 

As  X  approaches  o,  the  limit  of  equals  i 

,  tanx  . 


(i) 


(0 
sinx 


(3) 


As  X  approaches  o,  the  Umit  of  equals  i. 


Corollary. 


As  «  approaches  » ,  the  limit  of  ^^'^y^>  equals  r. 
As  n  approaches  oo ,  the  limit  of  .  ^.Sy^  equals  i. 


(s) 
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175.  LimitiilgValueofcos-Saiid^^ijZ^rasoappniadiesoo. 


Put 


y 

then 


=  _»/sm*5  +  ^sm«?+isiii«^+  ■  .  A  by  Art.  171,  (2). 
Tlie  series  in  the  parenthesis  is  less  than 

an*  — |-  sin*  -  +  sin*  -+•■■, 
n  n  » 

which  is  a  geometrical  series,  ratio  sin'  -,  whose  sum  is  (Art.  166) 

^*  jx/n)     _  sin* (x/«)  ^  ^^i^^ 
I  —  sin*  {x/n)      cos'  (xfn)  n 

hence,  log  y  is  numericaUy  less  than  2  tan*  2  =  ?  tan  ^  '^"  (f /") . 

a         M      3        «      x/n 

Now  let  M  approach  x ,  then  -  approaches  o,  tan  -  f^^roaches  o, 
es  I  (Article  174,  (5)), 

log  y  approaches  o, 
and  omsequently 

y  —  cos"  -  approaches  i 

Also  from  Article  174,  (z), 

i>^#^>cos5, 
x/n  n 

and  therefore 


and i^!l5/  ^proaches  i  (Article  174,  (5)),  hence  in  the  Umit 

x/n 


provided  n  is  taken  so  large  that  -  <  -,  that  is,  if  »  is  taken  suf- 


D.qitizeabyG00l^lc 


TRIGONOMETRIC  SERIES 


fidently  large f^"'  W**)\  jjgg  always  between  i  and  cos*  -,  but  the 
latter  has  just  been  shown  to  approach  i  as  fl  approaches  w ,  hence 
/sm  t-r/wn  ^^  approaches  i.    Summing  up: 

As  «  ^iproaches  oo,  the  limit  of  cos"—' equals^  i:  (i) 

As  «  a[q>roaches  oo,  the  limit  of  [^"^  W"M  equals  i.      (2) 

176.  The  Sine,  Cosine  and  Tangent  Series.    In  the  equations 
(2)  and  (3),  Article  159,  namely, 


"  cos"~*  ff  sin*  tf  —  ■  •  ■ 
8in«9-«cos"-'ff  sing  -"  t"  "  ^)("-~'  ^^ cos"-* 8 sin' g 

+  ''('*-^)('*-')("-3K"-4)cos"-'aBin'g-  -  . 

5' 

put»g=a:,80  that  g=  - ,  then 
« 

n  31  n       n 

+  "t«-'X"- '')("-■?? cos"-*?sin'g 

4!  n       » 


8mi=«cos"" 


_  «(»—  i)(«—  a) 


3I 

^  «  («  -  r)(«  -  g)(»  -  .0(n  -  4)  co--«3'3ip«» 
5I  »    .     « 

An  examination  of  the  test  ratio  shows  that  both  series  are  abso- 
lutely convergent  for  every  value  of ».    As  »  approaches. « , 

cos"  -  approaches  i, 

■_i  X   •   X  .  <x  sin  ^a;/*t^ 

«cos"  '- sm-=  a;cos""'-  — V—^  approaches  x, 
»       «  «       x/n 
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'•i''-'}c^'-.'-,in"-.l,-!)^co,-"-l'^  ('/")• 


x/n 
and  similarly 


appr.- 


-  approaches  - 


.(»-.)(.-»)  (.-3)^ 


-  approaches  — ,  etc., 


Hence  as  »  approaches  co,  the  above  series  become 

These  series  being  absolutely  convergent  (Article  168,  (6),  (c)  ),  we 
may  divide  (2)  by  (i)  and  obtain 

tan:..x  +  ^  +  i^  +  Il£!  +  6|i^+  ...  (3) 

3        IS        315       283s 

The  law  of  the  exponents  in  each  of  the  series  (r),  (a)  and  (3)  is 

obvious,  and  so  is  the  law  of  the  coefficients  in  the  series  (i)  and 

(a).    The  law  of  the  coefficients  in  the  series  (3)  is  too  complicated 

to  be  worked  out  by  beginners. 

177.  Computatioa  of  Natural  Function  Tables.  We  know  that 
the  functions  of  any  angle  whatever  may  be  expressed  in  terms  of 
the  functions  of  an  angle  less  than  45°.  Moreover,  the  sine  and 
cosine  of  any  angle  between  30°  and  45°  may  be  expressed  in  terms 
of  the  sine  and  cosine  of  angles  less  than  30°,  for  by  Article  113,  (i), 

sin  X  +  sin  y  =  a  sin  — ^'^  cos . 


If  in  (i)  we  put  for  x,  30°  +  6,  and  for  y,  30°  —  0,  and  traiwpose  the 

second  terms  on  the  left  to  the  right-hand  side  of  the  equation,  we 

obtain 

sin(3o''+tf)=     3sin3o*cosfl— sin(3o''— ff)=     cosfl— sin(3o*'— ff), 

^05(30°+  fl)=  -2  sin30°sinfl+cos(3o''— e)  =  — sinfl+cos  (30"—*),  ^'^ 
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from  which  it  appears  that  the  functions  of  angles  between  30°  and 
45"  may  be  obtained  from  the  functions  of  angles  less  than  30°  by 
giving  to  $  successively  the  values  from  0°  to  15*.    Thus,  if  fl  =  s", 
sin  (30°  +  9)  -  sin  35°  =      cos  5"  -  sm  25", 
cos  (30"  +  e)  =  cos  35°  -  —  sin  s"  +  cos  3$". 

A  complete  table  of  natural  functions  may  therefore  be  readily  con- 
structed provided  we  know  the  functions  of  angles  between  0°  and 
so"- 

The  sine  and  cosine  of  any  angle  less  than  30°  may  be  easily  com- 
puted by  means  of  the  series  in  Article  176. 

Suppose  we  wish  to  compute  the  sine  and  co^e  of  10°  correct  to 
four  places  of  dedmals. 

The  radian  measure  of  10°  is  a:  =  —  =■  0.17453  .  .  .,  and  by  means 
of  logarithms  we  find 

3?  =  0.030  46  ... ,  «"  "  0.005  3^  •  •  ■ » 

X*  =  0.000  93  ... ,  3^  =  0.000  16  ,  .  . 

Substituting  these  values  in  the  series  for  the  sine  and  cosine  we 
have 

cosx  sinx 
1.00000                          x=     0.174  53  ■  •  • 
■  =  —  o.ois  23  .  .  . =  —  0.000  89  .  .  . 

-f  —  =  +  0,000  04  .  .  .  H — ;  "  +  0.000  00  ■  .  . 

A !  <  1 


5!_ 


cos  10"=      0.98481  .  .  .  an  10°=     0.173  64  ■  .  ■ 

In  either  case  the  error  due  to  the  neglected  parts  of  the  decimals 
added,  cannot  exceed  a  unit  in  the  fifth  place.  In  either  case  the 
error  due  to  the  neglected  terms  of  the  series  is  less  than 

The  series  in  parenthesis  is  a  geometric  series  whose  ratio  is  a:  <  1. 

Its  sum  is  — - — ,  hence  the  neglected  terms  of  either  series  add  up  to 

1  —  X 
less  than 
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In  neither  case,  therefore,  can  the  combined  errors  affect  the  fourth 
dedmal  place,  and  we  have 

cos  10"  =  0.9848  .  .  ■ ,    sin  io"  =  0.1736  .  .  .  , 
each  correct  to  four  pUces. 
As  a  check  we  have 

cos*  10°  +  sin*  10°  =  (0.9848)*  +  (0.1736)*  =  1.0000. 

It  appears  from  the  above  computation  that  if  the  angle  is  less  than 
10°  the  sine  and  cosine  are  given  correct  to  four  places  by  the 
formulas 

I  sina;  =  SB  —  — . 

3I 


cosx  = 


(3) 


These  approximation  formulas  are  sufficiently  important  to  be 
remembered. 

We  will  next  show  how  to  compute  a  table  of  natural  sines  and 
cosines  for  intervals  of  i'. 

By  means  of  the  sine  and  cosine  series  we  first  compute  the  sine 
and  cosine  of  i'.    We  find 

sin  i'  =  0.000  290  888  2  .  .  .  ,    cos  i'  =  0.999  999  957  7  •  •  • 
If  now  we  put  in  (i)x  =  $  -\-  j',y  =  9—  i',  we  obtain 
sin(tf+i')=      asinflcosi'  — sin(e— i'), 
cos(tf  +  i')  =-  asinesini'  +  cos(fl—  i'). 
Putting  now  fl  =  i'  we  find 


sin  z'  =      2  sin  i'  cos  i'  —  sin  0 

=  0.000  581  776 

co8  2'=—  asini'sini'  +  coso 

=  0.999  999  831 

Next  put  9  -  2',  then 

sin  3'-      3  sin  2' cos  1' —  sin  I 

-  0.000  872  665 

cos  3'  =-  2  sin  a' sin  i' +  cos  I 

=  0.999  999  619 

Siinilariy,iffl-3' 

sin4'=      2  an  3' cos  1'  — sin  2 

-  0.001 163  SS3 

0084'='— 39in3'smi'  +  cos2 

=  0.999  999  3aa 

50b,Goo>^le 
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To  construct  a  table  of  sines  and  cosines  for  intervals  of  10",  we 
should  first  compute  the  sine  and  cosine  of  10"  and  then  make  use 
of  the  formulas 

mn(#+  10")  =      asinffcosio"  —  sin(ff—  10"), 
cos  (ff  +  10")  =  —  a  sin  tf  sin  10"  +  cos  (fl  —  10"); 

178.  Approximate  Equality  of  Sine,  Tangent  and  Radian 
Measure  ot  very  Small  Angles.  In  Article  174  it  was  shown  that 
the  ratio  of  the  sine  to  its  angle  expressed  in  radians,  as  well  as  the 
ratio  of  the  tangent  to  its  angle  expressed  in  radians,  approaches  i  as 
the  angle  approaches  o.  This  means  that  for  very  small  angles 
the  sine,  the  tangent  and  the  angle  expressed  in  radians  are  approxi- 
mately equal.  Thus,  if  we  actually  compute  the  sine  and  the  tan- 
gent of  i"  by  means  of  the  series  in  Article  176,  and  compare  the 
results  with  the  radian  measure  of  i",  we  shall  find  that  the  results 
agree  to  15  places  of  decimals.  The  sine,  tangent  and  radian  measure 
of  i'  ogKe  to  II  places,  and  even  when  the  angle  is  as  large  as  1°  the 
sine,  tangent  and  radian  measure  are  equal  so  far  as  the  first  five 
places  of  decimals  are  concerned.  It  follows  that  when  the  angle  is 
small,  say  1°  or  less,*  we  may  replace  either  or  both  the  sine  and 
the  tangent  by  the  angle  expressed  in  radians,  without  affecting  the 
first  five  places. 

Example  i.  Find  the  smallest  value  of  x  that  will  satisfy  the 
equation 

2sma:-|-3*  =  o.05i3. 
Solution. 

3  a;  =  0.0513-  2  sin  a: 

<  0,0513,  that  is,  X  <  0.0171  (less  than  1°), 

hence  we  may  replace  sin  i  by  x.    Then 

2X  +  3x  =  5X  =  0.0513, 
X  =  0.01026  radians  =  o''35'  17", 

Note.  The  methods  described  in  this  chapter  are  not  the 
methods  that  were  used  in  calculating  the  tables  now  in  use.  The 
methods  actually  used  were  clumsy  and  laborious  as  compared  with 
those  we  have  studied.    If  the  tables  had  to  be  calculated  anew 

*  In  fkct,  the  first  five  places  are  the  same  up  to  1°  59'>  tbat  is,  practically  3*. 
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still  more  re^ed  methods  would  be  used,  methods  based  on  the 
calculus  of  finite  diSerences,  a  branch  of  higher  mathematics  which 
camiot  well  be  explained  at  this  point. 

By  means  of  the  differential  calculus  the  sine  and  cosine  series 
can  be  much  more  easily  derived  than  has  been  done  in  this  chapter. 
In  the  differential  calculus  all  the  series  of  Article  i68  and  many 
others  are  derived  by  means  of  a  single  theorem  known  as  Taylor's 
Theorem. 

Exercise  6S 
I,   Calculate  the  sine  and  cosine  of  5°  correct  to  five  places. 

Ans.  sin  5°  =  0.08716,  cos  5°  =  0.9963. 

a.  Using  the  results  of  problem  i,  calculate  the  tangent,  cotan- 
gent, secant  and  cosecant  of  5°. 

Ans.    sec  5°  =  1.0038,  esc  5°  =  ii.4737- 

3.  By  means  of  equations  (4),  Article  177,  compute  the  sine  and 
cosine  of  5°. 

4.  Compute  the  sine  and  cosine  of  10"  correct  to  10  places. 

Ans.  sin  10"  =  0.000  048  481  4,  cos  10"  =  0.999  999  99^  ^■ 

By  means  of  the  sine  and  cosine  series  verify  the  relations: 
J.  sin*x  + (X)s*3:=  I.        6.  sin  2  x  =  2  sin  x  cos  a:. 

7.  Find  the  first  three  terms  of  the  series  for  sec  x. 

Ans.   secx  =  =  i  -\ —    -  ^ —  +  ■  •  • 

cos  a;  J         24 

8.  An  angle  is  to  be  corrected  by  an  amount  5  wliich  is  known  to 
be  less  than  1°  and  is  known  to  satisfy  the  equation 

28=  1.001599  ~  cos  8  +  sin  8. 
Find  8  expressed  in  minutes  and  seconds.  Ans.  8  =  5'  30". 

9.  A  straight  rail  AB,   i   mile  long,   whose  ex- 
tremities A  and  B  ate  fixed,  expands  i  inch,  form- 
ing a  curve  ACB.    Assuming  the  curve  to  be  the 
arc  of  some  circle,  find   the  distance  CD  through        "b-  ^'<^ 
which  the  middle  point  of  the  rail  moved  during  the  expansion. 

Ans.    12  ft.  10.14  in 
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ion.     Let 

CD  =  x,  AD  =  c,  axzAC^c-'r  S, 

r  =  radius  of  circle  of  which  AB  forms  an  arc, 
d  =  angle  which  AB  subtends  at  the  center. 
Then 

-  =  sintf,      "-^'9,    x-rd-cosfl). 

r  '         r  '  ^  ' 

Eliminate  r  and  solve  for  0  on  the  assumption  that  f  is  very 
small,  a  natural  assumption  which  may  easily  be  verified. 
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STPSSBOUC  FUNCnONS 

179.  Series  with  Complex  Terms.  The  trigoDometric  series 
which  we  considered  in  the  last  chapter  had  all  their  terms  real. 
We  have  now  occasion  to  consider  series  whose  terms  are  not  all 
real. 

Suppose  that  the  terms  of  a  series  are  complex  nmnbers,  the  gen- 
eral term  being  of  the  form  »„  +  iv^,  then  the  sum  of  the  first  « 
terms  may  be  written 

where 

U„  =  UL  +  ut  +  *h+  ■  ■  ■  +  «„, 
V^'=vi  +  vi  +  v,+  ■  ■  ■  +  u„. 

If  now,  as  ft  approaches  oo ,  U^  approaches  a  finite  limit  U,  and  V^ 
approaches  a  finite  limit  V,  then  the  series 

(mi"+  ivi)  +  {ui  +  ivt)  +  (u,  +  ivi)  ■¥■  ■  •  ■  +  («„  +  «„)  +  ■  ■  -, 
it  b  said  to  be  convergent,  and  by  its  sum  S  is  understood  the  expres- 
sion 

S=  U  +  iV. 

It  follows  that  in  order  that  a  series  with  complex  terms  may  be 
convergent  it  is  both  necessary  and  sufficient  that  the  real  and  the 
imaginary  parts  of  the  series  are  separately  convergent. 

If  either  the  real  part  or  the  imaginary  part  of  a  series  is  divergent 
the  series  is  considered  divergent. 

If  the  general  term  «„  -|-  »«  be  expressed  in  the  trigonometric 
form  r„  (cos  9„  +  f  sin  O,  then 

5„  =  fi(cosfli  +  isinffi)  +  »'t(cosflj  +  isinfli) 

-|-ri(cosflj  +  fdnfl»)-|-  •  ■  -  +f„(cos#„  +  »sinO 
=  U„+iV„, 

336 
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where 

Ua  =  fi.cos0i.  +  rtcos8t-\-rtcos0fi-  •  ■  •  +f„cos9„ 
K„  =  fi  sin  9i  +  rt  sin  fli  +  ri  sin  flj  +  •  ■  ■  +  »■„  sin  fl„. 

Each  sine  and  cosine  is  less  than  or  at  most  equal  to  i,  hence 

U„%ri  +  r,  +  r»+  ■  ■  ■  +r„; 
VnSri  +  rt  +  rt+  ■  ■  ■  +r„, 

and  consequently,  as  n  approaches  00 ,  V»  and  Vn  will  each  approach 
a  finite  limit,  provided  the  infinite  series 

ri  +  rt  +  r,+  •  •  •  +r„+  ■  •  • 

is  convergent,  that  is, 

If  the  modtdi  of  the  terms  of  a  series  with  complex  terms  form  a  con- 
vergent series,  the  series  is  convergent.  Since  every  modulus  is  posi- 
tive, the  series  will  in  this  case  be  absolutely  convergent. 

It  may  be  shown  that  series  with  complex  tenns  which  are  abso- 
lutely convergent  may  be  added  and  subtracted,  multiplied  and 
divided,  by  the  same  rules  as  polynomials,  but  this  is  not  true  of 
conditionally  convergent  series,  that  is,  of  convergent  series  which 
are  not  absolutely  convergent. 

180.  Defimtion  of  the  Trigonometric  Functions  of  Complex 
Numbers. 

If  in  the  exponential  series 

6^  «! 

we  place  x  by  z  =  x+  iy  =  r  (cos  fl  -|-  *  sin  6),  the  series  of  the 
moduli  is 

i  +  r+^+^+   ■  •  ■  +^-^+  :  •  ;  d') 

2!        3!  «! 

which  we  know  to  be  convergent  for  every  value  of  r  (Article  168,  (o)). 
Hence  by  Article  179  the  series  is  absolutely  convergent.  Its  sum 
may  conveniently  be  denoted  by  «•  =  6*  +  *=  e'<™*  +  **^*>,  that  is, 

<^_i+s+4+4+  ...  +?!+  ...  (2) 
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Similarly  we  may  define  cos  z  and  sin  z  by  the  series 

sin*  =  «-4  +  4-4+  ■■■'  t4> 

3!       5'       7i 

for  in  each  case  the  series  of  the  moduli  consisting  of  alternate  terms 
of  the  series  (i')  is  convergent. 

The  remaining  trigonometric  fmictions  of  complex  numbers  are 
defined  by  means  of  the  relations 

=  ~,    sec2=-^-    (s) 
sin  3  cos  s 

With  (3)  as  a  definition  of  e*,  it  may  be  shown  that 

^'^  =  ^'*%  and  (e^)^ -  **'•, 

that  is,  we  may  treat  ^,  where  z  is  a  complex  number,  exactly  as  we 
treat  «*,  where  a;  is  a  real  number. 

Similarly,  with  (3),  (4)  and  (5)  as  definitions  of  the  trigonometric 
functions  all  the  familiar  fundamental  laws  may  be  shown  to  hold 
when  z  is  a  complex  number  as  well  as  when  x  is  a  real  number,  z  of 
course  is  a  number  and  can  be  represented  by  an  angle  only  when  it 
is  real. 

181.  Elder's  Theorem,  «<«  =  ca»fl  +  1  «ine. 
First  Proof.     If  in  (2),  Article  180,  we  put  z  =  i9, 

2I         3!         4!         5! 

\       2!     4!  /      V     3!     5!  / 

=  cosff+tsinfl.  (i) 

This  result,  known  as  Euler's  theorem,  is  neitt  to  DeMoivre's 
theorem  one  of  the  most  important  results  of  modem  analysis. 
Since  every  number  real  or  complex  can  be  expressed  in  the  fonn 
r  (cos  fl  +  i  sin  0) ,  the  theorem  may  be  stated  thus : 

Every  number  may  be  expressed  in  the  form  re*",  where  r  is  the 
modulus  and  9  the  argument  of  the  number  in  its  kigonom^ric  form. 
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Setxod  Proof.    Euler's  theorem  may  be  established  by  the  aid  of 
DeMoivre's  theoiem  as  follows.    By  BeMoivre's  theorem 

cos  ff  +  t  sin  ff  —  (cos-  +  »  sin  - 1 ,  for  every  value  of  n. 

Consider  &  constant,  and  let  m  ai^proach  00.    Then  mn-^proaches 

-,  COG  -  approaches  i,  that  is, 

[cos- +  »sin-r approaches  the  same  Kimt  as  1 1  H J  • 

Put—  -  — ,  that  is, »  =  miO,  then 

As  M  ^>proachcs  00 ,  m  also  approaches  oo ,  but 
the  limit  of  (i  +  — )  ,  as  m  approaches  co,  is  e  (Article  170,  (3)), 
hence 
the  limit  of  [  i  H )  ,  as  n  approaches  « ,  is  e",  and  we  have 

cos  fl  +  » sin  fl  =  e". 

182.  Geometrical  Representatioa  of  Euler's  Theorem.    That 
the  limit  of  1 1  -j — j  ,  as  »  approaches  oo,  is  cos  9  +  t  sinff  may  be 

seen  from  the  following  geometrical  constructitm. 
Let  AOQ  be  any  angle  9,  AQ  the  subtended 
arc  drawn  with  a  unit  radius  OA  =  j.  At  A 
construct  AP  =  arc  AQ  =?  B  perpendicular  to 
OA,  and  let  APi  be  one  of  the  m  equal  parts  of 

„  "   AP,    Then^P,  =  ^- 

Fig.  179.  „ 

Now  consider  OX  the  axis  of  reals  and  OY  the  axis  of  imaginaries, 

then  the  directed  line  OPi  represents  the  expression 
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Construct  in  succession  the  similar  right  triangles  OPiPi,  OPtPt, 
■  .  .  ,  OPtPn,  n  in  number  including  the  triangle  AOPi,  each  having 
for  its  base  the  hypotenuse  of  the  triangle  immediately  preceding, 
then  from  the  proportionality  of  the  homologous  sides  we  have 

OP3 :  OPi  =  OPi  :0A,  01  OPt  =  OP^  {since  OA  -  1), 

0P^ :  OPt  =  OPi :  OPi,  or  OPi  =  OP^. 


Similarly  OP^  =  OP', 

The  directed  line  OPi  represents  i  +  —  > 

hence  the  directed  line  OPt  represents  [  i  H — J  > 

and  the  directed  line  OP3  represents/ 1  H — ]> 

and  finally  the  directed  line  OPn  represents  (i  H — J  • 

Now  let  M  be  indefinitely  increased,  APi  becoming  correspond- 
ingly smaller.  As  n  approaches  oo,  the  straight  lines  AP\,  PiPt, 
PtP»,  ■  .  ■  approach  equaKty,  the  broken  lineal PiPiPifn  approaches 
the  arc  AQ,  and  the  directed  line  0P„  approaches  the  directed  line 
OQ.  But  the  directed  line  OQ  represents  OB  +  i- BQ  =  cos0  + 
i  sin  9,  since  OQ  =  OA  =  1.  Hence  the  limit  of  ( i  H — )  ,  as  » 
approaches  00 ,  is  cos  tf  +  j  sin  9. 

183.  Exponential  Fonn  of  tlie  Sine  and  Co^e.    If  in 

e*=  costf  +  t'sinS  (1) 

we  replace  0hy  —  6,  we  get 

e-*  =  cos(-ff)  +  (sin{-fl)=cosff-*"sinfl,  (2) 

and  solving  (i)  and  (2)  for  cos  $  and  sin  0  respectively  we  have 

cos6  =  ^+^"*,  sfaie  =**-''•*.  (3) 

If  in  (i)  we  put  0  successively  equal  to -,  T  and  3  T,  we  obtain  the 
important  results 

e*  =  »,       e"  =  —  I,       e**«  =  i,  (4) 
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that  is,  to  increase  the  exponent  of  e  by  —  is  to  multiply  the  expres- 
sion by  i;  to  increase  the  exponent  of  £  by  w  is  to  change  the  sign  of 
the  expression;  to  increase  the  exponent  of  «  by  3  nr  is  to  leave  the 
expression  unchanged. 

The  relations  (3)  can  be  shown  to  hold  for  any  value  of  0  whether 
real  or  complex.  In  fact,  assuming  a  knowledge  of  imaginaries  and 
of  expottmtiols  (expresdons  of  the  form  e"),  we  might  have  defined 
the  sine  and  cosine  by  means  of  these  relations.  With  these  rela- 
tions as  a  basis,  the  whole  of  trigonometry  becomes  an  easy  applica- 
tion of  algebra.  We  will  show  by  some  examples  how  the  formulas 
of  trigonometry  could  be  derived  from  the  relations  (3). 

Example  i.    To  prove  that  sin2fl  =  2sintfcosfl. 

Solution. 

«*'*  —  «-»*'         «•'—«"''      «■*-(-«"** 

smafl  = =  2  — ■ — —  ■  ■ «■  asmfl  costf. 

3f  2t  2 

Example  2.    To  prove  that  cos  (-  -  9 J-  sin  $. 
Solution. 


Example  3.    To  prove  that  2  sin  tf  cos  ^  -  sin  (e+<p)  +  ain  (ff-0). 
Solution. 

21  2 


=  sin(ff+^)  +  sin(tf-^). 

Exercise  69 
By  means  of  the  relations  (3)  and  (4),  Article  183,  prove  the  foUow- 
ng: 
I.  cos*ff+sin'e=  I.  a.  cos**- sin* tf=  cos 2 9. 

3.  cos  o  ="  I,  sin  o  "  o. 

4.  e****"  «  e^j  where  » is  any  integer. 
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S- cos{2»«r+fi}  =  cosfl.  6.   sm^--fl)  =  cosfl. 

7.  cos(T-fl)=-  cos9.       8.   2cos9cos0=cos{fl+0)-fcosCff-0). 


..^L±^.^e.     v/!^ 


10.  By  actuaUy  multiplyiiig  the  series  for  e"  and  e'  show  that 

11.  Show  that  e*  +  e*    =1. 

13.   Show  that  cos  iO  and  1  sin  «9  are  re^. 

13.  Prove  Euler's  theorem, 

e'*  »■  cos  2  +  *  sin  2, 
■where  z  is  any  complex  number. 

14.  Prove  DeMoivre's  theorem 

(cos  s  +  (  sin  z)"  =  cos  nz  + 1  sin  *», 
where  2  is  any  complex  number,  assuming  the  result  of  Problem  13. 

184.  Hyperbolic  Functions  Defined.     Euler's  theorem, 

cose  +  tsine  =  e*,  (i) 

is  not  limited  to  real  values  of  S,  but  holds  true  when  0  is  imaginaiy 
or  complex,  for  if  we  put  for  cos  0,  sin  0  and  e"  the  series  which 
define  these  functions  for  complex  values  of  6,  the  two  sides  of  (i) 
become  identically  equal.  We  may  therefore  replace  8  hy  i$  and 
again  by  —  *0  and  obtain 

cositf  +  isini$  =  e~*, 

cosjff—  isiniB  =  e*'. 

Half  the  sum  and  difference  give  re^wctively 


For  reasons  which  will  appear  presently  these  expressions  are 
known  as  the  kyperboHc  cosine  of  6  and  the  hyperbolic  sipe  of  fl  re- 
spectively. The  hyperbolic  tangent  is  defined  as  the  ratio  of  the 
hyperbolic  sine  to  the  hyperbolic  codne.  The  reciprocals  of  the 
hyperbolic  coane,  sine  and  tangent  are  called  the  hyperbolic  secant, 
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cosecant  and  cotangent  respectively.    Their  most  common  abbre- 
viations are  cosh,*  sinh,  tanh,  sech,  csch,  coth. 
We  have  accordingly 

C08lie-S!±£l*=c08l9, 

2 

siiihO  =  ^::ll'=-*siine,  w 

2 

tanhfl  -  ^^1^  =  -  itaniO, 

and  the  reciprocal  expressions  for  sech  8,  csch  6  and  coth  0.  Notice 
that  so  long  as  tf  is  real,  e*  and  e~'  are  real  and  each  of  the  hyperbolic 
functions  is  real.  Their  graphs  have  already  been  drawn.  (Exercise 
61,  Problem  8,  and  Fig.  172.) 

186.  Duality  Between  the  Circular  and  Hyperbolic  Functions. 
To  every  property  of  or  relation  between  the  trigonometric  or 
circular  functions  there  exists  a  corresponding  property  of  or  rela- 
tion between  hyperboUc  functions.f  The  formulas  expressing  these 
properties  and  relations  could  all  be  derived  from  the  expressions  of 
the  hyperbolic  functions  in  terms  of  exponentials  (Article  184,  (3)), 
but  an  easier  way  to  discover  them  is  to  substitute  the  values 

cos*?  =  coshO,    sini9=  isinhd,  tan  *9  =  *  tanh  9,  (i) 

obtained  from  Article  184,  (2),  in  the  corresponding  formulas  for  the 
circular  functions.  We  shall  illustrate  both  methods  in  the  examples 
which  follow. 

ExAiiPLE  I.  What  relation  between  hyperbolic  functions  cor- 
reqx>nds  to  the  relation  cos*  8  +  sin'fl  =  i  ? 

Solution.    Put  for  8,  iff,  then  cos*  ttf  -|-  sin»  »ff  =  i.    Substituting 
for  COS  iB  and  sin  i$  their  values  from  (i)  we  have 
cosh'ff  +  i"  sinh*#"  i, 
or  cosh*tf  —  sinb'fl  =  i, 

which  is  the  required  relation. 

*  PronouDced  coah,  afain,  thao,  shec,  etc.,  in  academic  slang.  Some  wiiteis 
use  the  abbrevjattcma  h-cos  or  hyco»,  h-sin  or  hyan,  etc. 

t  Both  circular  and  hyperbolic  functions  are  in  fact  members  of  a  more  gen- 
eral diass,  the  modc-cycUc  fuactions,  de&ned  by  the  equations 
Bin*ff-^(«'''*-e~*'*),    coa*»  =  i(^''* -I- «-*/*),     tant»- »int«/co«»,  etc 
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If  we  had  been  asked  to  prove  the  relation  cosh*  6  ~  sinl^  0  =  i, 
we  might  have  proceeded  as  follows : 

By  Article  184,  (z),  cosh' 0  =  /^  +  ^"^  =  e^+a  +  g"" 

Subtracting, 

cosh*#  —  sinh*0  —  i. 

Example  a.    What  property  of  hyperbolic  functioiis  corre^Mads 
to  the  property  sin  (fl  ±  2  me)  =  sin  tf  ? 
Solution.    Replace  tf  by  »9,  then 

sin  (»9  ±  a  m)  —  sin  [*(fl  ^  a  m*)]  <=  sin  f9. 
Introducing  the  relations  (i) 

»^nh(0  T  afwr)  —  tsinhff, 
that  is,  ainh  (fl  =F  a  «»t)  =  sinb  tf. 

This  shows  that  the  hyperbolic  sine  has  the  imngnaty  period 
a  ITT  just  as  the  circular  sine  has  the  real  period  a  r.  Similarly  it 
may  be  shown  that  each  of  the  hyperbolic  functions  has  the  period 
a  tr.  The  hyperbolic  tangent  and  cotangent  have  the  smaller 
period  it. 

If  we  had  been  asked  to  verify  the  relaUon  sinh  (fl  T  a  nW)  =  sinh  9, 
we  might  have  proceeded  thus : 

ainh  (fl  T  2  «w)  -  ?^ =^ — ^  =  sinhtf, 

for  according  to  Article  183,  (4),  c*^**  =  i. 

ExAUPLE  3.  What  formula  for  hyperbolic  functions  corresponds 
to  the  formula 

9Ar^        9-<i>„ 


sintf  +  sin^"as 
Solution.    Replace  9  by  i$,  and  4>  by  i4>,  we  have 


sin  »P  +  sin  »^  =  a  sin  - 
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whence  by  (i) 

i dnh 9  +  * sinh <f>~  at sinh  -i-* cosh  _Z-S , 

Dividing  by  i 

anhfl  +  sinh^=  isinh        ^  cosh    ""  ^. 


i  +  tanh'fl 
Solution.    By  Article  184,  (a), 


1  + 
hence 


i4-tanh*«         <'  +  «"'    "  2(e**  +  e-") 

(«!'-g-^(g*  +  g-')_e"-e-" 

=  tanh3  0. 

Below  we  give  for  purposes  of  reference  and  compaiison  a  table 
of  the  principal  formulas  for  the  circular  functions  and  in  parallel 
column  the  corresponding  formulas  for  the  hyperbolic  functions. 

186.  Table  of  Formulas. 

Circular  Functions.  Eyptrhoiic  FuncHons. 

I.  sin0<  csctf  —  I.  sinh  N •  csch u  —  I. 

3.  cos6-sec6  •=  1.  coshifsechu  «  i. 

3.  tan0*cot9=i.  tanh«<cothu  =  I. 

4.  cos*9  +  an'tf  =  I.  cosh' «  — sinh' 1*  =  i, 

5.  I  +  tan*  0  —  se<^  0.  i  —  tanh'  u  =  sech*  m. 

6.  cot'ff+  I  «  csc^ff.  coth*  «—  I  =  csch'B. 

7.  sino  =  o.     sin-=i.         sinho  —  o.     unh  (±  oo)~  «. 

8.  coso=i.     cos-*"©.         coshoxi.     cosh(±oo)"'±w. 

9 

9.  tanco.    tan-  =  oo.        tanho=o.    tanhCioo}^  ±1, 
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lo.  Sin  ( -  ±  9  J  =  COS  9. 

Binh  (i^  ±  »)- 

11.   cos/j±«).Tsm». 

cosh  /=  ±  «U 

n.  tm(^±e\-±cMI. 

tani(-±«)- 

{CBAP.  XVI 

*  cosh  u. 
±  i  sinhw. 
±cothii. 


sin  (t  ±  9)  —  T  sin  9.  sinh  (nr  ±  u)  —  =f  sinh  u. 

cos  (r  ±  tf)  ■■  —  cos  9.  cosh  (win)'-  —  cosh  u. 

tan  (r  ±  0)  -  ±  tan  9.  taoh  (ia-  ±  «)  -=  ±  tanh  w. 

sin  (a  T  +  9)  =  sin  tf.  sinh  (a  »»  +  «)  =  shih  u. 

cos  (a  *  +  fl)  =  cos  tf.  cosh  (a  w  +  a)  =  cosh  «. 

tan  (a  »■  +  o)  =  tan  $.  tanh  (z  »«■  +  «)  =  tanh  «. 

sin  (— ff)  ™—  sintf.  sinh  (—«)=—  sinhK. 

cos  (—  ff)  =  cosfl.  cosh(—  «)  ="  coshff. 

tan  (—  S)  -  —  tan  ff.  tanh  (—«)=—  tanh  «. 

sin  (d±^)  =  sin0cos^  sinh  (u  ±v)  =  sinh  w cosh v 
±  cos  0  sin  ^.  ±  cosh  u  sinh  o. 

cos  (9  ±4")  »  cos  0  cos  ^  cosh  (u  ±  v)  =  cosh  u  cosh  r 
T  sin  d  sin  ^.  ±  sinh  u  sinh  r. 

t<m(»±»)=  '■°''*'"'t-to°h(.±.)  -  '"'■«±'«°h'  . 
i  +  tanfftanp  ixtanhwtanhv 

sin  a  9  =  a  sin  0  cos  9.  sinh  2u=  i  sinh  »  cosh  u. 

cos  39  ~  cos*ff  —  sin*9  cosh  a  «  "»  cosh*w  +  sintf « 

—  a  cos*e  —  [  =  a  cosh*«  —  i 

=■  1  —  asin'ff.  =  I  +  3sinh*«. 

„         a  tan  $  .     .  a  tanh « 

27.   tan2fl= —■■  tanh2M=— ; — — 

a8.   sin  30=  3sinff  —  4sin*fl.  sinh  3 «  =  3 sinh «  +  4 sinh* «, 

29.  cos3ff  =  4Cos*0  — 3COS0.  cosh3«=  4C(»h*i#  — 3coshw. 

30.  sin  0  +  sin  0  sinh  u  +  sinh  v 

..sk^i^cos^^li-  =jsiri,!!+!co.li!t:-'- 
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II,  sin  9 — sin  ^  suibti  —  ^tibt> 


32.    CO8tf  +  COB0 


«±*™»-=^. 


2  COS  — =-^  COS 


—  2  cosh  ^1^  cosh  - 


33.    COSff  — COS0 


cosh  «  —  cosh  V 


n — !— t^sin *-• 


«±^™h«^LF 


■  a  sinh    "*"    sinh 


2  T  2  2  V  2 

3  V        a  2       V  2 


36.   lim^^-i. 


li^/tani^My.,  li^/tanhiHMV., 


42.  (cos  9  ±  JsinS)" 

-  cos  n9  ±  f  sin  110. 

43.  cosff  ±»8intf  =  e^". 

44.  sin  9 : 


(coshtt  ±  sinh  a)" 

=>  coshfui  ±  sinhfttt. 

cosh  «  ±  sinhtt  =  e*". 

Sinn  It  = ■ 

2 

■-..._«•+«- 
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46.  i  sin  ff  =  sinh  i9.  t  sinb  «  =  sin  tu. 

47.  cos  d  =  cosh  is.  cosh  u  ~  cos  iu, 

48.  1  tan  9  =  tanh  id.  i  tanh  u  =  tan  iu. 

ExEsasE  70 

t.  Prove  the  formulas  (7),  (8)  and  (9)  for  hyperbolic  functions. 

3.  Verify  formula  (10)  for  hyperbolic  functions. 

3.  Verify  formula  (14)  for  hyperbolic  functions. 

4.  Verify  formula  (18)  for  hyperbolic  functions. 

5.  Verify  formula  (ai)  for  hyperbdic  functions. 

6.  Verify  formula  (33)  for  hyperbolic  functions. 

7.  Derive  formula  (26)  for  hyperbolic  functions. 

8.  Derive  formula  (36)  for  hyperbolic  fuQCtions. 

9.  Derive  formula  (43)  for  hyperbolic  functions. 

10.  If  y  ■=  cosh  X,    show  that    x  =  log  (jp  ±  Vj^—  1). 


ri.  Ify^tanha:,    show  that    x  = -logf— -^)* 
2       \i-y/ 


187.  The  Inverse  Hyperbolic  Functtons. 

Let  y  =  coshx  =  ^  +  ^",  (i) 

then  X  =  cosh~'y  is  called  the  inverse  hyperbolic  cosine  y. 

Put«*"  «,  thene~*=  -,  and  we  have  from  (i) 

z 

s  +  -~  ly,  or  a*— 2ys+i"0, 

from  which,  on  solving  for  z, 

e'  =  z=y±  Vy»-  I, 
and  taking  the  logarithm  of  both  sides  of  this  equation, 

(»  =  cosh-*v  =  l<«(i/±  v'y*-!).  (2) 
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In  like  manner  from  y  =  sinh  %  = — ,  (3) 

X  =  sinh"'  y,  the  mverse  hyperbolic  sine  y. 
Putting  in  (3)  «"  =  «,  we  obtain 

E =  iy,  or  B*— a)«—  I"©. 

Solving  for  s,  «*  =  «  =  y  ±  Vy  +  i. 

The  minus  sign  cannot  be  used,  for  ^  is  positive  for  every  value  of 

X,  while  y  —  Vy+T  is  negative,  Vy  +  i  being  greater  than  y. 

Ifence,  on  taking  the  logarithm  of  both  sides  of  the  above  equation, 

x=  siiih-'i/-Iog{y+ Vv*+  1).  (4) 

If  y  —  tanh  x  —  - ,  then  x  =  tanh"'  y,  the  inverse  hyperbolic 

tangent  y. 
Again,  we  put  ^  —  t  and  solve  the  resulting  equation  for  s. 


from  which  x-^  tanh~'y  =  -log^      ^i  (s) 

2       I  -y 

In  the  same  manner  we  obtain  for  the  remaining  inverse  hyper- 
bolic functions 

aj=cofli-'v  =  ilog*ti-i-  (6) 


(7) 
(8) 


188.  Oeometrical  Representation  of  Hyperbolic  Functions. 
We  will  now  show  that  the  hyperbolic  functions  may  be  expressed  as 
ratios  of  (%rtain  lines  connected  with  the  equilateral  hyperbola,  just 
as  the  circular  functions  are  expressed  as  ratios  of  certain  lines  con- 
nected with  the  circle.    These  relations  will  be  best  understood  by 
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developing  the  corresponding  results  for  the  drcle  and  hyperbola  ii 
parallel  columns. 


Letx 


Fig.  i8i. 
Let  x  =  a  cosh  u,y==  a  sinh  u,    ■ 
then  since  cos*  9  +  sin'  fl  =  i,        then  ance  cosh'  u  —  sinh* «  =  i, 
a;*  +  y*  =  a*  (cos*  tf+ sin' (»)=<»»,     a;*  — y*=a*(cosh*«  — sinh*«)=  «*» 
that  is,  X  and  y  are  the  cobrdi-    that  is,  x  and  y  are  the  coordi- 
nates of  a  point  P  on  a  drde    nates  of  a  point  P  on  a  hyperbota. 


whose  radius  is  a. 

whose  semi-major  axis  is  a. 

a     OA 

a      OA 

a      OA 

sinh.. 2:-^, 
o      Oa' 

sinfl^SP^^. 
cosfl      OB      OA 

^„      sinh..BJ'      AT, 
cosh»     OB      OA 

If  OA  is  taken  for  the  unit  of        HOA  is  taken  for  the  unit  of 

measure, 

measure, 

OB  represents  cos  9, 

OB  represents  cosh  u. 

BP  represents  an  8, 

BP  represents  sinh  u, 

i4r  represents  tan  fl. 

A  T  represents  tanh  «. 

It  is  plain,  now,  that  the  hyperbolic  functions  are  related  to  the 
hyperbola  in  the  same  way  that  the  circular  functions  are  related  to 
the  circle.  For  this  reason  the  functions  are  named  "hyperbolic 
functions." 

189.  The  Area  of  a  Hyperbolic  Sector.  In  Article  goa  it  was 
shown  that  the  area  of  a  circular  sector  is  equal  to — ,  We  will  now 
derive  this  result  in  another  way,  and  show  in  parallel  column  that 
in  like  manner  the  area  of  a  hyperbolic  sector  is  equal  to  — ■ 
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Fig.  183. 

Let  P  be  any  point  on  the  drde 
corresponding  to  0  and 

Pi,Px,  ■  •  ■  Pt,Pk*i.  ■  ■  • 

points  on  the  drcle  corresponding 


respectively,  n  being  any  integer 
arbitrarily  chosen. 

Let  the  coordinates  of  Pt,  Pt, 
etc.,  be  xi,  yi;  xt,  5^  ;  etc.,  re- 
spectively. 

The  area  of  triangle  OPtPt+i 
=  area  of  triangle  OCPt+i 
+  area  of  trapezoid  CPt+iPitB 
—  area  of  triangle  OBPn, 


F«.  '83. 

Let  P  be  any  point  on  the*  hy- 
perbola corresponding  to  u  and 

Pi,Pt,  ■  ■  ■  Pk.Pk*u  ■  ■  • 

points  on  the  hyperbola  corre- 


n     n  n  n 

respectively,  n  being  any  integer 
arbitrarily  chosen. 

Let  the  coordinates  of  Pi,  Pt, 
etc.,  be  Xi,  yi;  xt,  5^;  etc.,  re- 
spectively. 

The  area  of  triangle  OP^Pu+t 

—  area  of  triangle  OCP^+i 

—  area  of  trapezoid  CPt+tPtB 

—  area  of  triangle  OBPk, 


]  (xt~xn.,)(yk+yk*i) 


.  {xk+i-  ari)(yt+  ytj-i) 


xkyt 


Simplifying, 
area  of  triangle  OPtPk*  i 


Simplifying, 
area  of  triangle  OPtJPk 


^t+iy*) 
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Since  (i)  is  the  area  of  any  one        Since  (i)  is  the  area  of  any 
of  the  triangles  which  make  up  the    one  of  the  triangles  which  make 
up  the  polygon 


polygon 

OAPiPt  .  .  .  PiPk^i  .  .  .  P, 
the  entire  area  of    the    polygon 


_  M  ^  sin  jefn) 
a    *       B/n    ' 


OAPiPt  .  .  .  PkPh*i  .  .  .  P, 
the  entire  area  of  the  polygon 

2  n 

_  ^  _  sinh  fu/ii) 


u/n 


w 


Now  let  «  be  indefinitely  in- 
creased, then  the  area  of   the 


Now  let  «  be  indefinitely  in- 
creased, then  the  area  of  the 
polygon  approaches  as  its  limit  polygon  approaches  as  its  limit 
the  area  of  the  circular  sector  the  area  of  the  hyperbolic  sector 
0<4i',  which  we  wiU  denote  by  5«,    0-4i',whichwewilldenoteby5'», 


that  is, 

that  is, 

ltop-».sinh(./.) 

2         ...      «/» 

3        ■--        «/» 

but  by  Aitide  i86,  (38) 

but  by  Artide  186,  (38) 

,.  .  sin  (»/«) 

lim^  («/").,, 

tleirfore 

therefore 

S..^. 

(3) 

5.-^. 

(3) 
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From  (3)  we  have  From  (3)  we  have 

0  =  ^.' 


2-5». 


and  to  make  the  analogy  between  the  dicular  and  hyperbolic  func- 
tions complete  we  may  write 


-m^ 


*=  sinh 


^-  tanh 


where  S  is  the  area  of  the  dr-  where  5  is  the  area  of  the  hyper- 
cular  sector  AOP,  and  x,  y  the  bollc  sector  AOP,  and  x,  y  the 
coordinates  of  the  point  P.  coordinates  of  the  point  P. 

190.  Use  of  Hyperbolic  Functions.  A  knowledge  of  hyperbolic 
functions  is  not  only  of  great  importance  for  the  pursuit  of  higher 
mathematics,  but  also  because  of  the  use  which  is  made  of  these 
fimctions  in  various  arts  and  sciences.  Some  idea  of  their  usefulness 
may  be  gathered  from  the  following  statement  by  C.  D.  Walcott, 
secretary  of  the  Smithsonian  Institution. 

"HyperboUc  functions  are  extremely  useful  in  every  branch  of 
physics  and  in  the  applications  of  physics,  whether  to  observational 
and  experimental  sciences  or  to  technolf^.  Thus,  whenever  an 
entity  (such  as  light,  velocity,  electricity  or  radioactivity)  is  subject 
to  gradual  extinction  or  absorption,  the  decay  is  represented  by 
some  form  of  Hyperbolic  Functions.  Mercator's  projection  is  like- 
wise computed  by  HyperboUc  Functions.  Whenever  mechanical 
strains  are  regarded  as  great  enough  to  be  measured  they  are  most 
simply  expressed  in  terms  of  Hyperbolic  Functions.  Hence  geo- 
logical deformations  invariably  lead  to  such  expressions." 

Because  of  the  great  importance  of  hyperbolic  functions,  a  com- 
plete hyperbolic  functions  table  has  recently  been  published  by  the 
Smithsonian  Institution. 
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Exercise  71 

Show  that       coth-'  y  =  -  loe  ^-^  ■ 
2     *  y  —  1 

I    J.   Vl   -  yl 


2,   Show  that       sech"'  jr "  log  - 


Show  that       csch~*  y  —  log  — ^^ ^-*- 


4.  If  >S'a  denote  the  area  of  the  hyperbolic  sector  (Fig.  183)  and 
X,  y  the  coordiDates  of  the  point  P,  show  that  5|i  =  —  log  '  , 

5.  Hence  find  the  area  of  the  hyperbolic  sector  when  «  »  j 
0=1.  Ans.  Sk  =  \  log,  3  =■  0.5493. 

6.  Compute  sinh  i  and  cosh  i. 

Ans.  sinh  i  =  1.1752,  cosh  i  =  1.5431. 

7.  Compute  sinh"'  -V  and  cosh-'  J. 

Ans.   sinh-'-V-  -  log,  5  =■  1.6094,  cosh"* 4  =  log,3  or  log,  i 
—  1.0986  or—  1.0986. 

191.   Review,     t.   (a)  Explain   how  any  equation  of   the  form 

y™f{x)  may  be  graphically  represented  by  a  curve.  (6)  Draw  the 
graph  for  each  of  the  equations  a;  +  y  =  3,  x*  +  y*  =  3*,  a^  —  y"  =  3'. 
2.  (a)  Draw  on  the  same  sheet  of  paper  (using  the  same  coordi- 
nate axes)  the  six  trigonometric  curves.  (6)  Draw  on  one  sheet  of 
paper  four  curves  of  the  type  y  =  a  sin  (x  +  c),  giving  to  a  and  c  the 
values,  a  =  1,  c  =  o;  0=1,  c  =  -;  0=3,  c  =  o;  a"  3,  c  =  -- 

These  curves  if  properly  connected  by  straight  lines  form  the  plan  of 
a  double-threaded  screw  of  which  these  curves  represent  the  spirals. 


3.   (a)  Draw  the  curve  y  =  log,  3;.     (6)  Drawthecurvey~log,(- J. 
e**,  pii 

■  cos*. 
(6)  Draw  the  curve  y  =  sin  »  +  2  cos  /-)• 


4.  Draw  on  one  sheet  the  curves  y  =  e**,  putting  k  successively 
equal  to  i,  —  i,  J  and  —  J. 

5.  (o)  Construct  the  curve  y  =  sin  a;  -f-  cos  a:. 
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6.  Draw  on  one  sheet  of  paper  the  curves  of  the  six  hyperbolic 
fuDctions. 

7.  Construct  the  curve  jr  =«-*  sin  3c. 

8.  (fl)  U  U  +  iV  =  {a  +  ib)  +  {a +  ib)*+ {a +  ib);  Gad  VuxdV. 
{b)  Add  geometrically  3  +  4  *  and  4  —  3  *• 

9.  {a)  Express  3  +  41  in  the  trigonometric  form. 

(6)  n  U  +  iV ^,  find  U  and  V. 

x  +  ty 

(c)  If  x  +  iy  =  r  (cos  8  +  *  sin  ff),  express  x  and  y  in  terms  of 
r  and  9. 

(d)  In  (c)  express  r  and  9  in  terms  of  x  and  y. 

10.  (a)  Prove  that  the  modulus  of  a  product  of  two  factors  is- 
equal  to  the  product  of  the  moduli  of  the  factors,  (b)  Prove  that 
the  argument  of  the  product  of  two  factors  is  equal  to  the  sum  of 
the  arguments  of  the  factors,  (c)  Prove  that  the  sum  of  the  con- 
jugates of  two  complex  numbers  is  equal  to  the  conjugate  of  the  sum 
of  the  numbers. 

11.  (a)  State  and  prove  DeMoivre's  theorem  for  positive  integral 
exponents,     (b)  By  DeMoivre's  theorem  find  (i  +  »)",  (i  +  i  » "^3)"' 

12.  (a)  Find  all  the  roots  of  the  equation  «*  —  i  =«  o. 
(fi)  Find  all  the  roots  of  the  equation  a^  +  i  =  o. 

(c)  If  Ui  and  wi  are  the  im^inary  cube  roots  of  unity,  show 
that  Ml*  "  Wi,  t.»i*  =  wi,  I  +  «i  +  ws  ■■  o. 

13.  From  the  relation  {cos  9  +  t  sin  9)*  ■  cos  5  fl  +  t  an  5  fl,  find 
ois  5  9  and  sin  5  9  each  in  powers  of  sin  9  and  cos  6. 

14.  (fl)  What  is  meant  by  an  infinite  series,  by  a  a)nvergent 
infinite  series,  by  a  divergent  infinite  series,  by  a  non-convergent 
infinite  series,  by  an  absolutely  convergent  series,  by  a  semlcon- 
vergent  series?     (b)  Give  an  example  of  each. 

15.  (a)  What  is  meant  by  the  ratio  of  convergence  or  test-ratio 
of  a  series? 

(6)  Prove  that  if  the  test  ratio  ultimately  approaches  some 
value  less  than  unity  the  series  is  absolutely  convergent. 
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i6.  (a)  Write  down  the  first  five  terms  of  each  of  the  following 
series:  the  exponential  series,  the  sine  series,  the  cosine  series,  the 
logarithmic  series,  the  binomial  series,  (b)  Show  that  the  first 
three  are  absolutely  convergent  for  all  values  of  x.  (c)  Show  that 
the  last  two  are  absolutely  convergent  so  long  as  x  is  less  than  i. 

17.  (a)  Show  that  e  is  greater  than  2.5  and  less  than  2.75. 

(6)  Show  that  e«=i4-«+— +— +  ■  •  • 
2!      3 1 

(c)  Bymeans  of  the  exponential  series  compute  (-'■■-=0.3679. 

18.  Prove  that    lim  ^^  =  i,    lim  ^^^  =  i. 

x~0      X  x^O      X 

19.  Compute  log,  3,  logia  2,  \ogi  2. 

30.  (a)  Show  how  to  compute  the  sine  and  codoe  of  i'. 

(6)  Given  ^n  i'  and  cos  i',  show  how  to  find  in  sutxesnoo 
tlie  functions  of  3',  3',  4',  etc. 

(c)  Show  how  a  complete  table  of  functions  may  be  constructed 
when  the  functions  of  the  angles  from  0°  to  30°  are  known. 

21.   (a)  When  is  a  series  with  complex  terras  said  to  be  convergent? 
(6)  When  is  such  a  series  said  to  be  absolutely  convergent? 
(c)   Show  that  the  series  S  «„  =  2  [r  (cos  9  +  »  sin  0)]"  is  abso- 
lutely convergent. 

33.   (a)  State  and  prove  Euler's  theorem. 

(6)  Show  that  cosfl  =  5l±-*I^,  sin  e  =  '**  ~  ^'^ ' 

3  3f 

(e)  Show  that  e^'+^Bu  =  —  i^  and  hence  log,  —  i  =  w  +  2  ««r. 
33.   (a)  Define  each  of  the  hyperbolic  functions. 

(i)  Given  e  =  2.71838,  -  =  0.36788,  compute  sinh  7  =  3.6369, 
cosh  3  =  3.7633,  sinh  \  =  0.5311,  cosh  \  =  1.1276. 

24.   (d)  Show  that 

cosh  a  =  cos  «w,  sinh  u  ^^  —  i  sin  lu,  tanh  w  =  —  i  tan  iu, 
(6)  Prove  that 

cosh'  u  —  sinh* «  =  i,  cosh*  u  +  sinh*  w  =  cosh  3  «. 
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35.   (a)  If  y  =  taah  x,  show  that  x  =  tanh-*  y  =  i  log--      ^- 

(6)  Show  that  ainh-'  y  =  log  (y  +  Vy*  +  i). 
26.   (a)  Define  the  hyperbolic  functions  geometrically,     {b)    Men- 
tion some  of  the  uses  of  hyperbolic  functions. 
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UITRODTTCTION 

1.  Daflnition  of  Spherical  Trigonometry.  If  three  poiotB  on  any 
surface  are  joined  by  the  shortest  lines  lying  in  the  surface  that  it 
is  possible  to  draw  between  these  points  a  tnangle  is  formed.  Evety 
such  triangle  has  six  parts,  three  sides  and  three  angles.  In  general 
the  sides  are  not  straight  lines  but  geodesic  lines,  that  is,  the  shortest 
lines  that  can  be  drawn  on  the  surface  connecting  the  points.  Thus 
every  class  of  surfaces  gives  rise  to  a  special  trigonometry  whose 
object  is  the  investigation  of  the  relations  between  the  parts  of  the 
triangle  and  the  study  of  the  functions  necessary  for  the  determin- 
ation of  the  unknown  parts  of  a  triangle  from  a  sufficient  number 
of  given  parts. 

If  the  surface  under  consideration  is  the  plane,  the  geodesies  are 
straight  lines  and  the  triangles  plane  triangles,  whose  properties  and 
those  of  the  functions  necessary  for  their  solution  have  been  consid- 
ered in  plane  trigonometry.  If  the  points  lie  on  the  surface  of  a 
sphere  the  geodesies  are  arcs  of  great  circles,  the  triangles  are  called 
spherical  triangles,  and  the  corresponding  trigonometry,  ^herical 
trigonometry.     Briefly  stated, 

Spherical  Trigonometry  d^als  wUk  the  relaiions  among  the  six  parts 
of  a  spherical  triangle  and  the  problems  which  may  be  solved  by  means 
of  these  relations.  The  most  important  of  these  problems  consist  in 
the  computation  of  the  unknown  parts  of  a  spherical  triangle  from 
three  given  parts.  It  will  be  found  that  the  solution  of  spherical 
triangles  requires  no  functions  other  than  those  employed  in  plane 
trigonometry. 

2.  The  Uses  of  Spherical  Trigonometry.  It  is  obvious  that  the 
triangle  formed  by  three  points  on  the  earth's  surface  is  not  a  plane 
triangle  but  a  spherical  triangle,  for  the  distances  between  them  are 
measured  not  along  straight  lines  but  along  arcs  of  great  drcles.    It 
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is  only  wlien  the  distances  are  comparatively  small  that  the  sides  may 
be  considered  straight  lines  and  that  the  formulas  of  plane  trigonom- 
etry give  fairly  approximate  results.  Hence  geodetic  surveying, 
that  is  surveying  on  a  large  scale,  requires  a  knowledge  of  spherical 
trigonometry.  The  same  is  true  of  navigation  when  the  bearings  and 
distances  of  distant  ports  are  under  consideration.  Strictly  speaking 
since  the  earth  is  not  a  perfect  sphere  but  a  spheroid,  such  problems 
require  a  knowledge  of  spheroidal  trigonometry,  a  branch  of  trigonom- 
etry whose  study  demands  the  introduction  of  functions  other  than 
those  considered  in  plane  tr^onometry,  but  for  many  purposes  the  laws 
of  spherical  trigonometry  give  suffidenUy  accurate  approziniations. 

While  a  knowledge  of  spherical  trigonometry  is  of  great  importance 
to  the  surveyor  and  navigator,  it  is  of  even  greater  importance  to  the 
astronomer.  The  positions  of  all  heavenly  bodies  are  referred  to  the 
surface  of  an  imaginary  sphere,  the  celestial  sphere,  which  encloses 
them  all.  In  fact  it  is  the  dqiendance  of  astronomy  upon  spherical 
trigonometry  that  first  led  to  its  study  by  the  ancients,  long  before 
plane  trigonometry  was  thought  of  as  a  separate  branch  of  science. 
Spherical  trigonometry  is,  as  it  were,  the  elder  sister  of  plane  trig- 
onometry. 

Besides  the  uses  already  mentioned,  spherical  trigonometry  fur- 
nishes the  best  possible  review  and  constitutes  one  of  the  most  inter- 
esting applications  of  the  principles  of  plane  trigonometry.  Spherical 
trigonometry  embodies  the  results  of  plane  trigonometry  in  much  the 
same  measure  that  solid  geometry  embodies  the  results  of  plane 
geometry. 

Finally,  spherical  trigonometry  is  worthy  of  study  for  its  own  sake 
because  of  the  marvellous  relations  which  it  reveals  and  the  sim- 
plicity, elegance,  and  beauty  of  the  formulas  in  which  its  results  are 
embodied. 

3.  Spherical  Trlgonometrr  Dependent  on  Solid  Geometry. 
Just  as  plane  trigonometry  presupposes  a  certain  knowledge  of  plane 
geometry  so  sptierical  trigonometry  requires  an  acquaintance  with 
soUd  geometry,  especially  with  that  portion  of  it  which  deals  with  the 
sphere.  The  student  should,  therefore,  have  a  textbook  on  solid 
geometry  ready  at  hand  while  pursuing  this  study  in  order  to  familiar- 
ize himself  anew  with  the  theorems  and  definitions  which  are  pre- 
supposed in  the  discussions  which  follow.  He  should  also  provide 
himself  with  a  small  wooden  or  plaster  of  paris  sphere  and  construct 
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his  figures  on  it  whenever  he  has  difficulty  in  visualizing  the  ^ures 
called  for  in  his  study. 

4.  Classificatioii  of  Spherical  Triuigles.  Like  plane  triangles, 
spherical  triangles  are  classified  in  two  ways:  first,  with  reference  to 
the  ddes  and  second,  with  reference  to  the  angles. 

A  spherical  triangle  is  said  to  be  equilateral,  isosceles,  or  scalene, 
according  as  it  has  three,  two,  or  no  equal  sides.    Since  each  ^de  of  a 


spherical  triangle  may  have  any  value  less  than  i8o°,*  one,  two,  or 
^  three  of  the  sides  may  be  quadrants.  If  one  side  is  a  quadrant, 
the  triangle  is  called  guadrantal,  if  two,  btguadratUal,  if  all  three, 
triguadranial. 

A  right  spherical  triangle  is  one  which  has  a  right  angle;  an  oblique 
spherical  triangle  is  one  which  has  none  of  its  angles  a  right  angle. 


Oblique  spherical  triangles  are  obtuse  or  acute  accordii^  as  they  have 
or  have  not  an  obtuse  angle.    Since  the  sum  of  the  angles  of  a  spherical 

*  By  the  number  of  degrees  in  an  arc  we  mean,  of  course,  the  number  of  degrees 
in  the  angle  whkh  the  arc  subtends  at  the  center  of  the  ^here.  The  number  of 
degrees  in  an  arc  being  given,  the  length  of  the  arc  is  at  once  found  from  the  relation, 
t  ••  T0,  where  r  is  the  radius  of  the  sphere  and  S  the  radian  measure  of  the  angle. 
(See  PI.  Tr^.,  ArL  go.) 
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triangle  may  have  any  value  between  i8o°  and  540°  and  no  single 
angle  can  exceed  180°,  a  spherical  triangle  may  have  two  or  even 
three  right  angles.  If  it  has  two  right  angles  it  is  called  birectangular 
(Fig.  i),  if  three,  trirectangular  (Fig.  a).  For  the  same  reason  a  spheri- 
cal triangle  may  have  two  or  even  three  obtuse  angles  (F^.  3). 

If  two  points  on  a  sphere  are  at  the  extremities  of  the  same  diam- 
eter any  great  circle  passing  through  one  of  the  points  will  pass  also 
through  the  other.  Two  such  points,  therefore,  cannot  be  the 
vertices  of  a  spherical  triangle,  for  the  great  circles  connecting  these 
points  with  any  third  point  will  coincide  and  the  resulting  figure  will 
not  be  a  triangle  but  a  lune  (Fig.  4). 

6.  Co-lunar  Triangles.    If  the  arcs  AB,  AC  (Fig.  5)  forming  two 
sides  of  any  spherical  triangle  be  produced,  they  will  meet  again  in 
-  0  _*_  some  f)oint  A',  forming  a  lune.    The  third  side 

BC  divides  this  lune  into  two  triangles,  the  origi- 
nal triangle  ABC,  and  the  triangle  A'BC.  The 
triangle  A  'BC  thus  formed  is  said  to  be  co-lunar 
with  the  triangle  ABC.  It  is  obvious  that  any 
given  triangle  has  three  co-lunar  triangles,  one 
corresponding  to  each  angle  of  the  triangle.  Thus 
the  triangle  ABC  (Fig.  5)  has  the  three  co-lunar 
triangles  A'BC,  AB'C,  ABC',  where  A',  B',  C 
are  the  opposite  poles  of  the  vertices  A,  B,  C  of  the  triangle  ABC. 

Since  the  angles  of  a  lune  are  equal,  and  the  sides  of  the  lune  semi- 
circles, it  follows  that  the  parts  of  the  co-lunar  triangles  may  be  im- 
mediately expressed  in  terms  of  the  parts  of  the  original  trian^e.  If 
we  denote  the  sides  of  the  triangle  ABC  by  a,  b,  c,  and  the  angles  by 
A,B,C,  the  corresponding  parts  of  the  co-lunar  triangles  are  as  follows: 


Fi«-S- 


TrlMBta. 

Side). 

-           1 

ABC 

A'BC 

AB'C 

ABC 

0 

180°- 0 

b 

180°- ft 

b 

i8o°-6 

180"- e 

A 
A 

180°-^ 
i8o°-J 

B 

i8o°-B 

B 
180=- fl 

C 
180°- C 
180°- C 

C 

6.  Use  of  Co-lunar  Triangles.  Any  general  formula  expressing 
a  relation  between  the  parts  of  a  spherical  triangle  must  continue  true 
when  applied  to  the  co-lunar  triangles.  We  may,  therefore,  sub- 
^tute  in  any  such  formula  for  any  two  sides  and  their  opposite 
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angles  tbeir  supplements,  leaving  the  third  dde  and  angle  unchanged. 
This  process  frequently  leads  to  new  relations  among  the  parts  of  the 
triangle. 
Thus,  after  it  has  been  shown  that  for  any  triangle 


we  obtain,  by  applying  this  formula  to  the  co-lunar  triangle  A'BC, 
a-U&o^-b)       iSo'-C       .   A  +  (i8o''-B)       jSo"  ~  c 

IVM i ;  rrtc =  =in  - — - — i Lr-na . 


which  reduces  to  the  new  formula 


EXERaSE    I 

I.  Show  that  every  birectangular  spherical  triangle  is  also  bi- 
quadrantal,  and  every  trirectangular  triangle  is  also  triquadrantal. 
3.   Prove  the  converse  of  the  proposition  in  Problem  i. 

3.  The  co-lunar  triangles  of  any  right  ^herical  triangle  are  right 
^herical  triangles,  and  the  co-lunar  triangles  of  any  quadrantal 
triangle  are  quadrantal. 

4.  The  co-lunar  triangles  of  an  equilateral  ^herical  triangle  are 
isosceles. 

5.  It  will  be  shown  later  that  for  any  spherical  triangle 

a  +  b  .   C           A  +  B       c 
cos sin  —  =  cos cos  -  ■ 

3  2  3  2 

By  applying  this  formula  to  the  co-lunar  triangle  A'BC  show  that 

.   a-b       C       .   A- B  .    c 

sin cos-  =  sin^ -sin  — 

3  2  33 

6.  It  will  be  shown  later  that  for  any  spherical  triangle 


^     /sin  {s  —  a)  sin  (j  —  b) 
V  sin  a  sin  b 


By  allying  this  formula  to  the  co-lunar  triangle  ABC  show  that 
C 


/sin  J  sin  (i  —  c) 
V      sin  a  sin  A 
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7.  In  Fig.  6,  ABC  is  any  right  spherical  triangle,  right-angled  at  i. 
With  £  as  a  pole  construct  a  great  drde  cutting  CB  produced  in  3 
and  BA  produced  in  3.  With  ^  as  a  pole 
construct  a  great  circle  cutting  AB  produced 
in  4  and  CA  produced  in  5.  The  resulting 
figure  is  a  curvilinear  pentagon  bordered  by 
five  spherical  triai^es.  Show  that  each  of 
these  triangles  is  right-angled  and  detenmoe 
all  their  parts  as  mdicated  in  the  figure.  (Re- 
mark. The  dashes_over  the  letters  indicate 
complements,  thus  A  =  90°  —  A,  a=  90"  —  a, 
c=  t)o°  —  c,  etc.) 
7.  Polar  Triangles.  If  from  the  vertices  of  any  spherical  triangle 
ABC  as  poles,  great  circles  are  drawn  they  will  divide  the  surface  of 
the  sphere  into  eight  associated  spherical  triai^les  one  of  wkich  is 
called  the  Polar  of  the  triangle  ABC,  and  is  determined  as  follows: 

The  great  circles  whose  poles  are  B  and  C  respectively  intersect  in 
two  points  which  lie  on  opposite  sides  of  the  arc  BC.  Let  A'  be  that 
one  of  these  two  points  which  lies  on  the  same  side  of  BC  as  A .  The 
great  circles  whose  poles  are  C  and  A  respectively  intersect  in  two 


fig.  6. 


points  which  lie  on  opposite  sides  of  the  arc  C^ .  Let  B'  be  that  one 
of  the  two  points  whidi  lies  on  the  same  side  of  CA  as  B.  Similarly, 
let  C  be  that  one  of  the  intersection  points  of  the  great  circles  whose 
poles  are  A  and  B  respectively,  which  lies  on  the  same  side  of  the  arc 
AB  as  the  vertex  C.  The  triangle  whose  vertices  are  A',  B',  C  is  the 
polar  of  the  triangle  ABC. 

Just  as  in  triangle  ABC  we  use  A,  B,C  Xo  denote  the  angles  and 
a,  b,  c  to  denote  the  sides  oppo^te  these  angles,  so  A',  B',  C'  denote 
the  angles  and  a',  I/,  (/  the  sides  opposite  these  angles  in  the  polar 
triangle  A'B'C. 
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i8o°, 

B' 

+  S- 

i8o% 

C'  +  c- 
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It  is  necessary  to  recall  the  two  fundamental  properties  of  polar 
triangles: 

I,  The  relatiott  of  a  triangle  to  its  polar  is  mutwU,  that  is,  if  A'B'C 
is  the  polar  of  ABC  then  ABC  is  the  polar  of  A'B'C.  Since  each  of 
these  triangles  is  the  polar  of  the  other,  two  such  triangles  are  referred 
to  as  polar  triangles. 

II.  In  two  polar  triangles  each  angle  is  the  supplement  of  the  opposite 
side  in  the  other,  and  each  side  the  supplement  of  the  opposite  angle  in 
the  other.    In  symbols, 

A  +  a'  =  180", 

B  +  y  =  180°, 

C  +  (f  =  180°, 

8.  The  Six  Cases  of  Spherical  Triangles.  It  will  be  shown 
presently  that  the  six  parts  of  any  spherical  triangle  are  so  related  that 
when  any  three  are  given  the  remaining  three  can  be  found.  The 
three  given  parts  may  be: 

I.  The  three  sides. 

II.  The  three  angles. 

m.  Two  sides  and  the  included  angle. 

IV.  Two  angles  and  the  included  side. 

V.  Two  sides  and  the  angle  opposite  one  of  ihem. 

VI.  Two  angles  and  the  side  opposite  one  of  them. 

There  are  ^  cases  of  spherical  triangles  while  there  are  only  three 
cases  of  plane  triangles.  This  is  because  Cases  IV  and  VI  above 
reduce  to  the  same  case  for  plane  triangles,  since  any  two  angles  of 
a  triangle  determine  the  third.  Also  Case  II  above  is  ruled  out  for 
plane  triangles  since  the  three  angles  of  a  plane  triangle  determine 
only  the  shape  but  not  the  magnitude  of  the  triangle. 

9.  Solution  of  Spherical  Triangles.  There  are  two  distinct 
methods  of  finding  the  unknown  parts  of  a  spherical  triangle  from  three 
known  parts: 

I,  The  Graphic  Method.  This  conasts  of  actually  constructing 
the  triangle  on  a  material  sphere.  The  unknown  parts  may  then  be 
found  by  measurement. 

n.  The  Mahod  of  Spherical  Trigonometry.  The  unknown  parts  are 
obtained  by  computation  by  means  of  formulas  expressing  the  rela- 
tion of  the  unknown  parts  to  the  parts  which  are  given. 


D.qitizeabyG00l^lc 


8  SPHERICAL  TRIGONOMETRY  Ichap.  i 

The  first  method  is  purely  geometrical  and  is  subject  to  all  the 
errors  of  construction  and  inaccuracies  of  measurement  pointed  out 
in  PI.  Trig.,  Art.  3,  It  Is  valuable  as  a  roi^^h  check  on  the  second 
method  rather  than  as  an  independent  method  of  solution. 

The  second  method  gives  the  unknown  parts  to  a  degree  of  ac- 
curacy limited  only  by  the  accuracy  of  the  data  and  the  number  of 
places  of  the  tables  employed  in  the  computation.  This  is  the  method 
employed  in  Geodesy,  in  Astronomy,  and  whenever  precision  is 
necessary  or  dedrable.  The  derivation  of  the  formulas  employed 
by  the  second  method  and  their  ^plication  to  the  solution  of  the  six 
cases  of  triangles  constitutes  an  important  part  of  Spherical  Trigo- 
nometry. 

10.  The  Use  of  die  PoUr  Triangle.  By  the  use  of  the  polar 
triangle  the  second,  fourth,  and  ^xth  case  of  ^herical  triangles  may  be 
made  to  depend  on  the  first,  third,  and  fifth  respectively.  Consider 
for  instance  Case  II,  in  which  the  three  angles  are  given.  From 
the  relations  of  Art.  7  the  three  sides  of  the  polar  triangle  are 
known,  this  triangle  may,  therefore,  be  solved  by  Case  I,  and  having 
found  the  angles  of  this  triangle,  the  sides  of  the  original  triangle  are 
given  by  the  relations  of  Art.  7,  Similarly,  Case  IV  may  be  solved 
by  Case  m,  and  Case  VI  by  Case  V. 

Again  by  means  of  the  polar  triangle  any  known  relation  between 
the  parts  of  a  triangle  may  be  made  to  yield  another  relati<m,  which 
frequently  turns  out  to  be  new;  for  a  relation  which  holds  for  every 
triangle  must  remain  true  when  applied  to  the  polar,  that  is,  it  must 
hold  true  if  we  put  for  each  side  the  supplement  of  the  opposite 
angle  and  for  each  angle  the  supplement  of  the  oppoate  side.  Thus 
if  in  the  formula 

cos  H«  ~  *)  cos  J  C  =  sin  J  (■'1  +  ^)  <^os  J  c 
of  Art.  6  we  put 

a  =  180°-^',  b  =  iZo''-B',  C  =  i8o''-c', 
A  =  iSo^-a',  B  =  180*-  6',  c=  iSo^-C, 
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which  on  reducing  becomes 

cos  i  (^4 '  -  ^')  sin  K  =  sin  i  (o'  +  6')  sin  i  C, 
or  dropping  accents 

cosi(^-5)sinic=8inJ(«  +  *)MniC- 
IL   Construction  of  Spherical  Triangles. 
Case  I.    Given  the  three  sides,  a,  b,  c. 

On  a  sphere  lay  off  an  arc  BC  equal  to  o.'  With  B  as  a  pole  and 
an  arc  equal  to  c  draw  a  small  circle  and  with  C 
as  a  pole  and  an  arc  equal  to  b  draw  another 
small  drcle.  Either  of  the  intersection  points, 
A,  A',  oi  these  small  circles  will  be  the  vertex 
of  a  triangle  whose  other  vertices  are  B  and  C 
and  whose  sides  are  the  three  given  parts,  a,  b,  c. 
Case  II.  Gnen  the  three  angles,  A,  B,C. 
By  Case  I  construct  the  polar  triangle  whose 
sides  are 

a  =  180°  ~  A,    b=  180°  -  B,    c=  180°  - 
The  polar  of  this  triangle  will  be  the  required  triangle. 
Case  in.     Given  two  sides  and  the  induded  angle,  a,  b,  C. 
On  a  sphne  draw  an  arc  CM  of  a  great  drcle  and  on  it  lay  off  an 
arc  CB  equal  to  a.    Through  C  draw  an  arc  CN 
making  an  angle  C  with  CW.f     On  CN  lay  off 
an  arc  CA  equal  to  b  and  join  A  and  B  by  an 
arc  of  a  great  circle.    Then  ABC  will  be  the  re- 
quired triangle. 

Case  IV.     Given  two  angles  and  the  included 
side,  A,B,c. 

By  Case  III  construct  the  polar  triangle  whose 
two  sides  and  included  angle  are: 
a  =  iSo"  —A,    b=  180"  —  B,    C=  180°  -  c. 
The  polar  of  this  triangle  will  be  the  required  triangle. 

*  To  lay  off.  an  arc  equal  to  a  means  to  lay  off  an  arc  of  a  great  drde  coatainiDg 
a  degrees.  This  may  be  readily  done  by  means  of  a,  strip  of  paper  or  cardboard 
equal  in  length  to  a  semidrcuniference  of  the  sphere  and  dividing  it  into  180  equal 
divisions.     Each  divisbn  will  then  r^resent  one  degree  of  angular  measure  on  the 

t  This  a  most  easly  done  as  follows;  From  C  as  a  pole  draw  the  arc  of  a  great 
circle.  Let  if  be  its  intersection  with  CU.  On  this  arc  lay  oEf  UN  equal  to  C. 
Join  If  and  C  by  an  arc  of  a  great  drcle.  Then  NCM  will  be  the  required  angle. 
(Why?) 
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Case  V.  Given  two  sides  and  the  angle  opposite  one  of  these  sides, 
a,b,A. 

We  distinguish  two  cases  according  as  the  angle  A  is  acute  or 
obtuse. 
I.  A  acute. 

On  a  sphere  (Fig.  12)  draw  two  arcs,  AM  and  AN,  making  an  angle 
A  with  each  other  and  let  A  and  A '  be  their  points  of  intersection. 
On  one  of  these  arcs,  as  AN,  lay  off  AC  equal 
to  6.  With  C  as  a  pole  and  an  arc  equal  to  a 
describe  a  small  circle.*  In  general  this  drcle 
,  will  intersect  the  arc  <4W  in  two  points,  B  and 
B',  either  of  which,  if  its  angular  distance 
from  A  is  Ites  than  180°,  will  form  the  third 
vertex  of  a  triangle  whose  other  two  vertices 
are  A  and  C  and  which  will  contain  the  three 
given  parts. 

Let  p  ~  CD  be  the  arc  through  C  which  is  perpendicular  to  AM. 

(a)   If  a  is  less  than  f,  the  small  circle  will  not  intersect  AM  and 

no  triangle  exists  having  tjie  given  parts.    The  solution  is  impossible. 

(i)  li  a  =  p,  there  is  one  solution.    The  resulting  triangle  has  a 

right  angle  at  D. 

(c)   If  a  is  greater  than  p  but  less  than  the  shorter  of  the  two  sides, 
AC  -  b,  CA'  -  180°  -  6,  there  wiU  be  two  solutions,  ACB  and  ACB'. 
(J)  If  a  is  greater  than  the  shorter  of  the  two  sides  h  and  180°  —  b 
but  less  than  the  longer,  there  will  be  one  solution. 

(e)   If  a  is  greater  than  the  longer  of  the  two  ddes  b  and  180°  —  b 
there  will  be  no  solution. 
H.  A  obtuse. 

Draw  the  two  arcs  AM  and  AN'  (Fig.  11),  making  the  angle  A  with 
each  other.  On  one  of  these  arcs,  as  AN',  lay  off  AC'  equal  to  b. 
With  C  as  a  pole  and  an  arc  equal  to  a  describe  a  small  drcle  which, 
in  general,  will  intersect  the  arc  AM  in  two  points,  B  and  B',  either  of 
which,  if  its  angular  distance  from  A  is  less  than  180°,  will  form  the 
third  vertex  of  a  triangle  whose  other  two  vertices  are  A  and  C. 

Let  p'  =  CD  be  the  arc  through  C  which  is  perpendicular  to  AM. 
As  pis  the  shortest  arc  that  can  be  drawn  from  C  to  AM,  so  ^'  is  the 
longest  arc  that  can  be  drawn  from  C  to  AM. 

*  Tlus  may  be  done  by  means  of  a  pair  of  compasses. 
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(a)  If  a  is  greater  than  p',  the  small  circle  will  not  Intersect  Aif 
and  no  triangle  exists  having  the  given  parts.    There  is  no  solution, 

(6)  If  a  =  p',  there  is  one  solution.  The  resulting  triangle  has  a 
r^ht  angle  at  D. 

(c)  If  a  is  less  than  p'  but  greater  than  the  longer  of  the  two  ^des, 
A&  =  b,  C'A'  =  180°  —  6,  there  will  be  two  solutions,  AC'B  and 
ACS'. 

{d)  If  a  is  less  than  the  longer  of  the  two  sides,  b  and  180°  —  b, 
but  greater  than  the  shorter,  there  will  be  one  solution. 

(e)  If  a  is  less  than  the  shorter  of  the  two  sides,  b  and  180°  —  b, 
there  will  be  no  solution. 

Case  VI.    Given  two  angles  and  the  side  opposite  otte  of  them,  A,  B,  c. 

By  Case  V  construct  the  polar  triangle  whose  parts  are  a  =  1 80*  —  A , 
b  =  180°  —  B,A  =  180°  —  a.  The  polar  of  this  triangle  will  be 
the  required  triangle.  As  in  Case  V,  so  here  there  may  be  either  one 
or  two  solutions  or  the  solution  may  be  impossible. 

12.  The  Geaend  Spherical  Triangle.  We  have  defined  a  ^beri- 
cal  triangle  as  the  figure  formed  by  joining  three  points  on  a  sphere, 
which  lie  not  in  the  same  great  drcle,  and  no  two  of  which  are  opposite 
ends  of  the  same  diameter,  by  the  shortest  great  arcs.  From  this  it 
follows  that  each  side  of  a  spherical  triangle  is  less  than  a  semidr- 
cumference,  and  its  angular  measure  less  than  180°. 

Now  the  great  drde  drawn  through  two  points  is  divided  by  those 
points  into  two  arcs  either  of  which  may  be  considered  the  arc  between 
the  two  points.  If  one  of  these  arcs  is  less 
than  180"  the  other  will  be  greater  than  180° 
for  thdr  sum  is  always  360°.  Hence  if  we 
drop  the  word  shortest  from  the  above  defini- 
tion, the  resulting  definition  admits  triangles 
whose  sides  have  any  value  between  0°  and 
360°.  Such  triangles  are  called  general  spheri- 
cal triangles.  Since  the  arc  between  each  two 
vertices  may  be  chosen  in  two  ways  there  are  j^ 

eight  general  triangles  having  the  same  three 
vertices.    Fig.  13  shows  two  of  these  friangles,  the  triangle  AMBC 
and  the  triangle  AM'BC. 

The  study  of  general  spherical  triangles  forms  the  object  of  Higher 
Spherical  Trigonometry.  Their  principal  applications  are  found  in 
astronomy  where  it  is  frequently  necessary  to  consider  triangles 
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whose  sides  or  angles  exceed  180".  We  observe  that  every  spherical 
triangle,  one  or  more  of  whose  parts  exceed  180°,  may  be  solved  by  means 
of  another  whose  parts  are  less  than  180°,  though  this  is  not  the  simplest 
way  of  treating  such  triangles.  In  the  present  text  we  shall  limit  our 
discussion  to  triangles  which  satisfy  tiie  first  definition,  that  is,  tri- 
angles each  of  whose  parts  is  less  than  180°, 


1.  Prove  the  two  theorems  of  Art.  7. 

2.  Prove  that  the  polar  of  a  right  spherical  triangle  is  quadrantal, 
and  conversely,  that  the  polar  of  a  quadrantal  triangle  is  a  right 
triangle. 

3.  Prove  that  the  polar  of  a  birectangular  spherical  triangle  Is 
biquadrantal,  and  conversely,  that  the  polar  of  a  biquadrantal  tri- 
angle is  hirectangular. 

4.  Prove  that  a  trirectangular  triangle  is  its  own  polar. 

5.  If  the  ^des  of  a  triangle  are  each  less  than  90°  it  lies  wholly 
within  its  polar;  if  each  of  its  sides  is  greater  than  90°  its  polar  lies 
wholly  within  it. 

6.  In  any  spherical  triangle  a  +  b  -{-  c  <  360°,  By  appljring  this 
relation  to  the  polar  show  that  in  every  spherical  triangle 

180°  <A  +  B  +  C<  540°. 

7.  In  every  spherical  triangle  the  sum  of  two  sides  is  greater  than 
the  third  side,  that  is  a  +  b  >  c.  By  applying  this  relation  to  the 
polar  show  that  in  every  ^herical  triangle  the  difference  between  any 
angle  and  the  sum  of  the  other  two  is  less  than  180°,  that  is,A  +  B  — 
C  <  180°. 

8.  It  will  be  shown  later  that  in  any  spherical  triangle 

cos  a  =  cos  ft  cosc-l-  sini  sine  cos  ^. 
By  applying  this  formula  to  the  polar  triangle  show  that  also 
cos  A  =  —  cos  J3  cos  C  +  an  £  sin  C  cos  a, 

9.  By  applying  the  formulas  of  Problem  6,  Exercise  I,  to  the  polar 
triangle,  deduce  the  two  new  formulas. 


c  ^. /cos  (5  -  A)  cos  jS  ^B)       .    c^J     cos  5  cos  (5  -  C)^ 
i     V  sin^sinB  '  i     V  dn^  dnB 
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10.  Construct  the  triangle  called  for  in  Case  IV,  Art.  11,  without 
empli^ii^  the  polar  triangle. 

11.  In  Case  V,  Art.  11,  write  out  the  conditions  under  which 
the  construction  admits  (a)  one  solution,  (b)  two  solutions,  (c)  no 
solution. 
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CHAPTER  n 

KIGHT  Ain>  QUADRAITTAI,  SPHERICAL  TSUITGI£S* 

13.  Formulas  for  Right  Spherical  Triangles.  Every  right 
triangle  has  a  right  angle  and  five  other  parts  which,  begumiDg  with 
a  side  including  the  right  angle,  are  denoted  in  order  by  a,  B,  c,  A,  b. 
We  shall  show  that  every  three  of  these  five  parts  are  so  related  that 
when  two  are  given  the  third  may  be  found.  Now  the  above  five 
parts  admit  of  ten  different  sets  of  three,  namely: 

A,  a,  c;  A,  6,  c;  A,  a,  6;  A,  B,  b;  c,  a,  b; 

B,  b,  c;  B,  a,  c;  B,  b,  a;  B,  A,  a;  c,A,  B; 
hence  we  shall  find  ten  formulas  for  the  right  spherical  triangle. 

Let  ABC,  Fig.  14,  be  a  right  spherical  triangle,  C  the  right  angle.    Let 

O  be  the  center  of  the  sphere  and  O  —  ^  SC  the  trihedral  angle  formed 

by  the  planes  of  the  great  circles  whose 

arcs  are  a,  b,  c,  respectively.     It  is 

shown  in  geometry  that  the  face  angles 

BOC,  CO  A,  AOB  are  measured  by  the 

arcs  a,  b,  c,  respectively,  and  that  the 

dihedral  angles  OA,  OB,  OC  are  equal 

p^  to  the  angles  A,  B,  C,  respectively. 

From  any  point  P  in  OB  draw  PR 

perpendicular  to  OC,  and  from  R  draw  RS  perpendicular  to  OA. 

Join  P  and  S.    Then  SR  is  perpendicular  to  PR  (why?),  and  PS  is 

peipoidicular  to  0^  (why?).    Hence 

triangle  ORP  has  a  right  angle  at  R, 
triangle  OSR  has  a  right  angle  at  S, 
,  triai^le  OSP  has  a  right  angle  at  5, 
triangle  PRS  has  a  right  angle  at  R, 
and  an^e  PSR  equals  angle  A  (why  ?).  t 

*  If  the  class  has  some  knowledge  of  analytical  geometry  and  the  teacher  wishes 
to  cover  the  subject  in  the  least  time  possible,  he  may  omit  the  work  to  Ait.  36. 
The  fundamental  relations  for  the  oblique  triangle  as  there  developed  may  be 
slpecialized  for  the  light  triangle  by  putting  C  >  90°. 

t  See  footnote  on  page  15. 

^4 
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In  triangle  PAS 


.             RP       RP/OP      sin  SOP 

sp     sp/op    A  sop' 

or           sin  ^  =  sin  a/sin  e. 

(.) 

Interchanging  letters        Bin  B  =  sin  6/sin  c. 

(') 

,      5»      SR/OS      UtaROS 
'"'^      SP      SP/OS      t^POS' 

or           cos  ^  =  tan  fr/tan  c. 

(3) 

Interdianging  letters      Cos  B  ^  tan  a/tan  c. 

(4) 

.      ,      RP      RP/OR      ViaPOR 
■"-^      SR       SR/0R-A„ROS' 

or            tan  ^  =  tan  a/sin  6. 

(5) 

Interdianging  letters       tan  B  =  tan  fr/sin  a> 

(6i 

jA,               .     .      RP     RP    OR 
^y\      \\           '^^"SP-OR'OS 

OS 
SP 

^^       Ik- W"                 -  tan  POR  ■  sec  JiO 

S-cot 

TOi 

Fig.  J4.                                     tan  c  '  cos6' 

wlience,  sul>stituting  tlie  value  of  tan  a/tan  c  from  (4),  we 

liave 

sin^  =  cosB/cosfr. 

(7) 

Interchanging  letters       sin  B  =  cos  ^/cos  0. 

(8) 

Once  more,         cos  c 


OS      OR    OS 


OP      OP    OR 
cos  0  =  cos  a  cos  b. 


=  cos  K>J?  ■  cos  ROS, 


Finally,  substituting  in  (g)  for 
and  (8),  we  obtain 

cos  fl  =  cot  ^  cot  B. 


a  and  cos  6  their  values  from  (7) 

(.0) 


t  Let  the  student  who  has  undue  difficiUty  in  pet- 
criving  these  relations  construct  the  trihedral  aogje 
and  the  corresponding  spherical  triangle  as  follows: 
From  a  {Hcce  of  caidbooid  <x  tin  cut  out  a  drde  with   ^/ 
any  radius. 

Draw  four  radii  OA,  OC,  OB,  OA'.  nuking  tbe 
angka  50°,  70°,  77'  18',  respectively.  Cut  the  dide 
along  the  radii  OA  and  OA',  and  remove  the  sector 
AM  A'.  Cut  the  remaiuiiig  sector  partly  through  along 
OC  and  OB  and  bend  the  caidboaid  along  these  radii 
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14.  Plane  and  Spherical  Right  Triangle  Formulas  Compared. 
The  student  will  be  assisted  in  rememberii^  the  ten  formulas  of  the 
preceding  article  if  he  associates  them  with  the  corresponding  formu- 
las for  the  plane  right  triangle,  as  shown  in  the  following  table: 


PluaRlcbtTriu^a. 

Spherical  Right  Triiugla.                   1 

sin  /I  -  ? 

sinB=^ 

^  ._^a 

^B-$^ 

».^-"«' 

-     tana 

^A-l 

tanB  =  - 

— S 

—SI 

sin  4  =  CO 

sB 

sinB-cosA 

«.j-^ 

,     „       COB  J 

e'- 

a* +  6' 

'.= 

cosc-cot^cotB 

16.  Generalization  of  the  Right  Triangle  Formulas.  In  Fig. 
14  the  sides  a  and  b  are  each  less  than  90°.  It  remains  to  show  that 
the  formulas  in  Art.  13  hold  for  all  posdble  values  of  a  and  b. 

I.  One  side  adjacent  to  the  right  angle  greater  than  go"  and  the  other 
less  than  go". 

In  the  right  triangle  ABC  (Fig.  16),  let  a  be  greater  than  90°  and 
b  less  than  90°.     The  co-lunar  triangle  AB'C  will  have  a  right  angle 


Rg.  16.  Fig.  17- 

at  C  and  the  adjacent  sides  b  and  a'  ^  180°  —  a,  each  less  than  90°. 
We  may,  therefore,  apply  the  formulas  of  Art.  13  to  this  triangle. 
Thus  (i)  gives 

ana'  __  sin (180°  —  a)      sin  a         .     .  ^  ana 

sine 

thatii 


sinC^S' 


(180"  ~c)       sine 
(i)  remains  true  for  the  triangle  ABC. 


iintn  OA'  meets  OA.  The  figure  thus  fonned  will  be  a  right  trihednl  angle,  ABC 
will  fonn  a.  right  ^>herical  triangle,  and  the  lines  PR,  AS  and  PS*  will  form  the 
triangle  PB^  of  Fig.  14. 
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Similarly  each  of  the  other  nine  formulas  will  be  fomid  true  for  the 
triangle  ABC, 

n.  Each  of  the  sides  adjacent  to  the  right  angle  greater  than  qo°. 

In  the  right  triangle  ABC  {¥\%.  17),  let  a  and  b  be  each  greater  than 
90*.  The  co-lunar  triangle  ABC  will  have  a  right  angle  at  C  and  the 
adjacent  ades  a'  =  180°  —  a  and  b'  =  180°  —  b,  each  less  than  90°. 
We  may,  therefore,  apply  the  formulas  of  Art.  13  to  this  triangle. 
Thus  (i)  gives 

sin  a'      an  (iSo**  —  a)      sin  a ,     ,      sins 

sine  sine 


sin  BAC  = 


; ,  or  sin  ^  = 


that  is  (i)  holds  true  for  triangle  ABC,  and  similarly  each  of  the  other 
nine  formulas  will  be  found  true  for  this  case. 

This  proves  that  the  formulas  of  Art.  13  may  be  applied  to  the 
soluti(Hi  of  every  possible  right  spherical  triangle. 

16.  Napier'B  Roles  of  Circular  Parts.*  Lord  Napier,  the  in- 
ventor of  logarithms,  first  succeeded  in  expressing  the  ten  right 
triangle  formulas  by  two  simple  rules.    Let  us  put 

90°  —  A  =s  A,    90°  — .  c  «"  c,    90°  —  B  =•  B, 
then 

an^  =  cos^, 


cos  ^  =  sin  .4 , 


tan  ^  =  cot  ^ ,    cot  *4  = 
sin  S  =  cos  B,  etc. 


sm  c  =  cose,  etc.. 
The  ten  equations  of  Art.  13  may  then  be  written  as  follows,  the  new 
formulas  being  numbered  as  in  Art.  13. 


sin  0  =  c»s  ^  cos  c 

(.) 

8in^=  tan  6  tan  c 

(3) 

sinft  =  cosBcosc 

M 

sin  £  =  tan  a  tan  c 

(4) 

sin  B- cos  J  cos  ft 

(7) 

sin  (  =  tan  a  tan  7 

(5) 

sin^  =  cosScosa 

(8) 

sin  a  =  tan  6  tan  B 

(6) 

sin  e- cos  0  cos  4 

(9) 

sin  c  »  tan^  tan  B 

•  do) 

Let  us  now  arrange  the  five  parts  a,  B,  c,  A,  b 
in  their  order  in  a  circle  as  in  Fig,  18.    Any  one   \ 
of  these  five  parts,  as  a,  being  chosen  as  the  mii- 
dle  part,  the  two  next  to  it,  as  b  and  B,  are 
called  adjacent  parts  and  the  remainii^  two  parts, 

*  Tbb  and  the  fotlowing  aitlde  may  be  omitted  by  tQose 
who  prefer  to  raeiootize  the  preceding  teo  (armulaa  as  su^ 
gested  in  ArL  14. 
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as  A  and  c,  are  called  opposite  parts.    Then  each  of  the  five  equa- 
tions on  the  right  are  contained  in 

Rule  I.  The  sine  of  the  middle  part  is  equal  to  Ike  prodttU  of  the 
tangents  of  the  adjacent  parts, 

and  the  five  on  the  left  are  contained  in 

Rule  2.  The  sine  of  the  middle  part  is  equal  to  the  product  of  the 
cosines  of  the  opposite  parts. 
These  two  rules  are  known  as  Napier's  Rules  of  the  Circular  Paris. 
17.  Proof  o(  Napier's  Rules  of  Circular  Parts.  Napier's  rules 
are  commonly  looked  upon  as  memory  rules  which  happen  to  include 
the  ten  right  triangle  formulas.  They  have  been  proclaimed  the 
happiest  example  of  artificial  memory  known  to  man.  Because  of 
their  supposed  artificial  character  their  value  as  an  instrument  in 
mathematics  has  been  questioned.  We  shall  now  show  that  Napier's 
rules  are  not  mere  nmemotechnic  aids  but  constitute  a  most  remark- 
able theorem  which  admits  of  rigorous  proof. 

Let  ABCi  be  a  right  spherical  triangle,  Ci  the  right  angle.  With 
£  as  a  pole  draw  a  great  circle  cutting  CiB  produced  in  Ct  and  BA 
produced  in  Ct- '  With  A  as  a  pole  draw  a  great  circle  cutting  AB 
produced  in  Ct  and  CiA  produced  in  Ct,  The  resulting  figure  is  a 
spherical  pentagon  ABPRS,  bordered  by  five 
triangles  I,  II,  III,  IV,  V. 

Since  B  is  the  pole  of  the  arc  C^t  the  angles 
at  Ci  and  Ct  are  right  angles  and  since  A  is  the 
pole  of  arc  Cid  the  angles  at  C4  and  Cs  are 
right  angles.  The  five  triangles  are,  therefore, 
right  triangles. 
j^_  j-_  Since  Ci  and  C»  are  right  angles,  S  is  the  pole 

of  CiCi  and  consequently  SCt  and  SCt  are  quad- 
rants. For  like  reasons  RCs,  RC,,  RCt,  PCi,  BCt,  BCt,  ACt,  AC% 
are  quadrants. 

With  these  preliminary  observations  it  is  now  easy  to  show  that 
the  five  triangles  I,  II,  ni,  IV,  V  have  the  same  circular  parts  taken 
in  the  same  order,  whUe  the  posiUon  of  these  parts  with  respect  to  the 
right  angle  is  different  in  each  of  the  triangles. 

Let  us  compare  the  two  triangles  ABC^  and  PRCi  and  denote  by 
a»,  Bt,  Ot,  A%,  5t  the  five  parts  of  II  which  correspond  to  a,  B,  c.  A, 
b  of  I.    Conq>aring  angular  measures  we  have 
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at  =  CiR  =  CiCs  -  RCt  =  (180°  -  B)-  90°  -  90"  -  S  =  S, 
5,  =  PRCt  =  i&o°~PRS  =  180°-  CC,  =  180°-  {CtB+ACt  -  AB) 

=   180°  —  (90°  +  90°  —  C)  -  (7, 

ct  =  PR  =  CiR  +  PCi  ~  C^Ct  =  90"  +  90°  -  CiACi 

=  go"  +  90°  ~  (180°  -  A)  =  A, 
A^  =  RPCt  -  180"  -  BPR  =  180°  -  C,C»  =  180°  -  (CiA  +  Ad) 

=  180" -{6 +  90°)=  ft, 
ft,  =  PCt-BCi  -  BP  =  90"  -  (CiP  -  CiB)  =  90"  - (90°  -  o)  =  a; 
hence,  a*  =  B,  A  =  c,  d  =A,  At  =  b,  bj  ^  a. 

Now  the  parts  of  triangle  III  may  be  obtained  from  those  of  II,  the 
parts  of  IV  from  those  of  III,  and  the  parts  of  V  from  those  of  IV,  in 
exactly  the  same  way  that  the  parts  of  II  were  obtained  from  those 
of  I.  Writing  corresponding  parts  mider  each  other,  and  remember- 
ing that  to  obtain  the  drcnlar  parts  we  must  replace  the  hypotenuse 
and  angles  of  each  triangle  by  their  complements,  we  have  the  follow- 
ing table: 


ActuaPBi.. 

CiTCTlnrPui.. 

a.B.e.A.b, 
B.C.  A.  b,  a 
'c.A,b.a.B 
A.b.a.B.c 
b,  a,  B,  c.  A 

a,  B,  7,  A,  b 
B,  I  A.  b.  a 
c.  A,  b,  a.  B 
A,b,a.B.c 

b.  0,  B,  c,  A 

Triangle  IV 

The  column  on  the  right  not  only  shows  that  each  triangle  has  the  same 
circular  parts  taken  in  the  same  order,  but  also  that  the  middle  part 
c  of  the  first  triangle  is  successively  replaced  hy  A,  b,  a,  B  in  the 
other  four.  Now  it  was  shown  in  Art.  13  (10),  (9),  that  for  the  tri- 
angle ABC  I, 

cos  c  =  cot  A  cot  B,    or    sin  c  =  tan  A  tan  B,  (I) 

cos  c  =  cos  a  cos  ft,      or    sin  c  =  cos  a  cos  ft,  (11) 

hence  formulas  (I)  and  (II)  hold  when  any  part  other  than  c  is  taken 
for  the  middle  part,  and  thus  Napier's  rules  are  shown  to  be  neces- 
sarily true. 
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Exercise  3 

1.  Apply  the  ten  formulas  for  the  right  spherical  triangle  to  the 
polar  and  obtain  ten  fonnulas  for  the  quadrantal  spherical  triangle. 

2.  Write  out  the  ten  equations  for  the  right  ^herical  triangle  by 
means  of  Napier's  rules. 

3.  From  the  relation  cos  c  =  cos  a  cos  b  show  that  if  a  right  tri- 
angle has  only  one  right  angle,  the  three  sides  are  either  all  acute,  or 
one  is  acute  and  the  other  two  obtuse, 

4.  From  the  relation  cos  A  =  cos  a  sin  £  show  that  the  side  a  is 
in  the  same  quadrant  as  the  opposite  angle  A. 

5.  If  in  a  right  spherical  triangle  a  —  c  =  90",  prove  that  cos  ft  = 
cosB. 

6.  Also  if  a  =  6,  prove  that  cot  B  =  cos  a. 

Prove  the  following  relations  for  the  right  triangle  ABC: 

7.  cosM  —  sia*B  =  —  an*6  shiM . 

8.  sin-4sin2&=sincsinzS. 

9.  sin*a  +  sin*fi  —  sinV  =  sin*o  sin*A. 

10.  sin  A  cos  c  =  cos  a  cos  B. 

11.  sin  £  =  cos  c  tan  a  tan  S. 

la.   sinM  cos*ft  sin*c  =  sin*c  —  5in*J. 

18.  To  Determine  the  Quadrant  of  the  Unknown  Parts  in  a 
Right  Spherical  Triangle.  When  an  unknown  part  is  found  from 
its  cosine,  tangent,  or  cotangent,  the  sign  of  the  function  shows  whether 
the  part  is  in  the  first  or  second  quadrant,  that  is,  whether  it  is  less 
than  90°  or  greater  than  go".  In  the  cases  where  the  unknown  part 
is  found  from  the  sine,  the  following  theorems  enable  us  to  tell,  in  every 
case  in  which  the  triangle  has  but  one  solution,  whether  the  part  is 
greater  or  less  than  90°. 

I.  At  least  one  side  of  every  right  spherical  triangle  is  in  the  first 
guadratU,  the  remaining  two  are  either  both  in  the  first  quadrant  or  both 
in  the  second.  For,  since  the  cosine  of  an  an^e  in  the  second  quadrant 
is  negative,  it  is  plain  that  the  equation 

cos  c  =  cos  a  cos  &  (Art.  13   (10)) 

must  have  either  none  or  two  of  the  angles  a,  b,  c  in  the  second 
quadrant. 

II.  Either  of  the  oUique  angles  of  a  right  spherical  triangle  is  in  the 
same  quadrant  as  its  opposite  side.    For  ance 

sin  /I  =  cos  B/cos  b  (Art,  13  (7)) 


D.qitizeabyG00l^lc 


so)  RIGHT  AND  QUADRANTAL  SPHERICAL  TRIANGLES  21 

and  sin  ^  is  always  positive,  it  ia  plain  Uiat  cos  B  and  cos  b  must  either 
be  both  positive  or  both  nc^tlve,  that  ia,  B  and  b  and  similarly  A 
and  a,  must  be  in  the  same  quadrant. 

19.  The  Ambiguous  Case  of  Right  Spherical  Triangles. 
When  the  given  parts  of  a  right  triangle  are  an  angle  and  the  side 
opposite,  the  triangle  has  two  solutions.  For,  the 
given  parts  being  A  and  a  (Fig.  ao),  the  co-lunar 
triangle  A'BC  as  well  as  the  triangle  ABC  has  the 
given  parts.  Notice  that  A'B  and  A'C  arc  the  / 
supplements  of  AB  and  AC,  respectively,  and  that  \ 
at^e  A'BC  is  the  supplement  of  angle  ABC. 
Both  sets  of  values  are  given  by  the  formulas,  for, 
A  and  a  being  given,  c,  b,  and  B  are  found  from 
their  sines  (Art.  13,  Equations  (i),  (5)  and  (8)).  "^' "~ 

20.  Solution  oi  Right  Spherical  Triangles.  Napier's  ndes,  or, 
if  it  ia  preferred,  the  ten  formulas  in  Art.  13,  enable  us  to  solve  every 
conceivable  right  spherical  triangle,  two  parts  being  given.    The 

procedure  in  any  given  case  is  as  follows: 

I.  We  consider  three  parts,  two  of  which  are 
the  given  parts  and  the  third  the  part  to  be 
found.  If  these  three  parts  are  adjacent  we  take 
the  middle  one  for  the  middle  part,  if  two  only 
are  adjacent  we  take  the  remaining  one  for  the 
middle  part  and  by  Napier's  rules  write  down 
p.  the  formula  relating  the  three  parts. 

Thus  if  A  and  c  are  the  given  parts  (Fig.  31),  and 

£  is  to  be  found,  we  take  A  for  the  middle  part  and  by  Napier's  first  rule, 

sin  ^  =  tan  b  tan  Z,  that  is,  cos  A  •*  tan  b  cot  c.  (i) 

If  S  is  to  be  found,  we  take  c  for  the  middle  part,  and  ag^  applying 

Napier's  first  rule  we  have 

sin  c  =  tan^  tan  B,  that  is,  cos  c  =  cot  ^  cot  B.  (2) 

If  a  is  the  part  required,  we  take  a  for  the  middle  part,  and  applying 
Napier's  second  rule,  we  have 

m  a  ~  cos  A  cos  c,  that  is,  sin  a  =  dn  ^  sin  c.  (3) 

n.  Next  we  solve  the  equation  for  that  function  which  contains 

the  unknown  part.    Thua  to  find  6,  we  have  from  equation  (i)  above, 

tan  b  ^  ccaA  tan  c,  to  find  B  we  have  from  (2)  cot  £  =  cos  c  tan  A, 

to  find  a  we  use  equation  (3)  as  it  stands. 


D.qitizeabyG00l^lc 


22  »  SPHERICAL  TRIGONOMETRY  [chap,  n 

III.  By  means  of  the  equations  thus  obtained  and  the  use  of  tables 
we  compute  the  unknown  parts,  remembering, 

(fl)  If  the  unknown  part  is  found  from  its  cosine,  tangent,  or  co- 
tangent, the  algebraic  sign  of  the  function  determines  the  quadrant 
ofthe  angle. 

(6)  If  the  unknown  part  is  found  from  its  sine,  the  quadrant  of  the 
angle  is  determined  by  one  of  the  theorems  of  Art.  i8. 

(c)  If  the  given  parts  are  an  angle  and  the  side  opposite,  each 
unknown  part  has  two  v^uea  which  are  supplements  of  each  other. 

IV.  Check.  When  the  unknown  parts  have  been  computed,  their 
correctness  should  be  checked  by  the  formula  obtained  by  applying 
Napier's  rules  to  these  parts.  Thus  in  the  above  example,  after 
b,  B,  and  a  have  been  computed  their  values  must  satisfy  the  formula 
(a  being  the  middle  part) 

sin  a  =  tan  B  tan  b,  that  is,  ^  a  =  cot  B  tan  b. 


Example  i. 
Given 

■^  =  67°  34'  40", 
c  =  137°  34'  54". 


Required 

b  —  160°  40'  56', 
B  -  iso''44'oo*, 
0  =  35°  42' 57'. 


Solution. 

To  find  b. 
cos  j1  =  cot  c  tan  6, 
or,  tan  b  =  cos  A  tan  c. 

log  cos  ^  =  9.58141 
log  tan  (  =  9.96334n' 
log  tan  6  =  9.S447S» 

b  =  160"  40' 56", 

To  find  a. 

sin  d  —  sin  ^  sin  c. 

log  sin  ^  3  9.96586 

log  sin  c  =  9.83038 

log  sin  a  =  9.79624 

a  =  35°  42' 57"- 
*  n  written  after  a  lagatithm  means  that  the  number  of  which  the  loganthm  is 
taken  (in  this  case  tan  c)  has  the  negative  sign. 


To  find  B. 

cos  c  =  cot  A  cos  B, 

or,     cot  B  =  cos  c  tan  A. 

log  cos  c  =  g.&6jo4H 

log  tan  -4  =  0.38445 

log  cot  B  =  0.2S149M 

B  =  150°  44' 00". 
Check. 
^  a  ="  cot  B  tan  b. 
log  cot  B  —  o.asi49» 
log  tan  6  =  9.54475" 
log  sin  o  =  9.79634  (check). 
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In  this  case,  ance  tan  b  and  cot  B  are  negative,  6  and  B  must  be 
taken  in  the  second  quadrant,  while  a  is  taken  in  the  grst  quadrant 
since  by  Art.  18  it  must  be  in  the  same  quadrant  as  the  opposite 
angle  A. 

Example  2. 
Given 

B  =■  25°  36'  30", 
b  =  34°  20'  45". 


To  find  A. 

cos  £  =  sin  ^  cos  b, 

^A  =  cos  B/cos  b. 

log  cos  B  =  9.95510 

colog  cos  b   =  0.04045 

log  sin  i4    =  9-99555 

A  =  81°  48'  30". 
A'  =  98°  11' 30". 

To  find  a. 

sin  a  =  cot  B  tan  b. 

log  cot  B   =  0.31940 

log  tan  b    =  9.65560 

log  sin  a    =  9.97500 

a    =  70°  44'  45". 
a'   =  109°  15'  15". 


To  find  c. 
^  (  =  sin  £  sin  c, 
or,      sin  c  =  sin  b/sn  B. 

log  sin  6  =  9.61515 

colog  sin  B  =  0.36430 

log  sin  c  -  9-97945 

c   =  72''3o'4S"- 
)/  =  107°  29'  15". 

Check, 
sina  =>  ^(7Sini4. 
log  sin  c  =  9-97945 
log  sin  ^  =  9-99555 
log  sin  a  =  9.97500  (check). 


In  this  case  there  are  two  solutions.  By  Art.  18  a  and  A  must  be 
in  the  same  quadrant,  hence  the  acute  values  o(  both  a  and  A  belong 
to  one  triangle  and  the  obtuse  values  to  another.  Again,  by  Art.  18, 
the  three  sides  a,  b,  c  are  either  all  in  the  first  quadrant,  or  two  are 
in  the  second  quadrant,  hence  c  is  in  the  same  trian^e  as  $,  and  c'  is 
in  the  same  triangle  as  a'. 


D.qitizeabyG00l^lc 


SPHERICAL  TRIGONOMETRY 


When  no  answer  is  given  the  results  must  be  diecked.  For  the 
number  of  dgnificant  figures  to  be  retained  in  the  answer  see  PI. 
Trig.,  Art.  44- 

Solve  the  following  right  ^herical  triangles  when  the  parts  given 
are: 

a  =  81°  ag'i  *  =  '01°  is'- 
Ans.    A  =  81°  35',  B  =  101°  08',  c  =  94°  40'. 
c=-  Id"  $i',B  =  18°  04'. 

Ans.    6  =18°  02',    J  =  86° 41',    ^  =  88°  58'. 
a  =  70°  28',  c  =  98°  18'. 

Ans.    A  =  72°  is',  B  =  114°  i?'.  *  =  iiS°35'- 
c  =  118°  40',  A  =  128°  00'. 
Ans.    a  —  136°  16',  b  -  48°  34',  B  =  58°  27'. 
5.  ^  =  81°  13',  B  =  65°  24'- 

Ans.    a  =  80°  20',  b  =  65°  05',  c  =  85"  56'. 
(  =  112"  49',  B  =  100°  27', 
.^fW.    a  =  26°  00',  ^  =  27°  53',  c  =  110°  24'; 
a'  =  iS4''oo'j  A'  -  152°  07',  c*  -  69°  36'. 

7.  c  —  81"  10',  a  ="  100°  47'. 

8.  A -75°  23',  5  -  75"  23'. 

9.  0=  72°  is',  3  =  83°  35'. 

10.  6  =  148°  28',  B  ■  101°  04'. 

11.  a  =  43°  40.5',  c  =  98°  29.1'. 

Ans.    A  =  44°  17.0',   B  =  98°  11.4',  b  =  ioi°46.3'. 

12.  a  =  a8°.47.o',  6  =  110°  27.3'. 

Ans.    A  =  30°  23.1',  B  =  100°  10.9',  c  =  107°  50.2'. 

13.  *-=  74°  21.9',  ^=38' 57.2'. 

Ans.    S  =  80°  14.7',  a  =  37°  54.1',  c  =  77"  43.3'. 

14.  A  =  49°  15.0',  B  =  52°  26.0'. 

Ans.    a  ■=  34°  33.7',  b  =  36°  24.6',  c  =  48°  29.3'. 

15.  c  =  50°  20.2',  A  *•  101°  29.4'. 

Ansi    a  =  131°  01.7',  b  =  166°  29.5',  B  =■  162°  20,1'. 

16.  a  =  32°  10.8',  ^4  =  42°  24.0'. 

Ans.     b  =  43°  34.8',  B  —  60°  43.2',  c  =  52°  06.0'; 
b'  =  136°  25.2', B'  =  119°  16.8',  </  =  127"  54.0'. 
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ly-     c  =  95"  26.2',  b  =  12°  3J.8'. 

18.  a  =  119"  56.1',  b  =  151°  43.6'. 

19,  A  =  70"  56.9',  B  ="  39*  25.6'. 
20,'  b  =  113°  24.8',  B  =  94''.58.9'. 

21.  a  —  41°  50'  20",  6  —  50°  18'  ir". 

Ans.    A  —  49°  19'  29",  B  =  61°  01'  33",  c  ■■  61°  3s'  05"- 

22.  c  =  1 10°  46'  20",  B  =  80°  10'  30". 

Ans.    b  =  67°  06'  53",  a  =  155"  46'  43",  A  =  153°  58'  34". 

33.  ft  =  96°  49'  59".  -4  =  50°  !=*'  04"- 

Ans.    a  =  50°  00'  00",  B  =  95°  14'  41",  c  =  94°  23'  10". 

34.  A  =  46"  59'  43",  B  =  57"  59'  17". 

i4fM.    (J  =  36°  27'  00",  6  =  43°  33'  30")  c  =  54"  20'  03". 

35.  a  ^  32°  09'  17",  c  =  44°  33'  17". 

j4«5.    a  =  49°  20'  16",  6  =  32°  41'  00",  B  =  50°  19'  t6". 

26.  6  =  160°  00'  00",  B  ^  150"  00'  00". 

Ans.    a  —  140°  55'  09",    ^  =  112"  50'  17",  c  —  43°  09'  37"; 
a'  =  39°  04'  si",     A'  =  67°  09'  43",  c"  =  136"  50'  23". 

27.  ^  -  60°  45'  45",  B  =  57°  56'  56". 

28.  c  =  120°  23' 56",  j4  •■  119°  34' 42". 

29.  a  =  1 16°  52'  4s",  b  =  i6°  06'  06". 

30.  A  =  81°  58'  36",  a  ™  67"  20'  30". 

21.  Sotation  (rf  Quadiantol  Triangles.  The  polar  of  a  quadrantal 
triangle  is  a  right  triangle  which  may  be  solved  by  the  method  of 
Art.  20  and  from  it  the  required  parts  of  the  original  quadrantal 
triangle  are  obtained  by  means  of  the  relations  in  Art.  7.  Or  we  may 
apply  the  right  triangle  formulas  of  Art.  13  to  the  polar  and  obtain  a 
new  set  of  formulas  for  the  solution  of  any  quadrantal  triangle. 
Thusformula(i),  Art,  13,  viz.,  sin  ^  =  sin  a/sin  c,  when  applied  to  the 
polar  triangle  becomes  sin  (180°  —  o)  =  sin  (180"—  ^)/sin  (180°  —  C) 
or  sin  a  =  sin  i4/sin  C.  Similarly  we  obtain  each  of  the  following 
formulas  for  the  solution  of  quadrantal  triangles,  C  being  the  angle 
opposite  the  quadrant  c. 


si.».sin^/sinC 

C) 

tan*  =  tanB/sin<4 

(6) 

sin  S  .  sin  B/sin  C 

(!) 

sin  0  =  cos  6/cos  B 

(7) 

—  cos  0  =  tan  B/tan  C 

(3) 

sin  b  -coso/cos^ 

(8) 

—  cosA  =  tan  A/UaC 

(4) 

-cosC=  cosAcosB 

(9) 

tanc  =  tanX/sinS 

(s) 

—  cos  C  =  cot  a  cot  b 

(10) 
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Example.    Solve  the  quadrantal  triangle  in  which 
a  =  97°  34',  A  =  103*  12',  c  =  90°. 
Solution.    The  polar  triangle  has  the  parts 
A  =  180°  —  97°  24'  =  82°  36',  a  =  180°  —  103°  12'  =  76°  48', 
C  =  180°  —  90°  =  90°. 
Solving  this  right  triangle  by  the  method  of  Art.  zo  we  find 
B  =    34°  20',         b  =    33°  37'.        <:  =    79"  02'; 
=  145°  40',         b'  =  146"  13',        c*  =  100°  58'. 
X  The  required  parts  of  the  quadraotal  triangle 

are,  therefore, 

■  34°  20'  =  i4S°  40', 

-  145°  40'  ^ 

-  33°  37'^ 

■  146°  23'  ' 

■  79"  02'   : 

-  100°  58'  •• 
Fig,  24  represents  both  solutions  geometrically. 

22.  Special  Formulas  for  Angles  near  0°,  90°  or  180°.  An 
angle  near  0°  or  180°  can  not  be  accurately  determined  from  its 
cosine,  nor  an  angle  near  90°  from  its  sine  (see  PL  Trig.,  Art.  21);  in 
such  cases  the  formulas  of  Art.  13  are,  therefore,  no  longer  adequate. 
The  difficulty  may  be  avoided  by  employing  the  following  formulas: 


Fig.  24. 


-  146°  23', 
■    33''37'» 


=    79  02  . 


A  near  0°  or 
B  near  0°  or 
a  near  0°  or 
b  near  0°  or 
c  near  0°  or 
A  near  90°, 

B  near  90°, 

a  near  90°, 
b  near  90°, 
c  near  90°, 


80°,     tan'  M    =  sin  (c  -  &)/sin  (c  +  6).  (i) 

80°,     tan'  J  B     =  sin  (c  —  a)/sin  (c  +  a).  (3) 

80°,      tan*  ia     =  tan  J  (c  +  &)  tan  J  (c  -  6).  (3) 

80°,      tan*  J  6     =  tan  J  (c  +  a)  tan  H*^  -  o).  (4> 

80°,     tan*  i  c      -  -cos  (A  +  B)/cos  {A  -  B)  (5) 

Un*(4s°  -  M)  =■  tan  i  (c  -  a)/tan  h(.c+a)  (6) 

=  tan  i  (5  -  6)  tan  J  (S  +  6).  (7) 

tan*  (45°  -  i  B)  =  tan  H^  -  &)/tan  hic  +  b)  (8) 

=  tan  i  (il  -  o)  tan  H-^  +  a)-  (9) 

Un'  (45°  -  i  a)  =  sin  (B  -  6)/sin  (B  +  b).  (10) 

tan*  (45°  -  J  fi)  =  sin  (4  -  o.)/sin  {A  +  a).  (11) 

tan*  (45°  -  5  c)   =  tan  J  (-4  -  fl)/tan  h{A+a)  (12) 

=  tan  i  (B  -  J)/tan  J  (B  +  b).  (13) 
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To  deduce  (i)  we  have 

cos  ^  =  tan  b/taa  c,  (Art.  13  (3)) 

I  —  cos  A      tan  c  —  tan  b  ,_  ,  ,.    , 

—  (Lomp.  and  div.) 


i  +  cos^       tanc  +  tan& 


— i J  =  — r"7 ..J    — (  ~  tan*i^.      (Pl.Trig.,ArLiii) 

I  +  COS^         I+(aCOS*M-l)  a      '        ^  *  '  ' 


tanc—  tanft      sin c cos b  —  cos c ^ &  _  an (c  —  6) . 
tan  c  +  tan  b      sine  cos  fr  -{-  cos  c  sin  6      sin  (c  +  ^) 

CPI.  Trig.,  Art.  109) 
hence  tan*  i  ^  ="  sin(c  —  A)/sinCe  +  *)- 

Again,  to  deduce  (13)  we  proceed  as  follows: 

^  c  X  sin  b/an  B,  (Art.  13  (2)) 

I  —  sine      waB  —  anj  ,_,  j  ..    « 

— i — = —  "   .    D  I — :— r  •        (Comp.  and  div.) 
i  +  sinc      sm£-|~sino 

I  —  ainc      I  —  asinjecos^c      (cos  ^  c  —  sin  ^  c)* 

i  +  sinc      i  +  3sin)ccos)c      (cos  ^c+aa^c)* 

(PI. 'Wg.,  Art.  Ill) 

(i  —  tanjc)*      ,     ,/    o      1   \ 

(PI.  Trig.,  Art.  no) 


2cosH^+*)sinH^-ft)      tanH^-^)- 
'  2  sin  t  (S  +  A)  cos  i  (S  -  ft)      Un  i  (B  +  6) ' 

(PI.  Trig.,  Art.  113) 


hence  tan*  (45°  ~  ^  c)  -  tanH^-  6)/tanJ(5  +  fr). 

All  the  other  formulas  given  above  may  be  deduced  in  a  similar 


ExEsaSE  5 
I.  Solve  the  quadrantal  triangle  given  in  Art.  21  by  uang  formu- 
las (8),  (5),  and  (i)  of  that  artide. 
Solve  the  following  quadrantal  triangles: 
a,  C  —  67"  12',  b  -  133°  48', 

Ans.    B  -  130°  00',    A  "  53°  56',    a  =  S9*  S^'- 
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3.  C  —  141°  02.8',  A  =  143°  05.9'. 

Ans.    B  =  170"  15.0',  b  =  164°  29.3',  a  =  loa"  10,5'. 

4.  a  =  174°  ia'49",  6  =  94''o8' ao", 

Ans.    A  =  175°  57'  10",  B  =-  135°  42'  50",  C  =  135°  34'  07". 

5.  o  =  91°  30',  J  =  92°  24'- 

6.  C  =  136°  14.7',  A  =  141°  45-5'- 

7.  fl  -  112°  56'  56",  C  =  74"  4S'  36"- 

8.  In  a  right  spherical  triangle  one  side  is  95°  52'  15"  and  the 
hypotenuse  is  95°  44'  za".    Find  the  angle  opposite  the  givea  side. 

Am.    gi°  is'  01". 

9.  Solve  the  right  spherical  triangle  in  which  a  =  37°  40'  la", 
c  =  37°  40'  20". 

Ans.    A  "  89°  25'  3a",  B  =  00°  43'  3a",  6  ~  00"  a6'  36". 

10.  Solve  the  right  spherical  triangle  in  which  a  =  34°  06'  13", 
A  =  34''o7'4i"- 

X«j.    6  =  87°  32'  39",  B  =  88°  37'  21",  c  =  87°  58'  00". 

11.  Prove  formulas  (a),  (5)  and  (10),  Art.  2a, 

12.  Verify  formulas  (3),  (6)  and  (7),  Art.  23. 

S3.   Oblique  Spherical  Triangtes  Solved  by  die  Mettunf  of 

Right  Trisngles.  Just  as  every  plane  triangle  can  be  solved  by 
considering  it  the  sum  or  difference  of  two  right  triangles  formed  by 
drawing  a  perpendicular  from  a  vertex  of  the  triangle  to  the  opposite 
side  or  oppo^te  side  produced  (PI.  Trig,,  Art.  5a),  so  likewise  every 


Fig.  IS-  Fig- 16- 


oblique  spherical  triangle  ABC  may  be  solved  by  considering  the 
triangle  as  the  sum  (Fig,  25)  or  the  difference  (Fig.  a6)  of  the  two 
right  triangles  ACD  and  BCD  formed  by  the  perpendicular  arc  of  a 
great  circle  drawn  from  one  of  the  vertices  to  the  o[^site  side  or 
(q)posite  dde  produced. 
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We  shall  denote  by  m  and  n  the  s^ments  AD  and  DB  into  which 
the  perpendicular  p  =  CD  divides  the  opposite  side  c,  and  by  Af  and 
N  the  angles  ACD  and  DCB  into  which  the  angle  C  is  divided  by  the 
same  perpendicular.    We  then  have 
e~m  +  n,  C  =  M  +  N  (Fig.  25);  c  =«»-«,  C=  jtf-iV  (Fig.  36). 

The  method  of  solving  oblique  spherical  triangles  by  dividing  them 
into  xigiit  triangles,  while  exceedingly  simple  in  principle,  is  not  the 
most  convenient  method  nor  the  method  commonly  employed  in 
actual  computation.  Better  methods  will  be  develo[>ed  in  the  next 
chapter  and  the  student  is  expected  to  familiarize  himself  with  the 
methods  there  presented  rather  than  to  depend  on  the  method  of  the 
present  article. 

Case  III.    Given  two  sides  and  the  included  angle,  b,c,A. 


Fig.  »7.  Kg.  38. 

Solution.     I.  In  triangle  ACD  find  p,  M  and  m. 

2.  n  =  c  —  m  (Fig.  37),  oin  =  m  —  c  (Fig.  28). 

3.  In  triangle  BCD  find  N,  a  and  B. 

4.  C  =  M  +  N  (Fig.  27),  or  C  =  jtf  -  JV  (Fig.  28). 

5.  Check.    Repeat  the  solution  drawing  the  perpen- 
dicular from  B  to  the  side  AC. 

Case  IV,  Given  two  angles  and  the  included 
side,  B,  C,  a. 

Solution.  Solve  the  polar  triangle  by  Case 
in  and  then  compute  the  unknown  parts  of  the 
original  triangle. 

Case  V.  Given  two  ddes  and  the  angle  oppo- 
nte  one  of  them,  a,b,  A.  Fig.  39. 

Solution.    In  this  case  there  are  two  solutions,  provided  that  a  ia 
intermediate  in  value  between  p  and  both  b  and  180°  —  b  (Art.  11). 
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1.  In  triangle  ACD  find  f ,  2f  «  ACD,  and  m  =  AD. 

2.  In  triangle  BCD  find  N  =  BCD,  B,  and  n  =  DB, 
AB'C  =  180"  -  B. 

3.  ^CB-M'  +  ^,^CB'  =  jlf-iV,^B  =  m  +  »,^S' =  «»-«. 

4.  Check.  Assume  (,  c,  ^  as  the  given  parts  and  find  the  other 
parts  by  Case  III. 

Case  VI.  Given  two  angles  and  the  side  opposite  one  of  them, 
A,B,a. 

Solution.  Solve  the  polar  triangle  by  Case  V  and  from  it  find  the 
unknown  parts  of  the  original  triangle.  As  there  may  be  two  solu- 
tions in  Case  V  so  Case  VI  may  have  two  solutions. 

Case  I.    Given  the  three  sides,  a,  h,  c. 


Fig-  30-  Kg.  31. 

Scdution.    In  the  triangle  ACD  we  have  by  Napier's  rule 
dn  6  ~  cos  ^  cos  m,  or  cos  ^  =  cos  6/cos  m. 
Similarly  we  have  in  the  triangle  BCD 

sin  a  =  cos  p  cos  n,  or  cos  p  =  cos  a/cos  ». 
Hence 

coso      cosm    ,  ..       cos  o  — cos  ft      cos  m  — cos « 


Now 

cos  a— cos  A      —  3  sin}  (0+6)  sin^  (a— ft) 

COSffl+CO 

so  that 

tan  i  (o  +  6)  tan  }(«"*)  =  t*°  }('»  +  »)  ^^^  i  C*"  ~  *)i 
from  which 

tan  i  («  —  «)  =  tan  J  («  +  J)  tan  }  (a  —  6)  cot }  c, 
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if  «  +  «-<:  (Fig.  30), 

or  tan  i  (m  +  «)  =  tan  §  (a  +  &)  tan  i  (a  —  6)  cot  J  c, 

if  «i  -  «  =  c  (Fig.  31). 

We  have,  therefore,  the  following  steps: 

1.  Find  i  («  -  «)  (Fig-  30)-  or  J  (m  +  »)  (Fig.  31), 
from  the  relation 

tan  i  (»i  —  «)  =  tan  J  C"  +  *)**"  J  ("  —  ft)  cot  J  c, 
tan  }(<"  +  «)  "  tan  i  (<i  +  &)  tan  J  (o  —  6)  cot  J  c. 

2.  m  =  J  (m  +  «)  +  H*"  —  »)f  "  =  }  (m  +  »)  —  i  (*"  —  »)• 

3.  In  triangle  ACD  find  A  and  Af. 

4.  In  triangle  BCD  find  £  and  li. 

5.  C  =  M  +  N  (Fig.  30),  or  C  =  2f  -  iV  (Fig.  31). 

6.  Check.  Repeat  the  solution  drawing  the  perpendicular  from 
£  on  .<1C  or  from  A  on  BC. 

Case  II.    Given  the  three  angles,  A,B,C. 

Solution.  Solve  the  polar  triangle  by  Case  I,  and  from  it  compute 
the  unknown  parts  of  the  original  triangle. 

EXEKCISE    6 

I.  Show  how  Case  IV  may  be  solved  by  means  of  right  triangles 
without  u^ng  the  polar  triangle,  and  outline  the  steps  of  the  solution. 

3.  Prove  BowditcWs  Rvles  Jot  OUvjue  Spherical  Triangles  which 
may  he  stated  as  follows:  If  a  spherical  triangle  is  divided  into  two 
right  triangles  by  a  perpendicular  let  fall  from  one  of  the  vertices  to 
the  opposite  side,  and  if  in  the  two  right  triangles  the  middle  parts 
are  so  chosen  that  the  perpendicular  is  an  adjacent  part  in  each 
triangle,  then 

The  sines  of  the  middle  parts  in  the  two  triangles  are  proportional  to 
the  tangents  of  the  adjacent  parts; 
but  if  the  perpendicular  is  an  opposite  part  in  each  triangle,  then 

The  sines  of  the  middle  parts  are  proportioned  to  the  cosines  of  the 
opposite  parts. 

As  in  the  case  of  Napier's  rules,  the  parts  referred  to  in  these  rules 
are  the  circular  parts  of  the  two  triangles.  By  the  use  of  Bow- 
ditch's  rules  the  solution  of  oblique  spherical  trian^es  by  means  of 
right  triangles  may  be  somewhat  shortened. 
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Solve  the  following  triangles  by  means  of  right  trian^es: 

3.  Given  J   =  88"  24',  C  =  56°  48',         A.  ~  128"  16'; 

find  B  =  65°  13',         C  =  49°  28',        a  =  130°  11', 

4.  Given  a  =  103°  44',       6  -  65°  1 2',         C  =  97°  34'. 

5.  Given  a  =  148°  34.4',     6  =  142°  11,6',    A  =  153°  17.6'; 

find  c  =  62°  08.6',  B  =  148°  06.^',  C  =  130°  21.2', 

<^  =  7"  18.4'.  -S'  =  31°  537'.  C  =  6"  17.6'. 

6.  Given  A  =  110°,  B  =  fia",  o  =  49". 

7.  Given  ^  =  80°  20.3',  5  =  73*"  46.7',  C  =  54°  08.5'; 

find  a  =  64"  47.2',       b  =  61°  47.3',       c  =  48°  034', 

8.  Given  a  -  31°  11'  07",  b  =  32°  19'  18",  c  =  33°  15'  21"; 

find  A  =  59°  29'  42",  B  =  6a°  49'  42",  C  =  65"  so'48". 

9.  Given  a  =87°  45' 34".   fr  =  96°  la' 15".   c  =  100' 08' 56". 
10.  Given  A  —  87"  45'  24",  B  »  96°  12'  15",  C  ~  100°  08'  56". 
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ntOFBRTIES  OP  OBUQUE  SPHERICAL  TRIANGIAS 

We  shall  now  develop  a  number  of  formulas  involving  the  parts  of 
any  spherical  triangle,  from  which,  it  any  three  parts  of  the  triangle 
are  given,  the  remaining  parts  may  be  derived  by  computation  with- 
out first  dividing  the  triangle  into  right  triangles  as  was  done  in  the 
last  article.  Then,  in  order  to  facilitate  the  work  of  cooqiutation, 
we  shall  transform  these  formulas  so  as  to  adapt  them  to  the  use  of 
logarithms.  Ilie  actual  application  of  the  formulas  to  the  solution 
of  triangles  we  shall  reserve  for  a  separate  diapter. 

24.  The  Law  of  Sines,  (o)  First  Proof.  Let  ABC  be  any 
spherical  triangle,  p  the  perpendicular  from  one  of  the  vertices  C  of 
the  trian^e  to  the  opposite  side  AB  (Fig.  3a)  or  AB  produced  (Fig. 
33)- 


Fig.  3a  Fig.  33. 

By  Napier's  rules,  or  the  formulas  of  Art.  13,  we  have 
from  triangle  ACD  sin  ^  =  sin  i  sin  ^ , 

and  from  triangle  BCD     sin;  =  sinasin£  (B  acute), 

or  sin  ^  =  sin  a  an  (180"  —  B) 

~  sin  a  sin  £  (B  obtuse). 

Hence,  whether  the  perpendicular  falls  within  the  triangle  or  without, 
we  have 

sin^  =  sinasin^  =  sindsinS. 

Advancing  letters,        sincstn£  ■•  sinfidnC, 
sina^C^  ^csin^i 
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These  equations  may  also  be  written  in  the  form 
pin  a       Bin  b       gtn  e 
em  A      sin  s      sin  c 


(0 


or  in  words,  The  sines  of  the  sides  of  a  spherical  triangle  are  propor- 
tional to  the  sines  of  the  opposite  angles. 

{b)  Second  Proof.  Let  ABC  (Fig.  34)  he  a  spherical  ttiangle  and 
O  the  center  of  the  sphere  on  which  the  triangle  lies.  Draw  the  radii 
OA,  OB,  OC.  From  C  draw  CD  perpendicular  to  the  plane  of  AOB 
and  throu^  CD  draw  planes  CDE  and  CDF  perpendicular  to  OA 
and  OB  respectively.  Then  each  of  the  triangles,  OEC,  CDE,  CDF, 
OFC,  is  right-angled,  the  middle  letter  being  in  each  case  at  the  right 
angle.  Also  since  CF  and  DF  are  perpendicular  to  OB,  angle  CFD 
is  equal  to  the  angle  B,  and  similarly  angle  CED  is  equal  to  the  an^e 


Now     CD  -  C£  sin  CED  "  CEsiaA, 

and  CD  =  CF  sin  CFD  =  CF  sin  B, 

CE  =  OCwaCOE  =0C  sin  ft, 

Cf  =  OC  sin  COF  =  OC  sin  a. 

Therefore,  substituting  in  the  first  two 

equations  for  CE  and  CF  their  values 

from  the  last  two,  we  have 


from  which 


OC  sin  isin.i4  =OCsinosinB, 
sin  a/sin  ^  =  sin  ft/sin  B. 


26.   The  Law  of  Cosines,     (a)  First  Proof,    in  Figs.  3a  and  33 
let  us  denote  AD  and  DB  by  m  and  n  respectively.    By  applying 
Napier's  rules,  or  the  formulas  of  Art.  13,  we  find 
from  triangle  BCD  cos  a  =  cos  ^  cos  «, 

and  from  triangle  A  CD         cos  b  =  cos  p  cos  vi. 
Now  ft  =  c  —  »M  (B  acute),  or  «  =  m  —  c  (B  obtuse), 

and  ^ce  cos  (c  —  m)  =  cos  {m  —  c),  we  have  in  either  case  on  elimi- 
nating cos  p  and  putting  for  n  its  value 

cos  a  =  cos  b  cos  (c  —  m)/co&  m 

,  cos  c  cos  m+  sin  c  sin  iM 

■=  cos  b ■ 

cosm 

es  cos  6  COS  c  +  COS  6  sin  c  tan  tn. 
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But  by  N^er's  rules  tan  m  =  tan  J  cos  -4,  hence  substituting  this 
value  in  the  last  equation  and  remembering  that  cos  b  tan  6  »  sin  i, 
we  have 

cos  a  =•  cos  b  cos  e  +  sin  ft  sin  c  cos  A.  1 
Advancing  letters,    cos  b  —  cos  c  cos  a  +  sin  c  sla  a  cos  B,  i       (3) 

cos  e  =  COB  a  cos  b  +  sin  o  sin  6  cos  C  J 

These  formulas  embody  the  Law  of  Cosines:  The  cosine  of  any  side  of 
a  spherical  triangle  is  equal  to  the  product  of  the  cosines  of  the  other  two 
sides  plus  the  continued  product  of  the  sines  of  these  two  sides  and  the 
cosine  of  the  included  angle. 


Fig.  32. 


Fig.  33. 


(b)  Second  Proof.  In  Fig.  34  draw  EG  parallel  to  Z7F  and  DH 
peipendicular  to  EG,  then  angle  DEH  equals  angle  AOB  or  c,  and  we 
have 

ED      ED    DE    CE 

oc     de'  ce'oc' 

BD      OF_OG^qF_OG    OE 

oc~ OC    OC    OC    oe' oc' 


^  MI  sin  c  cos  A  sin  b, 


^=cosa  —  cosccosi. 


Equating  these  two  values  of  BDfOC  and  solving  for  cos  a  we  find 
cos  a  =  cos  b  cos  c  -|-  sin  (  sin  c  cos  A . 

26.  Relation  Between  Two  Angles  and  Three  Sides. 

The  second  of  the  equations  (2)  may  be  written 

cos  c  cos  o  +  ancsinocosB  =  cos  b, 
and  the  first  multiplied  by  cos  c  gives 

cos  c  cos  o  =  cos  A  cos'  c  +  anisinccosccos^. 
Subtracting  the  second  of  these  equations  from  the  first  gives 
an  c  sin  o  cos  5  —  cos  6(1  —  cos'c)  —  sinftsinccosccos^l. 
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Now  I  —  o>s*  c  =  sin*  c,  hence  we  may  divide  the  equation  by  sin  c» 

and  obtain 

sinacosA  =  cos  fr  sin  «  —  ^&  cose  cos  ^. 

Similarly,  sia  a  cos  C  =>  cos  o  sin  &  —  sin  c  cos  b  cos  ^, 
sin  6  cos  C  =  cos  c  sin  a  —  sin  c  cos  a  cos  £, 
sin  b  cos  ^  =  cos  a  sin  e  —  sin  a  cos  c  cos  B, 
sin  c  cos  ui  =  cos  a  sin  b  —  sin  a  cos  b  cos  C, 
sin  c  cos  B  =  cos  b  sin  a  —  sin  b  cos  a  cos  C. 

27.  Third  Proof  of  the  Fundamental  Formulas.  The  three 
equations  (i)  Art.  34,  (3)  Art.  35,  and  (3)  Art.  26,  may  be  derived 
simultaneously  by  the  method  of  analytical  geometry.*  Let  ABC  be 
any  ^>herical  triangle.  Take  O,  the  center  of 
the  sphere,  for  the  origin  of  a  system  of  rec- 
tangular co6rdinates,  the  plane  of  BOA  for 
the  ry-plane,  OB  for  the  direction  of  the  x- 
axis,  and  the  positive  z-axis  on  the  same  ^de 
of  the  plane  BOA  as  the  vertex  C.  Jmn  0 
and  C.  From  C  drop  the  perpendicular  CR 
on  BOY,  and  through  CR  pass  a  plane  per- 
pendicular to  OB  cutting  OB  in  S.  Then  the 
triangles  CRS  and  CSO  have  right  angles  at  R  and  S  req>ectively, 
and  angle  RSC  equals  angle  B  (whyP).  Denoting  the  co6rdiaates  of 
C  by  X,  y,  a  and  Uie  distance  OC  by  r,  we  have 
05  =  OC  cos  COS,  or  K  =  f  cos  o, 

RS  =  SC  cos  RSC  -  OC  sm  COS  cos  RSC,  or  y  =  f  sm  o  cos  S, 
RC  -  SC  sin  RSC  =  OC  sin  COS  sin  RSC,   or  2  =  r  sin  a  sin  B. 

If  OA  had  been  taken  for  the  ^axis,  the  s-axis  remaining  unchanged, 
A  and  a  will  change  places  with  B  and  b  respectively,  and  the  y  co- 
ordinates will  have  opposite  signs,  so  that  the  new  coordinates  x",  y, 
c*  of  C  will  be 


Fig.  35. 


xf  =  r 


r  sin  6  cos  .4,    2*  —  r  sin  J  sin  X. 


But  these  are  the  transformed  coordinates  of  a  system  having  the  same 
z-axis  while  the  x-  and  y-axes  are  each  turned  through  an  angle  c. 


le  student  without  soiii 
with  tlie  proofs  given  i: 
which  follow. 


Imowledge  of  analytical  geometry  must  content 
tlie  preceding  sitides  and  those  suggested  in  the 
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hence  the  coordinates  x,  y,  2  and  x',  /,  2'  are  related  by  the  trans- 
fonnation  fonnulas, 

i  =  s',    x==  x'coac  —  ymic,    j'  =  x'sinc  +  /cosc. 

Substituting  in  these  three  formulas  the  values  of  x,  y,  a,  a^,  /,  s'  in 

tenns  of  r  and  the  parts  of  the  triangle,  we  have,  after  dividing  out  r, 

Edn  a  sin  B  =  sin  6  sin  ^,  (i) 

COS  a  =  cos  b  cos  e  -I-  sin  &  sin  e  cos  A,  (2) 

sin  a  cos  B  =  cos  &  sin  c  —  sin  6  cos  0  cos  A.  (3) 

28.  Fundamental  Relations  for  the  Polar  Triangle.  If  we 
^>ply  the  formulas  (i),  (3),  (3)  to  the  polar  triangle,  by  putting  a  = 
180"  —  A',  A  =  180°  —  a',  etc,  (Art.  7),  and  then  drop  the  accents, 
we  find  that  (1)  remains  unchanged,  while  (3)  and  (3)  give  rise  to  the 
new  sets  of  formulas: 

cos  A=—  cos  B  cos  C  +  sin  B  sin  C  COS  a,  ] 
cos B  =—  COS  C COS ^  +  sin C sin ui cos h,  \  (4) 

cos  C  =  -  cos  -4  cos  B  +  sin  -<  sin  B  COS  «,  I 
and  sin  A  cos  b  =  cos  B  sin  C  +  sin  B  cos  C  cos  a, 
sin  A  cos  c  =  COB  C  sin  B  +  sin  C  cos  B  cos  a, 
sin  B  cos  0  =  cos  C  sin  ^  +  sin  C  cos  A  cos  b, 
an  B  cos  a  =  cos  ^  sin  C  +  sin  ^  cos  C  cos  b, 
sin  C  cos  a  -  cos  ^  sin  B  +  sin  ^  cos  B  cos  o, 
sin  C  cos  b  =  cos  B  sin  ^  4-  sin  B  cos  A  cos  c. 

89.  Arithmetic  Solation  of  Spherical  Triangles.  The  funda- 
mental relations  (1),  (a),  (3)  enable  us  to  solve  every  case  of  oblique 
spherical  triangles. 

Case  I.    Given  the  three  sides,  a,  h,  c. 

I.  The  angle  A  may  be  found  by  the  law  of  cosines. 

3.  The  angles  B  and  C  may  then  be  found  by  the  law  of  sines. 

Case  m.    Given  two  sides  and  the  included  angle,  a,  b,  C. 

1.  The  third  side  may  be  found  by  the  law  of  cosines. 

3.  The  angles  A  and  B  may  then  be  found  by  the  law  of  dnes. 

Case  V.    Given  two  sides  and  the  angle  opposite  one  of  them,  a,b,  A. 

1.  The  angle  B  may  be  found  by  the  law  of  sines. 

2.  The  third  side  might  be  found  by  the  law  of  cosines  but  dnce  the 
law  of  cosines  involves  both  sine  and  cose  the  formula  solved  for 
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either  sin  c  or  cos  <:  would  involve  radical  expressions.    These  may  be 
avoided  by  using  the  formula 

_  cos  a  cos  b  —  sio  a  sin  (  cos  A  cos  B 
I  —  an'6  sinM 
which  is  obtained  by  eliminating  sin  c  from  the  formulas  (2)  and  (3) 
of  Art.  27. 

3.   The  angle  C  may  now  be  found  by  the  law  of  sines. 

Cases  n,  rV,  VI.  These  may  be  referred  to  Cases  I,  III,  V,  re- 
^ctively,  by  making  use  of  the  polar  triangle,  or  we  may  apply 
formulas  (i),  (4),  (5). 

While  the  fundamental  relations  (i),  (2),  (3)  make  it  possible  to 
solve  each  of  the  six  cases  of  triangles,  it  is  clear  that  {2)  and  (3)  are 
not  adapted  to  logarithmic  computation.  Therefore,  in  order  to 
fadlitate  computation,  it  is  desirable  to  obtain  other  formulas  which 
enable  us  to  use  logarithms.  Such  formulas  will  be  developed  in  the 
following  articles. 

Exercise  7 

1.  If  a',  b',  c'  denote  the  sides  of  the  polar  triangle,  show  that 

sin  a  :  sin  6  :  sin  c  =  sin  a' :  sin  6' :  sin  c'. 

2.  If  m  is  the  arc  joining  the  vertex  C  of  a  spherical  triangle  to  the 
middle  pmnt  of  the  opposite  side,  show  that 

cos  a  +  cos  i  =  3  cos  «  cos  5  c. 

3.  If  the  bisector  of  the  angle  C  meets  the  opposite  side  in  D,  show 
that 

dn  a  :  dn  i  =  sin  BD  :  sin  AD. 

4,   State  in  words  the  laws  expressed 
by  formulas  (4)  and  (5),  Art.  28. 

S-   In  Fig.  36  let  EGF  be  the  triangle 
in  which  a  plane  drawn  perpendicular  to 
|a  an  edgeO^  intersects  the  trihedral  angle. 
Then 

*  GF*~0I»  +  0G*-3OP-0G-cosa. 

rtK-36.  GF* '^  EF*  +  EG*  -  3  EF' EG -cos  A. 

Subtracting  and  observing  that  OF*  —  EF*  =  OE?,  OG*  —  EC*  -  0£*, 
we  find 

3OF -OG  •  cosa  =  20E?+2EF- EG -ois  A. 
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which,  on  dividing  by  2  OF  •  OG,  leads  to 

cos  a  =  COS&COSC+  sin&dnccos^. 
This  constitutes  ajourth  proof  0/  the  taw  0/  cosines. 
6.  From  the  law  of  cosines 

cos  A  =  (cos  a  —  cos  b  cos  c)/sin  6  sin  c, 
show  that 
sin*i4       I  —  cos*  4  _  I— cos'fl— cos*6— cos*c+acosocosftc( 


sin*  a  sin'  a  sin*  a  sin'  b  sin*  c 

The  expression  on  the  right  is  symmetrical  in  a,  b,  and  c,  hence 
sin*^        sin*g  _  sin'C    .  , ,  ,    sin  A       sing       sinC 

sin'  a       sin*  b       sin'  c'  sin  a        sin  &       sin  c 

This  constitutes  a.foitrth  proof  of  the  law  of  sines. 

7.  Prove  the  relation 

cot  a^nb  =  cotj4sinC  +  cos  C  cos  b. 
Suggestion.     Multiply  the  third  of  the  equations  (2),  Art  25,  by 
o)s  b,  substitute  in  the  first  equation  and  divide  by  sin  6  sin  c. 

8.  By  inteichangiog  and  advancing  letters  write  down  five  other 
equations  like  that  in  Problem  7. 

9.  Apply  the  relations  of  Problems  7  and  8  to  the  polar  triangle. 
Do  the  resulting  equations  egress  new  relations? 

10.  Given  b  =  135°,  e  —  45°,  A  =  60°;   find  the  remaining  parts 
to  the  nearest  degree. 

Ans.    a  "  104°,    S"  141°,    C  "  39°. 

11.  Given  a  =  120",  b  =  60",  A  =  135";  find  the  remaining  parts 
to  the  nearest  minute. 

Ans.    B  =  45"  00',  c  -  78°  28',  C  =  53°  08'. 

12.  Givena  =  r35*,6  =  i3S°,c  =  45°;  findX,B,C,  to  the  nearest 
minute.  Ans.    A  =  B  =  114°  28',  C  —  65"  33'. 

30.  Functioiis  of  Half  the  Angles  in  Tenns  of  the  Sides. 

From  the  law  of  codnes 

.      cos  a  —  cos  b  cos  c  ■  .  1  j        /»«   rw^       •  ^         \ 

cos.,4  = i—r-. =  I  —  3sm*M>      (PI-  Trig.,  Art.  in) 

therefore 

,     ,  _  cos  a  —  cos  b  cos  c      cos  (6  —  c)  —  cos  a 

'     ^  sinfr^c  sinfrsinc 
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Now 

cos  (6— c)— coso=  2  sin  J  (ffl+6— c)  sin  J  (a—b+c)  (PI.  Trig.,  Art.  113) 
=  2  sin (5  —  c)  sin {s  —  fi),  where s  =  \{a  +  b  +  c), 


I'M 


_  2  sin  {$  —  b)  sin  {s  —  c) 


Similarly, 


sinbsinc 

"         \  sm  6  8u  c 

BfajB  .  ■ /In  ('-<')»ia  ('-«), 
■^      V  Bine  Bina 


sina  sind 

s  =  i  (a  +  6  +  c). 
Corresponding  formulas  for  the  cosines  of  half  the  angles  may  be 
obtained  by  applying  the  formulas  (6)  to  the  co-lunar  triangles.    Thus 
by  applying  the  first  formula  to  the  co-lunar  triangle  AB'C  whose 
parts  are  (Art.  5)  iSo*"  —  A,  B,  180"  —  C,  180°  —  a,  b,  180°  -  c, 


...  1   -      .  /sin«sill(«  — a) 

we  obtain  cos  s  -4  =  y .    .  \ . 

V       sinft  sine 

r..    .1    1  1  „        /sin  a  sin  (a  —  b) 

Similarly,  coshB—U ; r -, 

■'  ■  V       sin  o  sin  a 

T  „        /sin  «  sin  (8  —  c) 

cos  I  C  =  V J T— ;—  . 

"  V       sina  sinft       , 

To  find  tan  ^  ^  we  divide  ^  )  ^4  by  cos  )  A  and  obtain 
tanft 


(7) 


tang^  = 

taais  = 

tanjc- 

tank 


sin  («  —  «) 

tanft 
8in(«-6)* 

tanJt 


sin  («  —  e) 

Vsin  (a  —  a)  Bin  (a  —  ft)  sin  (« 
V  Bins 


(8) 


k  is  the  arcual  radius  of  the  small  drcle  inscribed  in  the  triangle 
ABC,  for  if  O  (Fig.  37)  represents  the  intersection  of  the  arcs  bisect- 
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ing  the  angles  <rf  the  triangle,  OF,  the  arc  drawn  from  O  perpendicular 

to  one  of  the  ddes  as  AB,  will  be  the  atcual 

radius  of  the  inscribed  drde.    It  follows,  just  as 

in  the  case  of  plane  triai^es  (PI.  Trig,,  Art.  68), 

that  AF  =  J  —  a,  hence  denoting  OF  by  k  and  j 

applying  Ni^ier's  rules  to  the  right  triangle  AOF, 

we  have 

sin  (j  —  o)  —  cot  J  j4  tan  k, 

or  tan  J  j4  =  tan  t/sin  (j  —  a). 


Hg.  37- 


SI.    Functions  of  Half  the  Sides  in  TenuB  at  the  Angles.    If 

we  apply  the  formulas  (6)  and  (7),  Art.  30,  to  the  polar  triangle 
(Art.  7),  by  putting  A  =  180°  —  a',  a  =  180"  --  A',  B  =  180'  —  6', 
etc.,  dropping  the  accents  in  the  final  results,  we  obtain 


S.      it- 

COS S  cos  is  -  A) 

s'    V 

ansainc 

■6.\/- 

-C0S»C08(«-B) 

,6-y 

sincsJna 

'.-if- 

-  cos  «  cos  (S-C) 

»«- V 

sia^sinf 

_  . /cos  (S  -  B)  cos  jS  ^C) 
V  sinB  sin  C 


8  (S  -  C)  COS  {S  -  A) 


sin  Csin^ 


c-v/^ 


''cos  (a  -  A)  cos  (S  -  J) 


sin  .^  sin -B 
S-JU  +  B  +  C). 
From  (9)  and  (lo)  we  find 

tan  J  a  =  tan  X  cos  (S  —  ^), 
tan  a  A  ■^  tan  K  cos  (S  —  B), 
tan  J  c  =  tan  K  COB  (S  —  C), 


:-^/: 


^)  COS  (S-«)  COB  (S-C) 


(10) 
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K  is  the  arcual  radius  of  the  small  circle  circumscribed  about  the 
trian^  ABC,  for  if  O  (Fig.  38)  is  the  center  of  this  drde,  OA,  OB, 
OC  the  arcs  joining  the  center  to  the  vertices  of 
the  triangle,  OF  the  perpendicular  arc  from  O  to 
one  of  the  sides  as  BC,  then  OA=OB  =  OC  =  K, 
the  triangles  AOB,  BOC,  COA  are  isos(»les,  and 
BF-FC  =  ^a.  Furthermore 
A  -  BAO  +  OAC  =  ABO  +  ACO  =  (B  -  OBF) 
Pig.  38.  +  (C  -  OCF)  =  B  +  C-2  OBF, 

hence  OBF  ^  HB +  C  -  A)  =  S  -  A, 

where  S~^iA+B  +  C). 

If  now  we  apply  Napier's  rules  to  the  right  triangle  BOF,  we  find 

oosOBF  =  <x>tBOtanBF 
or  cos  (5  -  -4)  =  cot  Jf  tan  i  o, 

from  vdiidi  tan  i  a  —  tan  JC  cos  (5  —  A), 


ExzBCasE  8 

1.  Prove  the  formula  for  sin  i  C  (Art.  30)  directly  by  using  the 
relation 

_  .  ,t  ^      cos  c  —  cos  a  cos  b 

cos  C=  I  —  aSm*jC  =  -. r-r 


2.  Prove  the  formula  for  cos  i  ..4  (Art.  30}  directly  by  u^ng  the 

relation 

,,.  cosfl—  cosJcosc 

cos  A  ^  2  cos'  i  A  ~-  I  = : — 7—. , 

smosmc 

and  foUowing  the  method  used  in  deriving  the  formula  for  sin  |^. 

3.  Prove  the  formula  for  an  i  a  (Art.  31)  directly  by  using  the 
relation 

cos  A  +  cos  B  cos  C 
sin  B  sin  C 


3  sin*  J  a 


4.  Prove  the  formula  for  cos  )  a  (Art.  31)  directly  by  u^ng  the 
rdation 


cos  a  —  3  cos*  1  o  —  I  = 


axA  +  cosBcosC 
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5.  Derive  the  formula  for  tan  i  a  (Art.  31)  by  applying  the  formula 
for  tan  i  A  (Art.  30)  to  the  polar  triangle. 

6.  Derive  the  formula  for  cos^A  by  applying  the  formula  for 
sin  ^  ^  to  the  co-lunar  triangle  ABC'. 

7.  Apply  the  formula,  for  sin^.<4  to  the  co-lunar  triangle  ^4 '£(7, 
Does  the  resulting  formula  express  a  new  relation? 

8.  The  escribed  drdes  of  the  triangle  ABC  are  the  small  circles 
inscribed  in  the  co-lunar  triangles, .,4 'BC,  AB'C,  ABC.  By  applying 
the  formula  for  tan  k  (Art,  30)  to  these  triangles,  show  that  the  arcual 
ladii,  >a>  kti  ke  of  the  escribed  circles  are  given  by  the  formulas 


tanjfc, 


.=/ 


'sin  s  an  (j  —  i)  sin  (j  - 


sin  (s  —  a) 

tan  jfct  =  sin  ;  tan  ^  £,      tan  ke  =  sans  tan  J  C. 
9.  By  applying  the  formula  for  tan  K  (Art,  3r)  to  the  co-limar  tri- 
angle A'BC,  show  that  the  arcual  radius  of  the  circle  circumscribing 
this  triangle  is  given  by  the  formula 


t*°^-*  -  V/     ^<;^7^^^  ftfLt^      ...--tan^a/cos^, 
T  —  cos  A  cos  (A  —  3)co&{S  —  C) 

hencealso    tan  JTa  =  —  tan  J  A/ras  5,    tan  Xc  =  — tanic/cos5, 

10.  Show  that 

2  tan  K  =  cot  k,  +  cot  kt  +  cot  ft,  —  cot  k, 

and  a  cot  A  =  tan  K^  +  tan  Kb  +  tan  Kc  —  tan  K. 

32.  Delambre's  (or  Gauss's)  Proportions.    By  PI.  Trig.,  Art. 
106,  we  have 

a.ni  (A  +  B)  =  sin).Acos^£-|-cos^.>4sini.B. 
Substituting  for  sin  |  .>4,  cos  ^  B,  cos  ^  A,  sin  )  £,  their  values  from 
(6)  and  (7),  Art.  30, 


-    1  /  J   1    n\      .  /sin  (s  —  b)  sin  (i  —  c)  sin  j  sin  (s  —  6} 

smi  {A  +  B)  =  V : : — t    ■  t 

*  sm  a  sin  0  sin'  c 

+ 


/sinjsin(s-fl)sin(t~c)sin(i-a) 


sin  a  sin  6  sin*  c 
1  s  sin  ( J  —  c)     an  (s—  b)  +  sin  {s—a) 
sin  a  sin  i  sin  c 

(^  -  6)  +  sin  (s  ~  a) 


=  cos  1 C 

sine 
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Also  by  PI.  Trig.,  Art.  ii: 
sin  (j  —  6)  +  sin  (i  —  fl)  = 


2  sin}(*~*  +  s—  a)  cosj  (j—  6—  s+a) 
z  sin  JccosJCa—  6), 


an  (s  —  b)  +  sin  {s  —a) 


sini(^+B)' 


cos  i  (a  —  fr) 

cosic 
cos  ija  —  b)  0 


cos^c 


Lie. 


<") 


Similarly,  we  obtain  corresponding  formulas  for  cos  i  (^  +  B), 
an  i  U  —  S)  and  cos  i  (<4  —  B).  The  four  fonnulas,  of  which  the 
third  and  fourth  may  also  be  obtained  by  applying  the  first  and  sec- 
ond to  either  one  of  the  co-lunar  triangles  A'BC  or  AB'C,  may  be 
written 

gin  J  (^ -f- -B)  cos  J  c  =  cos  J  (a  —  6)  cos  5  C, 
cos  J  (^ -H -B)  cos  ^  c  =  COB  ^  (a  +  6)  sin  I C, 
sin  ^  (.^  —  S)  sin  g  c  =  sin  g  (a  -•  b)  cos  g  C, 
cos5(^~S)sin  Jc  =  sinj  (a-|-6)8inflC• 
These  formulas  are  known  as  Delambre's  or  Gauss's  proportions  or 
equations. 

S3.  Niger's  Proportions.  If  of  the  equations  (is)  we  divide  the 
first  by  the  second,  then  the  third  by  the  fourth,  then  the  fourth  by 
the  second,  and  finally  the  third  by  the  first,  we  obtain  the  following 
four  new  formulas  which  are  known  as  Napier's  proportions  or  anal- 


tanJU- B) 


sfaS(»-t) 


cot  \  c, 
cotgc. 


(■3) 


Bin  5  (a  +  ») 

The  second  of  these  formulas  may  also  be  obtained  by  applying  the 
first  to  either  of  the  co-lunar  triangles  A'BC  or  AB'C,  and  the  third 
and  fourth  by  applying  the  first  and  second  to  the  polar  triangle. 
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If  we  divide  the  first  of  the  equations  (13)  by  the  second,  or  the 
third  by  the  fourth,  we  obtain  the  bm  of  tangents 
tan^ja  +  b)  _taii|U+.B) 
tanlia-b)  ~  taniU-B)' 

34.  Formulas  for  the  Area  of  a  Spherical  Triangle.  It  is 
shown  in  Solid  Geometry  that  the  area  of  a  ^herical  triangle  is  givrai 
by  the  formula 

^  =  ^185^'  ^^*> 

wliere  J?  is  the  radius  of  the  sphere,  and  £°  the  Sphertaii  Excess 
cxpitssed in  degrees,  that  isF^  =  A  +  B  +  C  —  180°. 

If  £  is  the  spherical  excess  expressed  in  radians,  E  —  Ef '  '/iSo,  and 
(14)  becomes  r=K"B.  (15) 

For  a  unit  sphere  (R  =  i)  T  =  B,  (16I 

hence  we  have 

Theorem  I.  The  area  of  a  sphericai  triangle  on  a  unit  sphere  is  equal 
to  the  spherical  excess  expressed  in  radians. 

Theorem  II.  The  area  of  a  spherical  triangle  on  any  sphere  is  equal 
to  the  area  of  the  corresponding  triangle  on  a  unit  sphere  muUiplied  by 
the  square  of  the  radios. 

The  problem  of  finding  various  expresaoos  for  the  area  of  a  spheri- 
cal triangle  resolves  itself,  therefore,  into  the  problem  of  finding 
various  expres^ons  for  the  spherical  excess  E. 

(a)  In  terms  of  the  angles.  A,  B,C. 

B-2«--ir,    where    8==l(A  +  B+€f).  (17) 

(b)  In  terms  of  the  sides,  a,  b,  c. 
We  have 

sin  J  £  =  sin  (5  -  i  t)  =  sin  [J  (^  +  B)  +  i  (C  -  »)] 

=  sinJ(^  +  B)siniC-cosi('4  +  B)cosiC. 

Substituting  for  sin  i  (^  +  B)  and  cos  \  {A  -^  B)  their  values  from 

(la),  we  have 

.    ,  _      ^n^Ccos^Cr      1  /        n  1  /     1  i\i 

8mi£=  — - — T—^— [cos  J  {«-*)- cos  Ho +  6)] 

siniCcosJC,     .   ,      .   1  ., 
" i — - —  (3  SID  9  a  sm  a  0). 
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Finally  by  putting  for  sin  i  C  and  cos  J  C  their  values  from  (6)  and  (7) 
we  arrive  at 
Cagtioli's  Formula, 

siniE  = i 5_^ ,  (18) 

'  2  cos  g  a  cos  s  fr  cos  j  c 

where         n  =  Vsin  8  sin  (s  —  a)  sin  («  —  6)  sin  (•—  c) 

Or  we  may  proceed  as  follows:       J  (C  —  £)  =  j  «■  —  J  (-4  +  S), 

and  therefore,  sin^  {C  -  E)  =  cos^A  +  B). 

This  value  substituted  in  the  second  of  the  equations  (13)  gives 
an  §  (C  —  £)  :  sin  J  C  =  cos  H^*  +  *)  :  cos  i  c. 

From  this  proportion  we  have  by  division  and  composition 
sin i C -  sin \(C-  E)  ^  cos|c- cos^a  +  fe) 
sinic+sini(C-£)  "  cos  jc  +  cosj  (a  +  ft) 

On  reducing  each  member  of  this  equation  by  means  of  the  relations 

of  Art.  113  (PI.  Trig.),  we  obtain 

tani£coti(aC-E)  =  tan|itani(i-c); 

In  like  manner,  by  substituting  cos  i  (C  —  £)  =  an  J  (^  +  5)  in  the 
first  of  the  equations  (12),  we  find 

tani£tani(2C-£)  -  tanl(^-  a)tani(*- A); 
hence  on  multiplying  these  two  equations  and  extracting  the  square- 
root  we  obtain 
LhuUier's  Formula, 


tan  J  JS  =  Vtan  J  « tan  J  {«  -  a)  tan  J  {»  —  &)  tan  J  (*  —  c) .  (19) 
(c)  In  terms  of  tmo  sides  and  the  included  angle,  a,  6,  C. 

.  sin(5-iT)  _  -cosjU+g  +  C) 

"°'^"cos(5-}»)~     siniU  +  -B  +  C) 

^3in^U+^)sintC-cosH'^  +  ^)cQsi^ 
sin  i  (^  +  S)  cos  J  C  +  cos  i  (-4  +  5)  sin  i  C 

Substituting  for  sin  }  (^  +  J5)  and  cos  }  (<4  +  5)  their  values  from 
<i2),  wehave 

,  sin^Ccos^CtcosHg-^)-  cosHo  +  6)l 

^'         cosi(o-&)cos'JC+cosHo  +  &)sin*iC' 
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whkh  readily  reduces  to 


t&alE  = 


tan  i  a  tan  J  &  sine 
I  +  tan  g  a  tan  g  b  cos  C 


(20) 


36.  Plane  and  Spherical  Triangle  Formulas  Compared. 
The  student  will  have  observed  that  there  is  a  striking  resemblance 
between  the  formulas  relating  to  plane  triangles  and  certain  of  the 
formulas  of  the  present  chapter.     In  the  table  below  are  arranged 


Plow  Triangles. 


II.   Law  of  Cosines 

-  3  be  cos  A 

III.  DoubU  Fermuias 

fiaUA~B)-ic 
-i(a-6)cosiC 

~Ha  +  b)siniC 

IV.  Law  of  ToMgeiUs 
Ha  +  ft)      tan  i  (■<  +  B) 


ir-V^ 


Sphoial  Triangla. 


II.  Liw  d/  Cosines 

III.  Mambre's  Pnporluits 

-  sto  1  (•  -  «  cos  i  C 

-sia!(.  +  «m!C 

IV.   I«ic  0/  TanittlU 

ten  i  (a  +  b)       ViTliiA+B) 

ten  !  (a  -  »>  "  U.  1  M  -  B) 

V.  Balf-attglt  Formulas 


-»s' 


»        sin  b  sin  £ 


tan  ii4  ■»  ^ 


-V^ 


tani 

(f — ■i)s.n  (f — 6)  sin  (j— <^ 


.y/tenjten'-^? 
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in  parallel  columns  the  more  important  fonnulas  for  plane  triangles 
^nd  the  corresponding  formulas  for  spherical  triangles.  The  form  of 
some  of  the  formulas  for  plane  triangles  has  been  slightly  changed  in 
order  to  manifest  the  resemblance  in  the  most  striking  manner. 

36.  Derivation  of  FonnulaB  for  Plane  Triangles  from  Those 
of  Spherical  Triangles.  We  will  now  show  that  the  resemblance 
between  the  two  sets  of  formulas  is  not  accidental  but  is  due  to  a 
definite  relation  between  plane  and  spherical  triangles.  If  the  vertices 
of  a  spherical  triangle  remain  fixed  while  the  radius  (r)  of  the  sphere 
on  which  the  triangle  is  situated  is  indefinitely  increased,  the  spherical 
triangle  will  approach  as  a  limit  the  plane  triangle  having  the  same 
vertices.  Consequently,  for  the  limit  r  =  <x>,  the  formulas  for  the 
spherical  triangle  must  reduce  to  those  for  the  plane  triangle. 

Let  a',  b',  d  represent  the  sides  of  the  spherical  triangle  expressed 
in  radians,  then  a'  =  ajr,  b'  =  bfr,  (f  =  c/r,  where  o,  6,  c  repre- 
sent the  actual  lengths  of  the  sides  (PI.  Trig,,  Art.  90).  Also  by  PI. 
Trig.,  Art.  176,  we  have 

sin  a  = r^  +  etc.,    cos  a'  =  i r-i  +  —r^  -~  etc., 


and  similar  expres^ons  for  sin  b',  sin  c',  etc. 

These  expansions  involve  the  radius  of  the  sphere.  If  now  we 
substitute  these  expan^ons  in  any  formula  relating  to  spherical  tri- 
angles and  evaluate  the  resulting  expression  for  r  =  00,  the  resulting 
formula  will  express  the  corresponding  relation  between  the  sides  and 
angles  of  the  plane  triangle.  We  will  illustrate  the  method  by  some 
examples. 

(o)   The  Law  of  Sines. 

a        0* 

.     .        .     ,        .      ,       r-;  +  etc., 

soiA      sin  a       sina/r      r      y.r 

anB      sin  t'      sin  V      *        *"     .     . 

Tj  +  etc-. 

Multiplying  both  numerator  and  denominator  of  the  expres^n  on 
the  right  by  r,  and  making  r  infinite,  we  obtain 

-; — =,  —  T  ,  the  law  of  sines  for  plane  triandes. 
smB      b'  "^  ^ 


D.qitizeabyG00l^lc 


36]  PROPERTIES  OF  OBLIQUE  SPHERICAL  TRL\NGLES  49 

(6)   The  Law  of  Cosines. 

cos  a'  =  cos  b'  cos  c*  +  sin  y  sin  c*  cos  A 

a  b       c  ,    .    b  .    c        , 

or  cos-  =  cos-cos-  +  an-sm-cos<4, 

T  T       T  r      r  ' 

hence 

■-^^+5f.+=(-5F.+ir.+)(-;f:-.+i?^+) 

If  we  multiply  both  sides  of  the  equation  by  —  ar*,  drop  the  terms 
which  are  common  to  both  sides  of  the  equation,  and  then  make  r 
infinite,  we  have 

(J*  =  J«  +  c*  —  2  Ac  cos  >1 ,  the  law  of  cosines  for  plane  triangles. 

(c)  The  Law  of  Tangents. 

fl  +  ft      a  +  b      (a+b)* 
tanH.'<  +  ^)      tanHa'  +  fr')  2r  sr    '^  jjiry  "^ 

tan  j  U  -  B)      tan  i  (o'  -  y)      ,     a-  b~  a-b  ,   <a~b)*  ,  * 

Multiplying  both  numerator  and  denominator  on  the  right  by  ar  and 
making  r  infinite,  we  have 

7 — 1  (A  "~Bi  ~     _  .  1  the  law  of  tangents  for  plane  triangles. 

(d)  Area  of  a  Triangle.  As  a  final  example  we  will  deduce  Hero's 
formula  for  the  area  of  a  plane  triangle  from  LhuOKer's  fonnula  for 
the  ^herical  excess. 

Denote  a'  +  6'  +  c*  by  2s',  then  j'  ==  s/r,  ^  —  a'  ^  (s  —  a}/r, 
s'  —  b'  =  is  —  b)/r,  etc,  and  we  have  from  Lhuillier's  formula 

4      3-4' 

Multiplying  through  by  ^r*  gives 
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Now  as  T  approaches  infinity,  E  approaches  o,  r*E  remains  equal  to 
the  area  of  the  triangle,  hence  in  the  limit 

r=£  =  r  -  Vj  (5  -  fl)  (s  -  b)  (s  -  c) 
which  is  Hero's  formula. 

Exercise  9 

1.  Derive  the  second  of  the  formulas  (12). 

2.  Derive  the  third  and  fourth  of  the  formulas  (12)  by  applying 
the  first  and  second  to  the  co4unar  triangle  AB'C. 

3.  Derive  the  fourth  of  the  formulas  (13)  by  applying  the  third  to 
the  co-lunar  triai^le  AB'C. 

4.  Derive  the  fourth  of  the  formulas  {13)  by  implying  the  second 
to  the  polar  triangle. 

5.  Show  that  the  area  of  the  co-lunar  triangle  A'BC,  AB'C,  ABC'  is 
r*(2  A  -  E),  r*{3  B  -  E),  r*(2  C  -  £),  respectively,  where  £  is  the 
spherical  excess  of  the  triangle  ABC. 

6.  Prove  that 

sin(j  —  a)  +  sin(s  —  6)  +  sin(j  —  c)  —  sin  j  =  4  sin  Ja  sin  Ji  sin  Jc. 

7.  If  5,  S^,  Sb,  Sc  denote  half  the  sums  of  the  angles  of  a  triai^e 
and  its  three  co-lunars  respectively,  prove  that 

S  +  S^  +  Sb  +  Sc=3t. 

8.  If  E,  Ea,  Eb,  Ec  denote  the  spherical  excesses  of  a  triai^e  and 
its  three  co-lunars  respectively,  show  that  £  +  £j  +  £fl  +  £c  =  2  »■. 
and  hence  that  the  sum  of  the  area  of  these  triangles  is  equal  to  half 
the  area  of  the  ^here. 

9.  Deduce  the  double  formula  for  plane  triangles  from  Delambre's 
formulas  for  spherical  triangles. 

10.  Deduce  the  half-angle  formulas  for  plane  triangles  from  the 
corresponding  formulas  for  spherical  triangles. 

11.  From  the  formula  cose  =  cos  a  cos  6  for  right  spherical  tri- 
angles deduce  the  formula  c*  =  d*  +  6*  for  plane  right  triangles. 

13.  If  K,  Kji,  Kb,  Kc  denote  the  arcual  radii  of  a  triangle  and  its 
three  co-lunars,  show  that  tan  K  cot  K^^  cot  Kb  cot  Kq  =  co3*5. 
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CHAPTER  IV 
SOLimOH  OF  OBUQUB  SPHEKICU.  nOAHGLBS 

37.  Preliminary  Observations.  In  Art.  33  it  was  shown  that 
every  spherical  triangle  may  be  solved  by  the  method  of  right  triangles. 
Again  every  spherical  triangle  may  be  solved  by  means  of  the  funda- 
mental relations  of  Art.  37,  as  was  shown  in  Art.  39.  The  purpose  of 
the  present  chapter  is  to  present  the  most  approved  methods,  which, 
though  based  on  apparently  more  complicated  formulas,  require,  as 
a  rule,  the  least  possible  amount  of  computation,  and  are,  therefore, 
commonly  employed  by  computers. 

The  computer  will  do  well  to  observe  the  following  points: 
(a)  The  arrangement  of  the  work  should  be  orderly  and  methodi- 
cal.   A  complete  schedule  for  the  tabular  work  should  be  made  out 
before  the  tables  are  used  (PL  Trig.,  Art.  70). 

(6)  It  will  be  well  to  letter  the  given  parts  as  in  the  illustrations 
which  follow.  Thus  if  the  given  parts  are  two  sides  and  the  included 
angle,  caQ  the  larger  of  the  two  ddes  a,  the  other  b,  and  the  angle  C. 
This  is  easier  than  to  rewrite  the  formulas  so  as  to  involve  other 
letters. 

(c)  Remember  that  a  small  angle  cannot  be  accurately  found  from 
its  cosine,  nor  an  angle  near  90°  from  its  sine.  (Fl.  Trig.,  Art.  ai.) 
Usually  there  is  a  choice  of  formulas  which  will  enable  us  to  avoid 
any  inaccuracies  arising  from  this  source. 

(d)  Remember  also  that  the  answer  cannot  be  more  accurate  than 
the  least  accurate  of  the  given  parts.  It  is  a  false  show  of  accuracy 
to  compute  the  answer  to  the  nearest  second  when  one  or  more  of  the 
given  parts  have  a  lesser  accuracy.     (PI.  Trig.,  Art.  44, 19.) 

(e)  No  result  can  be  relied  upon  unless  it  has  been  checked.  When 
the  answer  is  given,  that  may  be  looked  upon  as  a  check,  in  all  other 
cases  the  computer  must  provide  a  check  of  his  own. 

38.  Case  I.  Given  the  lliree  Sides,  a,  b,  c. 
Solution. 

1.  To  find  A,  B,  C.    Use  the  half-angle  formulas  (8). 

3.   Check.    Use  the  law  of  sines. 

Note.    If  one  angle  only  is  required  it  is  better  to  use  (6)  or  (7). 
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Example. 

s.^-^ 

Given 

'/ 

N^               To  find 

0-  ia3°34'4s", 

[ 

\\      A  =  121"  32' 41", 

»-    7S°S6'33" 

'S 

.  ^    -AJ      B.    82°  52' S3", 

c  =  los"  oo'  i8" 

V 

/      C-    98° 51' 55". 

Solution.                                 j^j^ 
I.  To  Snd /I,  «,  and  C. 

tmH.i       *"' 

tanJS 

taniS         ..    ,^        tent 

'"'-'"sinC.-o)' 

sin(,_i).    ^'"^'.i^i.-c) 

^,.^sln,-.)sin,- 

S)sin(s-t)       ^      .  +  J  +  £ 

o- "3' 34' 45" 

»-    7S"S6'33" 

£  -  ios°  oo'  l8" 

,,.304°  3.' 36" 

J-  153°  is' 48" 

log  sin  (j  —  a)  =  9.68122 
log  sin  (j- 6) -9.98751 
log  sm  (1  -  c)  =  9.86594 

cologsinj-o.ii2is 
logtan'J  -9.86682 

log  tan  i  -  9.93341 

j-o=    38"  41' 03" 

j-i-   76°  .9' is" 

s-c-    47°  is' 30" 

aj-  152°  IS' 48" 

(check) 

log  tan  i  A  -=  0.25219 
logtaniB-  9.94590 
log  tan  J  C  -  0.06747 

JX  -60 
}«-4. 
JC.48 

°46'ao.7"            ^  =  I2i''32'4i", 
"  26'  26.4"            B  =    82"  52'  S3", 
•25' 57-7"            C-    98°S''SS"- 

2.  Check. 

smo 

sini      SBC 
sini'sinC 

log  sin  a  =■  9.93071 

log  sin  ^  =  9.93056 

9.99015 

log  sin  5 

=  9.98680    log  sine  -9.98493 

=  9.99664    log  sin  C  -  9.99478 

9.99016                       9-99015 

Solve  the  following  oUique  triangles; 

I.  Givrai  a  =  72"  16',  6  =  80"  44',  c  =  41°  iS*. 

Ans.    .4-73" 38',    S  =  96-12',    C-4i*4af. 
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2.  Given  a  =  109*  4,5',  h  =  73*  56',  c  =  54°  32'- 

3.  GiveQ  a  =  105°  06.8',  (  =  93°  39.9',  c  =  50°  20.3'. 

Am.    A  =  106°  38-0',   B  =  82°  04.4',    C  =  49°  49.3'. 

4.  Given  a  =  37"  43.8',  b  =  49°  36.8',  c  =•  55°  19.7'. 

S-   Given  a  —  120°  22'  40"  b  ^  111°  34'  27",  c  —  96"  28'  35". 

Ans.    A  ="  126°  18' 42", B  =  ii9''42'o8",  C  =  iii''si'4^"- 

6.  Given  a  =  20"  45'  23",  b  -  55°  56'  56",  c  =  67°  35'  54". 

7.  Given  ffl  =   i3i''3S'o4"t  *  =   108°  30' 14",  c  ==   84°  46' 34", 
J  =  133°  14'  ai".    Find  B  and  C. 

8.  Given  a  =  35°  30'  34",  6  =  38°  57'  13",  c  =  $6°  15'  43". 
Find  B  =  47°  37'  3i"- 

39.  Case  II.  Given  Uie  Three  Angles,  A,  B,  c. 

Solution. 

1.  To  find  a,  b,  c.    Use  the  half-angle  formula  (11). 

2.  Check.    Use  the  law  of  ^es. 

Nole.    If  one  dde  only  b  required  it  is  better  to  use  (9)  or  (to). 
Example. 


Given 

Tofi 

nd 

A  - 

121' 

'33' 

41", 

a- 

"3° 

34' 46", 

B- 

82' 

'S'' 

53". 

i- 

75° 

S6'3A 

C- 

98' 

Si' 

5S"- 

c- 

.05° 

00'  18". 

Solution. 

I.  To  find  a, 

6,e. 

tan  J  0  =  tan  it  cos 

.(S 

-A),anib 

-  tan  iC  COS  (5  -  B), 

tan  \ 

r  c  =  tan  JT  cos  (5  - 

■c), 

1 

-  COS 

i5 

J     A+B+C 

Vm 

Js^ 

■A) 

cos(5- 

-  B)  cos  (5  - 

^ 

A  - 

lai' 

■3>' 

41" 

B- 

82' 

's=' 

S3" 

S- 

■/I  - 

3<>' 

'06' 03.5" 

C- 

J?! 

S'' 

ss" 

5- 

-B- 

68' 

'45'Si-5" 

a5- 

303' 

'17' 

19" 

5- 

-C- 

52' 

"  46'  49-5" 

J- 

■5"' 

■38' 

44.5" 

S- 

■S"' 

'  38' 44.S"  (=!■«*) 
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log(-  cos  5)      =  9.94450 
log  cos {S  ~  A)  =  993709  colog  cos  {S  —  A)  =  0.06291 

log  cos  {S  ~  B)  =  9.55896  colog  cos  (S  —  B)  =  0.44104 

log  cos  (5  -  C)  =  9.78166  colog  cos  (5  -  C)  =  0.21834 

log  tan'ff  =  0.66679 

log  tan  JC  =  0.33340  log  ton  Jf  =  0.33340 

logtan)a  =  0.27049  J  o  =  6i''47'  23" 

log  tan  \b=  9.89336  1  ft  =  37°  58'  16" 

logtan  Jc  =  0.11506  ic  =  52°  30' 09" 

a  =  123°  34' 46",    b  =■  75°  56' 3*".    <=  =  105°  00' 18". 

2.  Check. 

sin  ^  _  sin  B  _  sin  C 
sin  a        sin  6       sin  c 
log  sin  .i4  =  9-93056     log  an  B  —  9.99664      log  sin  C  =  9.99478 
log  sin  a  =  9.92071      log  sin  fi  =  9.98680     log  sin  c  =  9.98493 
0.00985  0.00984  0.00985 

Note.  Since  the  sum  of  the  angles  of  a  spherical  triangle  is  always 
between  180°  and  540°,  S  is  necessarily  between  90°  and  270°,  hence, 
cos  S  is  always  negative  and  —  cos  S  positive. 

Exercise  ii 
Solve  the  following  triangles: 

1.  Given  A  ™  74°  40',  B  —  67°  30',  C  =  49°  50'. 

Ans.    a  =  43"  36',   ft  =  41"  21',   c  =  33''o7'. 

2.  Given  A  =  125°  54',  B  =  55°  35',  C  =  45°  05'. 

3.  Given  ^  =  46°  59.3',  B  =  122°  32.6',  C  =  139°  00.3'. 

Ans.    a  =  59°  27.4',  ft  =  117°  06.2',  c  =  123°  20.0'. 

4.  Given  A  =  47"  34.6',  B  =  74°  54-7'.  C  =  77°  24.5'- 

5.  Given  A  =  59°  55'  10",  B  =  85*  36'  50",  C  =  59*  55'  10". 

Am.    «=  51°  17' 31".*=  64°  02' 47".  c  =  51*  17' 31". 

6.  Given  A  =  109°  35'  56",  B  =  111°  23' 06",  C  =  86°  49'  19". 

7.  Given  A  ™  15°  38'  06",  B  =  16°  06'  aa",  C  =  159°  44'  26". 

Find  ft.  Ans.    6  =  52°  05' 54". 

8.  Given  A  =  50°  45'  23",  B  =;  58"  01'  10",  C  =  87°  17'  00". 

Find  C. 
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40.  Case  HI.  Given  Two  Sides  and  the  Included  Angle, 
a,  b,  C. 

Solution. 

1.  To  find  A  and  B.    First  6nd^  (A  +  B)  aad^  {A  -  B)hy  the 
first  two  of  Napier's  proportions  (Art.  33),  then 

A=^{A+B)  +  ^{A~B),    B^hiA  +  B)~i{A-B). 

2.  To  find  c.    Use  either  one  of  Delambre's  proportions  (Art.  32). 

3.  Check.    Use  the  law  of  sines  (Art.  24). 


XAJiFLE.  /'''^\r~^\ 

Given  z-rlj^A 

j=  1 10"  30' 24",      Ar"^  J 


EXAJIFLE. 

To  find 

^  -    63°  S7'  39". 
36°  47'  36",  \  /      B  -    35"  04'  03", 

C  =  135°  12'  12".  \^  y        c  =  132°  44'  c 

Solution. 
I.  To  find  A  and  B. 


tani(^+S)  = 


cos  ^  (a  —  ft)  ^ 

cos  j  (a  4 


JCo  -  ft)  =  36°  51'  24",  }  (o  +  6)  =  73°  39'  oo">  i  C  =  67"  36'  06". 

log  cos  J  (a  —  ft)      "■  9.90316         log  sin  i  (fl  —  6)  =  9.77802 

colog  cos  J  (o  +  6)      =  0.55052      colog  sin  J  (a  +  ft)  =  0.01793 

log  cot  \C  =  9.61504         log  cot  \C  =■  9.61504 

log  tan  i  {A-\-  B)    =  0.06872  log  tan)  {A  —  B)=  941099 

h(A  +  B}    =49°3o'5i"  i(^-5)=  I4°36'48" 

A  =  63°  57'  39".  B  =  35°  04'  03". 

3.  To  find  e.  3.   Check. 

,  cos  4  (o  — ft)        ,_  sin  a       sin  ft       sine 

'         aini[_A  +  B)  smA      sin  5      smC 

log  COS  i  («  -  6)  =  9-90316  log  sin  a  =  9.97157 

colog  sin  J  (j4+S)  =  0.11886  log  sin  ^  "  9.95352 

log  COS )  C           =  9.58098  0.01805 
log  cos  i  c            —  9.60300 
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log  sin  6  -  9-77738 

J  e  =  66°  32'  C4"  log  sin  S  =  9.7593a 

c  =  133°  44'  08".  0.01806 

log  sin  c  =  9.86598 

log  sin  C  =  9.84794 

0.01804 

We  m^t  have  found  c  from  the  third  01  fourth  of  Napier's  pn^wr- 

tions  but  this  would  have  required  us  to  look  up  one  more  logarithm. 

Exercise  13 
Solve  the  following  oblique  triangles: 
1.   Given  a  =  140*  38',  b  =  130°  28',  C  =  150"  34'. 

Ans.    A  =  161"  47',    B  =  157°  58',    c  "  85*20'. 
a.  Given  a  =  103°  44',  6  =  64°  13',  C  =  98"  33'. 

3.  Given  a  =  156°  12.3',  6=  iia°48.6',  C  =  76°  33,4'. 

Ans.    A  =  154"  04.1',  B  =  87°  37.1',  c  =  63°  48,8'. 

4.  Given  a  =  37°  45.5',  b  =  12°  56.7',  C  =  156"  15.9'. 

5.  Given  a  =  88°  13'  30",  S  =>  134°  07'  17",  C  =  50°  03'  02", 

Ans.    A  =  63°  15'  10",  B  =  153°  17'  59",  c  =  59"  04'  35". 

6.  Given  o  ™  111°  11'  12",  b  "=  137°  56'  56",  C  «=  23°  15' 48". 

7.  Given*  =  68°  12'  58",  c==  80°  14' 41",  A  =  17°  30'  54". 

Ans.    B  =  52°  05'  54",  C  =  133°  07'  37",  a  -  20'  32'  33". 

8.  Given  a  =  56°  56'  56",  c  =  156°  56'  56",  S  =  94°  45'  45". 

41.  Case  IV.  Given  Two  Angles  and  the  Included  Side, 
A,B,e. 

Solution. 

1.  To  find  a  and  b.    First  6nd  i  (a  +  b)  and  i  (a  -  6)  by  the  last 
two  of  Napier's  proportions  (Art.  33),  then 

a  =  i(o  +  *)  +  Ha-6).    6-i(a  +  fi) -§(«-*)■ 

2.  To  find  c.    Use  either  one  of  Delambre's  proportions  (Art.  3a). 

3.  Check.    Use  the  law  of  sines. 

Example. 

Given  To  find 

-4=    63''s7'39",  o  =  110°  30' 33", 

S  =    35°  04'  03"-  6  =    36°  47'  37". 

c  -  132°  44'  08".  C  -  135°  1 2'  15". 
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SolutioD. 

I.  Tofindaandfr. 


}  U  -  B)  =  14°  36'  48",  i  M  +  5)  =  49"  30'  si".  J  c  =  66°  3j'o4''. 

log  cos  ^  {A  —  B)  =  9.98605  log  sin  HA— B)  =  9-39703 

colog  cosl(A+B)  =  0.18758         colog  sin  j  (.4  +  B)  =  0.11887 

log  tan  J  c  =  0.35896  log  tan  J  c  -  0.35896 

log  tan  i  (fl  +  ft)    =  0.53259  tog  tan  \{a~  b)  ~  9.87485 

i  (a  +  ft)    -    73°  39'  00"  iia-b)"  36°  si'  33" 

tf-  110°  30' 23".  *- 36°  47' 37"' 

2.  To  find  C.  3.   Check. 

-  B)  .    .  an  A      sin  £      sin  C 

■  — -w rrsinje.  ^ —  = -^"T  =  "■= 

sui  i  (d  —  ft)  sin  a       sin  ft       sin  c 

If^sini  (A  -  B)  =  9.39702              log  sin  X  =  9-95352 

colog  sin  4    (a~b)   —0.23199              log  sin  a  =9-97157 

log  sin )  c               =  9.96196  998195 

log  cos  J  C              =  9- 58097              tog  sin  B  =  9.7593a 

i  C              -    67°  36'  07.7"    1<^  sin  6  =  9-77738 

C             =  135°  12' 15"  9-98194 

log  sin  C  =  9-84793 

log  ^  c  ~  9.86598 

9.98195 

EXESCISE    13 

Solve  the  following  triangles: 

1.  Given  A  =  67°  30',  B  =  45°  50',  c  =  74°  20'. 

Ans.    a  =  63"  is',   ft  =  53"  46',  C  =  32°  27'. 

2.  Given  A  =  126°  45',  B  =  49°  52',  c  =  80°  01'. 

3.  Given  B  =  140°  43.2',  C  =  100°  04.6',  a  =»  60°  43.6'. 

Ans.    ft=  145°  55.9',  c=  iiq''22.6',  A  =  80°  14.8'. 

4.  Given  C  ■■  139°  25.8',  A  —  13°  56.9',  b  =  29°  00.8'. 

S-   Given  ^  -  153"  17'  06",  B  =  78°  43'  32".  (^  =  86°  15'  15". 

Ans.    a  =  88°  12'  19",  6  =  78°  15'  41",  C  -  152°  43'  5a". 
6.  Given  a  ■=  50°  34'  56",  B  —  124°  10'  10",  C  =  83°  25'  25". 
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12.  Case  V.  Given  Two  Sides  and  the  Angle  Opposite  One 
of  Them,  a,  b,  A, 

Iq  this  case  tbere  may  be  two  solutions  (see  Art.  ii). 

I.  To  find  B.    Use  the  law  of  anes,  sin  £  =  : • 

sina 

Since  B  is  found  from  its  sine  it  will  in  general  have  two  values  whose 

.     „  o       ■    T,      sin6sinj4  ^  ,.  .,.,—    . 

sum  IS  ISO  .    smif  = : =  i,accordin{'as5in0sia'4  =  sin  a, 

sma      ="   '  °  ="  ' 

hence  B  has  two  values,  one  value  (90°),  or  no  real  value,  according  as 
sin  6  sin  j4  =  sin  a. 

3.  To  find  C,    From  the  second  of  Napier's  proportions 

Since  C  is  less  than  i3o°,  tan  \  C  must  be  positive.  Now  a  +  i  is 
always  less  than  360°,  therefore  sin  ^  (a  +  6)  is  always  positive, 
hence  in  order  that  tan  J  C  may  be  poative  sin  J  (o  —  4)  and 
cot  i  (^  —  B)  must  have  Uke  signs.  Now  \  (a  —  J)  and  \  {A  —  B) 
are  each  numerically  less  than  90°,  hence  in  order  that  sin  ^  (a  —  6) 
and  cot  ^  (A  —  B)  may  have  like  signs,  i  {a~  b)  and  ^  {A  —  B)  and 
consequently  a  —  6  and  A  —  B  must  have  like  signs.  If  both  values 
of  B  satisfy  this  condition  there  are  two  solutions,  if  only  one  value 
of  B  satisfies  this  condition  there  is  only  one  solution,  if  neither 
value  of  B  satisfies  this  condition  there  is  no  solution. 

3.  To  find  c.    From  the  fourth  of  Napier's  proportions 

^      ,        sin4U+5).     ,,        ,, 

^"*^  =  si^rH^^r5jt«^H«-6). 

4.  Check.     Use  the  law  of  sines,  or  any  other  formula  involving 
B,  C,  and  c,  which  has  not  been  previously  used. 

The  foregoing  considerations  regarding  the  number  of  admissible 
solutions  may  be  summed  up  into  the  following: 

Rule. 

a.  If»ina<sinb»inA,thereisno8olviion. 

b.  If  sina  =  sin  b  stn  A ,  there  is  one  sdvUon,  B  =  QCf. 

c.  If  sin  a  >  sin  b  sin  A,  each  of  the  two  lvalues  of  P  wAtcft  gives 

A  —  B  and  a  —  b  Uke  signs  yields  a  sdution. 
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EXAUPLE. 

Given. 
a  =    62°  15', 
b  =  103°  19', 
A  =    53"  43'- 


Solution. 

I.  To  finds. 


tanJC^ 


To  find  C. 


logsinfi  =  9.9S816 

log  sin  j4  =  9.90639 

cologaina  =  0.05306 

log  sin  £  =  9.Q4761 

B  =  62°  25'    or    S*  - 
3.   To  find  c. 


cot  JU-B). 


"  sin  i  (0+6) 
4(a+A)=     82%7',       UA+S)=     $&''oa',       \{A+B')=    85-39', 

kia-b) 20-33',       JU--S)--  4"ai',       iU-B')  =  -3i°s6'. 

Since  the  signs  of  a  —  A  and  ^  —  B  are  alike  for  both  values  of  B 


there  arc  two  solutions. 

log  sin  J  (0  -  6)     =  9.54Soo» 

logsini(^+«) 

-  992874 

cologsini(a  +  6)     =0.00345 

cologsiniM-B) 

-  I.12005» 

logcotJU-B)     -  i.iiS8o» 

log  tan  §  (a  -  J) 

-  9-S73S"'> 

loga)tiU-B')   =  o.ao534» 

logsin)U  +  «') 

=  9.99875 

log  tan  4  C  =  0.66725 

cologsiniM-B") 
log  tan  5  c 

=  0.2766OTI 

log  tan  J  C'-  9-75379 

=  0.62230 

logtanlc' 

=  9.84886 

iC  -  77' $•■$'■ 

ic  - 

76°  34.8'. 

iC-   »9'33.9'. 

K- 

35°  ■3.5'- 

C  -  .55%3.o'. 

c  - 

■S3°09-6'. 

C-    59°  07.8'. 

</- 

70°  >7.o'. 

4.   Check. 

sin  b      sin 

c      sin  t" 

S^-'SE 

C      sinC' 

log  sin  b  =  9.98816      log  sin  c 

"  9.65466       log  sin  c'  = 

■  9-97421 

logsinB  =  9.9476t       log  sin  C 

=  9.61411       log  sin  C= 

-  9.93366 

0.040SS 

0.04055 

0.04055 
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ExERaSE    14 
Solve  the  following  trianglea : 

1.  fl  =■  56°  40',  b  "  30'  50',  A  =  103°  40'. 
Ans.    5  =  36°  36',    C  =  52°oo',    c  =  42°39'. 

2.  6  =  44°  4s',  c  =  49°  3s',  B  =  58°  56'.     (Two  solutions.) 

3.  a  =  148°  34.4',  b  =  143°  11.6',  A  =  153°  17.6'. 
^nj.      B  =    31°  53.7',  C  =      6°  17.6',   c=    7°  18.3'; 

B'  =  148°  06.3',  C  =  130°  31.4',  c'  =  62"  08.8'. 

4.  a  ~  41°  35.8',     i  =  19°  57.9',      A  =  62"  09.5'.  (One  solution.) 

5.  a  =  67"  12'  ao",  6  =  48°  45'  40",  B  =  42"  30'  30". 

Ans.    A   =    55°  39' 57".     C  =  116°  34' 18",    c  =93°  08' 10"; 
^'  £=  124*'  20'  03",     C'  =    24"  32'  is",     c'  —  27*  37'  ao", 

6.  a  =  38"  10' 10",  6  =  24°  56' 4s",  S  ■=  65°  25' 00".   (No  solution.) 
43.   Case  VI.  Given  Two  Angles  and  the  Side  Opposite  One 

at  Them,  A,  B,  a. 
As  in  Case  V  so  here  there  may  be  two  solutions.     (See  Art.  11.) 

1.  To  find  b.    Use  the  law  of  ^nes, 

.    ,      sin  £  sin  a 
sm  6  =  — : — ; — 
sm  A 

2.  To  find  c.    From  the  fourth  of  Napier's  proportions, 

^  ,         sin  H-^  —  S)     . ,  ,        ,v 

3.  To  find  C.     From  the  second  of  Napier's  proportions, 

4.  Check.  Use  the  law  of  sines,  or  any  other  formula  involving 
b,  c,  and  C,  which  has  not  been  previously  used. 

To  determine  the  number  of  solutions  we  have  the  following  rule 
which  is  based  upon  a  process  of  reasoning  exactly  analogous  to  that 
employed  in  establishing  the  corresponding  rule  in  Case  V. 

Rule. 

a.  If  sin  ^  <  sin  B  sin  a,  there  is  no  solution. 

6.  If  sin  ^  =  sin  B  sin  a,  there  is  one  solution,  b  =  90°. 

c.  If  sin  ^  >  sin  B  sin  a,  each  of  the  two  values  of  b,  which  gives 
to  a  —  6  and  A  —  B  like  signs,  yields  a  solution. 
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Given 

To  find 

^-45°  3°', 
«-37°«'. 
«-40°36'. 

»-    33-38', 
'-    59° 'S', 
C=  109°  37'. 

Solution. 

1.  To  find  J. 

log  sin  B  =  9.78313 

log  sin  n  .  9.81343 

colog  sin  .4  =  0.14676 

log  sin  i  =  9.74331 

*  =  33°  37.5' 

J'=.46°2i.s' 

iW  +  B)-4i°26' 
JM-«-    4°04' 
J(«  +  *)-37"o6.8' 
J  (0-4).    3°  29.2' 
J  (»+»') -93°  29.2' 
H«-»') 52°  48.2' 

A  —  B  and  a  —  b'  have  unlike  signs,  hence  b'  does  not  yield  a 

2.  To  find  c. 

3.  To  find  C. 

logsinJU-B)- 8.85075 

colog  sm  j  M  +  B)  =  0.17931 

logcotj(«-ft)  =  1.21507 

logcotic  =  0.24513 

}c- 29° 37.6' 

c  -  59°  15.2' 

4.  Check. 

logsinJ(o+S)    .9.78060 

colog  sin  !(■■-»)    -1.21588 

logtan}U-S)- 8.85185 

log  cotJC- 9.84833 

IC-    54°  48.45 
C  =  109°  36.9' 

5nB_!inC        logsinB- 
sin(  ^  sine        log  sin  6  = 

9.78312        log  sin  C  =  9.97403 
'  9.7433"        log  sin  c  -  9.93421 

0.03381                           0.03382 

EXERaSE    15 
Solve  the  following  triangles: 
i.  A  =  36°  20',    B  =  46°  30',    a  "=  42°  12'. 

Ans.    h  =    55°  19',    c  =    81°  19',    C  =  iiQ°  19'; 
b'  =  124°  51',    (/  —  162°  38',    C  —  164°  44'. 
2.  .4  •=  60"  32',     B  —  as*  56',    a  =  35°  18'.     (One  solution.) 

3-  -4  =  73"  "-3'.  5  =  61°  i8a'.  a  =  46''4S-S'- 

Ans.    b  =  41°  53.6',    c  =  41°  35.1',    C  =  60°  42,8'. 

4.  A  =  103°  56.9',  B=  79"  35.8',     a  —137°  45.0'.    (Two  solutions.) 


D.qitizeabyG00l^lc 


<S2  SPHERICAL  TRIGONOMETRY  [chat.w 

5.  B  =  133°  40'  ao",     C  =  159°  43'  22",     C  =  159°  50'  05". 
Ans.    b  =    55°  52'  30",    a  =  137°  21'  19",    ^  -  137"  04'  26"; 

6'  =  124°  07' 30",    a*  =    65"  39' 44",    A'  =■  113°  39' 16". 

6.  i4  =  70°  45'  10",     B  =  119°  56'  56",     b  =  79°  4s'  oa".      (No 
solution.) 

4i.  To  Find  tlie  Area  of  a  Spherical  Triangle. 
Example. 

Given  a  =  124°  la'  31",  b  "  54°  18'  16",  c  =  97°  la'  35",    Find 
ttie  sptiericaJ  excess,  and  hence  the  area  of  the  triangle,  the  radius  of 

the  sphere  being  3959  miles. 
Solution.    By  Art.  34  we  have 

tan  1  £=  Vtan  J  s  tan  J  (j-a)  tan  J  (s-6)  tan  J  (s-c),     ^^--j- 

\a  =  (t2°  06'  15.5"      log  tan  \  s  =  0.41426 

\b  =  37°  09'  08"         log  tan  his  ~  0)=  9.07809 
he  =  48° 36'  13.5"      logtani(j  -  &)=  9.95105 
*  =137°  si'  36"        log  tan  i  (j  -  c)  =  9-56871 
hi=  68°  ss' 48"  logtan*l£  =  9.oiaii 

J  (s  -  0)  =    6°  49'  33.5"  log  tan  J  £  =  9.50605 

\is-b)  =  41"  46'  40"  i  £°  =  17°  46'  45" 

4(j-  c)  =  2o°  19'  35.5"  £°  =  71*  07' 00" 

(check)  68''5S'48" 

log*  =  3.59759 
log  R*  =  7.19518 
logs-  =  049715 
log£°  =  1.85197 
colog  180°  -  774473 
log  r  =  7.28903 

T  =  19455  X  10*  square  miles. 
46.  J^llcations  to  Geometry. 

Exercise  16 
Right  Spkerical  Triangles 

1.  The  hypotenuse  of  an  isosceles  right  spherical  triangle  is  60°. 
Find,  the  length  of  the  equal  sides.  Am.    45°. 

2.  Find  the  relations  between  each  two  of  the  three  distinct  parts  of 
4U1  isosceles  right  spherical  triangle.    Ans.    coic  =  cos'a  —  co^A. 
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3.  Show  that  no  isosceles  right  spherical  triangle  can  have  its 
hypotenuse  greater  than  90°  nor  its  acute  angle  less  than  45°. 

4.  Find  the  altitude  and  angle  of  an  equilateral  spherical  triangle 
whose  side  is  60°.  Am.    Altitude  =  54°  44',  Angle  =  70°  32'. 

5.  If  a  is  the  ^de,  A  the  angle,  and  p  the  altitude  of  an  equilateral 


6.  The  side  of  a  spherical  square  (a  spherical  quadrilateral  having 
four  equal  ^des  and  four  equal  angles)  is  73°  41',  find  the  angle  and 
length  of  a  diagonal. 

Ans.    Angle  =■  118°  04.5',  Diagonal  106°  16', 

7.  The  side  of  a  regular  spherical  polygon  (a  ^herical  polygon 

having  »  equal  sides  and  »  equal  angles)  is  a.    Find  the  angle  A  of  the 

polygon,  the  perpendicular  p  from  the  center  of  the  polygon  to  one 

of  the  sides,  and  the  distance  r  from  the  center  to  one  of  the  vertices. 

of  the  polygon. 

.           -    1  J      cos  (w/n)      .    .     ,      ,        .  /   /  1  sin  1  ff 

Ans.    siDiA= ^-r — ,  sin^=tan4acot(r/»),  sinr=  -■    /    <  ■.- 

8.  Find  the  perimeter  of  the  polygon  (Problem  7)  when  p  =  90°. 

AtK.    2  r. 

9.  Compute  the  dihedral  angles  of  a  regular  tetrahedron.  Of  a 
r^ular  dodecahedron.  Ans.    70°  31' 44",   116°  33' 54". 

Suggestion.  With  a  vertex  of  the  polyhedron  as  a  center  describe 
a  sphere.  The  points  in  which  the  three  edges  proceeding  from  the 
vertex  intersect  the  sphere  deternaine  an  equilateral  spherical  triangle 
the  sides  of  which  are  known. 

10.  Compute  the  dihedral  angles  of  a  regular  octahedron.  Of  a 
regular  icosahedron.  Am.    109°  a8'  16",  138°  11'  23". 

Exercise  17 
Oblique  Spherical  Triangles 

1.  The  three  face  angles  of  a  trihedral  angle  are  BOC  =  84*  24', 
COA  =  72°  18',  AOB  =  60°  18'.    Find  the  dihedral  angles. 

Am.    OA  =  93*40',  OB  =  73°  48',  OC  -  60°  36'. 

2.  Two  planes  intersect  at  an  angle  of  58"  40'.  From  a  point  of 
their  line  of  intersection  two  lines  are  drawn,  one  in  each  plane. 
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making  the  angles  42°  30'  and  64°  34'  vith  the  line  of  intersection. 
Find  the  angle  which  the  lines  thus  drawn  make  with  each  other. 

Arts.    50'  33'. 

3.  Hie  great  pyramid  of  Gizeh  has  a  square  for  its  base,  and  the 
angle  between  two  edges  at  the  vertex  measures  96°  01.3'.  Find  the 
angle  which  each  face  makes  with  the  horizon.  Ans.    51°  51'. 

4.  A  ten-sided  pavilion  is  covered  by  a  pyramidal  roof.  Two 
consecutive  hips  of  the  roof  make  an  angle  of  30°.  Find  the  angle 
^between  two  consecutive  faces  of  the  roof.  Ans.    159"  53'. 

5.  The  oppo^te  faces  of  an  obelisk  are  inclined  at  an  angle  of  16°. 
Find  the  face  angles  at  the  base  of  the  obelisk  and  the  angle  between 
two  adjacent  faces.  Ans.    8a''o4.6',  91°  06.6'. 

6.  The  ridges  of  two  gable  roots  meet  at  right  angles.  The  slope 
of  each  roof  is  60°.  Find  the  ai^le  between  the  planes  of  the  two 
roofs,  and  the  angle  the  valley  makes  with  each  ridge. 

Ans.    104°  26.6',  6^°  26.1'. 

7.  A  mason  cuts  a  stone  in  the  shape  of  a  pyramid  with  a  regular 
liexagonal  base.  The  edges  are  inclined  at  an  angle  of  30°  with  the 
base.  Find  the  angle  between  two  adjacent  lateral  faces,  and  the 
inclination  of  the  faces  to  the  base. 

Ans.    149°  18.6',    39°  13.9'. 

8.  If  a,  (3,  y  are  the  arcs  joining  any  point  in  a  trirectangular 
triangle  to  the  vertices  of  the  triangle,  show  that 

cos*  a  +  cos*  ^-|-  cos'  y  =  i . 

9.  An  oblique  paraUelopiped  has  the  three  edges  OA  =  3.59, 
AB  -3.65,0c  =  7.21,  and  the  angles^OB  =  72"  16',  SOC-  80"  44', 
COA  =  41°  18'.     Find  its  volume.  Ans.    21.30. 

46.  Application  to  Geography  and  ITavigation. 
Exercise  18 

1.  Find  the  shortest  distance  measured  along  a  great  circle  between 
New  York,  lat.  40°  42'  44"  N.,  long.  74*  00'  24"  W.,  and  San  Fran- 
cisco, lat.  37°  47' SS"  N.,  long.  122°  24' 32"  W.,  the  earth  being 
considered  a  perfect  sphere,  radius  3959  miles.        Ans.    2564  miles. 

2.  Find  the  area  of  a  spherical  triangle  on  the  earth's  surface 
if  =•  3959  miles)  whose  spherical  excess  is  i". 

Ans.    373,575  square  miles. 
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3.  Compare  the  shortest  distances  in  degrees  of  San  Frandsco,  lat. 
37°  47'  55"  N-'  loig-  122°  24'  32"  W,,  and  Seattle,  lat.  47'  35'  54"  N., 
loi^.  122°  19'  59"  W.,  from  Tokio,  lat.  35°  39'  18"  N.,  long.  139"  44' 
30"  E. 

4.  Find  the  distance  in  degrees  and  the  bearing  of  Rio  Jandio, 
lat.  22°  55'  S.,  long.  43°  09'  W.,  from  Cape  of  Good  Hope,  lat,  34°  22' 
S.,  long.  18°  30'  E. 

Ans.    Distance  54°  29',  Bearing  S.  84°  45'  W. 

5.  Find  the  first  and  final  courses  from  San  Frandsco,  lat.  37"  47' 
55"  N.,  long.  122°  24'  32"  W.,  to  Yokohama,  lat.  35°  26'  52"  N.,  long. 
139"  38' 41"  E.  Ans.    N.  se-'si'W.,   S.  S4''i7'W. 

6.  A  ship  sails  on  an  arc  of  a  great  drde  a  distance  of  4150  miles 
from  lat.  17"  N,,  long.  130*  W,,  the  initial  course  bdng  S.  54°  20'  W. 
Taking  1°  =  69}  miles,  what  is  the  latitude  and  longitude  of  its  final 
pomtion.  '  Ans.    LaL   i9''4i'S.,   long.   178"  21' W. 

7.  A  vessel  sails  from  Boston,  lat.  42°  21' N.,  long,  71°  03'  W.,  to 
Cape  Town,  lat.  33°  56'  S.,  long.  18°  38'  E.  Find  at  what  longitude 
the  ship  crosses  the  Equator  and  its  course  at  this  point. 

Ans.    Long.  17°  48'  W.,  course  S.  41°  19'  E. 

8.  Find  the  distance  at  which  a  vessd  sailing  from  Seattle  to 
Tokio  will  cross  the  180th  meridian  and  its  latitude  at  the  time  of 
crossing.     (See  Problem  3.) 

9.  Find  the  latitude  and  longitude  of  the  place  where  a  ship  sailing 
from  Cape  of  Good  Hope  to  Rio  Janeiro  crosses  the  meridian  at  right 
angles.     (See  Problem  4.) 

Ans.    Lat.  34''43'S.,   long.   9''is'E. 

10.  Find  the  longitude  and  latitude  of  the  place  where  a  shq> 
sailing  from  San  Frandsco  to  Yokohama  crosses  the  meridian  at  right 
angles.     (See  Problem  5.) 

11.  The  continent  of  Asia  has  nearly  the  shape  of  an  equilateral 
triangle,  each  side  bdng  approximately  5500  miles.  Find  the  area 
of  the  triangle  (a)  regarded  as  a  plane  triangle,  (6)  regarded  as  a 
spherical  triangle,  the  radius  of  the  earth  bdng  assumed  3960  miles. 

Ans.    13,098,500  square  miles;  17,228400  square  miles. 
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47.  ^iplkatioDS  from  Astronomy. 

Exercise   19 
(For  definitions  of  tenns  consult  any  dictionary  or  textbook  on 
astronomy.) 

1.  How  many  seconds  does  it  take  for  a  star  whose  declination 
is  +64°  04'  to  cross  the  field  of  a  telescope,  the  diameter  of  the  field 
being  36'?  Ans.    329  seconds. 

2.  Find  the  approximate  time  of  sunrise  in  Seattle,  lat.  +47°  39', 
on  Jan.  15,  1913-     Suggestion.     Look  up  the  sun's  declination. 

Ans.    7*  40.5"'  A.M.  local  apparent  time. 

3.  Find  the  length  of  the  longest  day  at  Seattle,  lat.  +47°  39'. 
Suggestion.  When  the  sun  is  at  its  summer  solstice  its  declination 
is  23°  27'. 

4.  The  moon's  most  northerly  declination  during  *tiU  Saroa 
occurred  on  March  19,  1913,  and  was  s8°  44'  10".  Find  approxi- 
mately how  long  it  was  below  the  horizon  at  San  Francisco,  lat.  37° 
48'  24".  Ans.    8*  56». 

5.  The  zenith  distance  of  the  sun  was  observed  to  be  45°  36'  the 
afternoon  of  a  day  when  its  declination  was  +20°  32'.  If  the  latitude 
of  the  place  was  +37"  10',  what  was  the  local  apparent  time? 

6.  The  azimuth  of  the  sun  was  measured  and  found  to  be  10°  14.2' 
and  its  zenith  distance  25°  12. i'  at  a  time  when  its  declination  was 
+  21°  39.2',  find  the  latitude  of  the  place. 

Ans.    46"  34.1'. 

7.  In  Problem  6  find  the  local  apparent  time. 

Ans.    o*  30"  13*. 

8.  At  I*  IS"  i6.i' local  apparent  time  the  altitude  of  the  sun  was 
found  to  be  68°  21'  46"  at  a  time  when  its  declination  was  +  23''4i'  30". 
Find  the  latitude  of  the  place. 

9.  In  Problem  8  find  the  azimuth  of  the  sun. . 

10.  The  altitude  of  the  sun  was  measured  and  found  to  be  40°  18' 
25"  at  a  place  whose  latitude  is  47"  39'  06"  at  3*  10"  i7,8'  local 
apparent  time.    Find  the  sun's  declination. 

Ans.    +  6°  25'  S3"- 

11.  The  northeastern  end  of  the  canal  Phison  on  Mars  is  in  Martian 
latitude  0°  03'  N.  and  longitude  335"  10'  and  the  southwestern  end 
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is  in  latitude  40°  oS'  S.  and  longitude  296°  58'.     Find  the  length  of 
Phison,  the  diameter  of  Mars  being  4300  miles. 

Ans.    1946.6  miles. 

12.  The  declination  of  Algol  is  +40°  37';  find  the  azimuth  of  the 
star  when  setting  at  Ann  Arbor,  lat,  +42°  17'. 

13.  The  declination  of  Aldebaran  is +16"  20.1';  find  the  azimuth 
of  the  star  when  setting  at  Seattle,  lat.  47°  39.1'. 

Ans.    114°  40.8'. 

14.  The  declination  of  Procyon  is  +5°  26'  55";  find  the  azimuth 
of  the  star  when  setting  at  Chicago,  lat.  41"  50'  01". 

15.  The  declination  of  43H  Cephei  is  now  (1913)  85"  47'.  Find 
its  azimuth  at  Washington,  D.  C,  lat-  38"  S4'f  3*  10"  after  its  meri- 
dian passage. 

16.  The  declination  of  Polaris  is  now  (1913)  88°  50'  38".  Find 
its  azimuth  at  Seattle,  lat.  47°  39'  06",  5*  01"  20*  after  its  meridian 
passage.  Ans.    178°  19'  50". 

17.  The  right  ascension  and  declination  of  Regulus  are 
at  =10*  03""  44.4',  fi  =+  12°  23'  34",  On  May  13,  1913,  the  moon's 
right  ascension  and  declination  were  0  =  9*  58"'  37.3*,  i  =+15°  32' 
44".  Find  the  angular  distance  between  the  moon's  center  and 
Regulus.  Ans.    3°  23'  20". 

18.  The  obliquity  of  the  ecliptic  is  now  (1913)  23°  27' 02".  Find 
the  celestial  latitude  and  longitude  of  a  star  for  which  «"3*  15"  20", 
5  =+36°  17' 56". 

Am.    ^  -+  17°  33'  19-7".  X  =  56°  "'  24-5" 

19.  What  is  the  greatest  altitude  of  a  star  on  the  equator  in  the 
meridian  of  Washington,  lat.  +38°  53'  39"?         Ans.    51"  06'  21". 
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NATURAL  TANGENTS  AND  COTANGENTS 
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CONSTANTS 

91 

TABLE  V.- 

-CONSTANTS. 

NumbM. 

LocuiUmi. 

Radiaiis  in  one  dcgiM 

0*17  453  3 

8.24t  877  4 

Radians  in  one  minute 

0.000  29a  9 

6.463  736  t 

Radians  in  one  MoHid 

0.0000048 

4.685  574  9 

«ni" 

0.000  004  S 

4.685  574  9 

tani" 

0.000  004  S 

4-685  574  9 

Degrees  in  one  radiao 

J7-I95  779  S 

t.7S8  i»3  6 

Hinute*  in  one  radian 

3  437-746  77 

3-536  373  9 

Seconds  in  onfe  radian 

KXS  364.806 

3.3144351 

w  (Ratio  of  dicum.  to  diam.) 

3-141  59»  7 

0497  149  9 

^ 

0.318  3og  9 

9.503  850  I 

.• 

9.8696044 

0.994  399  7 

? 

O..OI  32,  3 

9.0057003 

v; 

1.772  453  9 

0.348  574  9 

^ 

0.364  189  6 

9.751  4*5  > 

0.434194  s 

9.637  784  3 

«  (Ni^derian  base) 

1.71S  181  8 

0.434  394  5 

7 

0.367  879  4 

9-565  705  5 

«• 

7-389  00s  6 

0.868  589  0 

? 

0-135  335  3 

9-I3I4HO 

V^ 

3 

0.301  030  0 

1414  »t3  6 

o.iSQ  SIS  0 

V3 

3 

0.477  "I  3 

1.733  050  8 

0.238  s6o  6 

^^i 

5 

0.698  970  0 

2.336  068  0 

0.369  48s  0 

I  meter 

-  39-370  000  inches  i  .595  165  4 

"   3i'8<' 833  feet 

0.5159843 

ikflometer 

—    0.621  3?o  mile 

9.793  3SO  3 

I  foot 

—    0.304  801  meter 

9.484  ois  8 

imile 

-    1.609  347  kilom 

.  O.J06  649  7 

imile 

-5280  feet 

3. 73 J  633  9 

I  nautical  mile 

-  6080.390  feet 

3.783  934  4 

Feet  pa  sec.  in  i  mile  per  hour 

1.466  667 

0.166  331  s 

Maa  per  hour  in  I  foot  pet  second 

0.681  SiS 

9.833  368  6 

360- 

-31600' 

4.334  453  8 

-    1396000" 

6.111  605  0 

D.qilizMb,G00>^le 


D.qilizMb,G00>^le 


Absdssa,  1, 117 
Absolute  value,  I,  381 
Absolutely  couveigeDt  series,  I,  30S 
Accaiicy  of  reaulti,  I,  43 
Acute  spberica]  triangles,  II,  3 
Addition  theorems, 
coune,  I,  310,  III,  115 

tangent,  I,  315 
Adjacent  parts,  n,  17 
Ambiguous  case, 

of  oblique  spherical  triangks,  II,  10 
II,  JB,  60 

of  plane  triangles,  I,  141 

of  right  spherical  triangles,  11,  ai 
Amplitude,  I,  357,  381 
Angle,  deGnitiou  of,  I,  177 

measure  of,  1, 179,  181 

of  depression,  I,  5 

of  elevation,  I,  5 
Antilogarithms,  I,  75 
Archimedes,  I,  iSl 
Arc  sine,  I.  18 
Arc  tangent,  I,  18 
Aigand,  J.  E.,  I,  385 
Aliment,  I,  a8i 
Arithmetic  complement,  I,  56 
Asymptote,  I,  358 
AmdUary  angle,  I,  140 

Binomial  series,  I,  314 

Biquadrantal  spherical  triangles,  11,  ; 

Birectangular  spherical  triangles,  II,  . 

Bowditch's  rules,  11,  31 

Briggsian  fogarithms,  I,  57 

Buergi,  Jost,  I,  87 

Cagnoli's  formula,  II,  46 
Catenary,  1, 174 


Cauchy,  I,  38s 
Centesimal  measure,  I,  iSo 
Characteristic  of  logarithms,  I,  58 

rules  for,  I,  59 
Circular  functions,  I,  10 

Cotuoctions,  defined,  I,  19 

Cologaritbms,  I,  56 

Co-lunar  triangles,  defined,  II,  4 

use  of,  II,  4 
Common  logarithms  defined,  I,  57 

UUes  of,  I,  61 
Complement  arithmetic,  I,  56 

of  an  angle,  1, 17S 
Complex  numbers,  defined,  I,  aSo 

trigonometric  form  of,  I,  s8i 
Compound  bterest  Uw,  I,  173 
Conditionally  convergrat  series,  I,  308 
Conjugate  complex  numbers,  I,  18S 
Convergency  test,  I,  311 
Convergent  series,  I,  307 
CoBidinates,  I,  117 
Cosecant,  1, 10,  118, 191, 338 

hyperbolic,  I,  341 
Cosine,  1, 10,  ttS,  191,  338 

curve,  I,  360 

hyperbolic,  I,  342 

law  of,  I,  iiS 

Ian  of  spherical,  II,  34 

of  difference,  I,  310 

of  double  angle,  I,  316 

of  half  angle,  I,  316 


of  31 


1,1,  J 


of  18°,  I,  34,  3l8 

»"«a.  1,313.  319 
Cotangent,  I,  10,  it8,  191,  338 

hyperbolic,  I,  343 
Coterminal  angles,  1, 178 
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Coveraed  sine,  I,  lo 
Cyclic  substitution,  I,  117 

Damped  vibrations,  curve  of,  I,  375 
DedmsJ  measure  of  angles,  I,  180 
Delambte's  proportions,  II,  43 
De  Moivie,  I,  389 
De  Moivie's  theorem,  I,  iSg 
Dtjiarture,  defined,  I,  iii,  170 
Depression,  angle  of,  I,  5 
Descartes,  I,  iSs 
Divergent  series,  I,  307 
Double  foimuls,  1, 131, 133 

EUevation,  angle  of,  I,  5 
Equilateral  ^herical  triangle,  II,  3 
Euler's  theorem,  I,  338 
Eqtonentint  cuivca,  I,  170 

■qoBtiaiia,  T,  71 

series.  I.  3'3.  3'8 

Fourier's  theorem,  I,  16S 
Frequency  of  osdllatioa,  I,  ^63 
Function,  deSnition  of,  1,  g 

of  an  acute  angle,  1, 9 

of  an  obtuse  angle,  1, 118 

of  any  angle,  I,  191 

of  imaginary  angles,  1, 337 
Fundamental  laws  of  logarithms,  I, 

relations,  T,  14,  119 

Gauss,  I,  185 

Gauss's  proportions,  II,  43 
General  spherical  triangles,  11,  II 
Geometric  series,  I,  310 
Gowometric  functions,  1, 10 
Graphic  solution, 

of  plane  triangles,  1, 3 

of  spherical  triangles,  II,  7 

Half -angle  foiraulas, 

for  plane  triangles,  1, 134 
for  spherical  triangles,  II,  40 

Half-side  formulas,  II,  41 

Hansen's  problem,  1, 150 

Harmonic  curves,  1, 160 


Hero  of  Alciandiia,  1, 133 

Hij^jarchus,  I,  7,  50 

Hyperbola,  I,  asj 

Hyperbolic  functions,  defined,  1, 343 

formulas,  I,  343 

functions,  curves  of,  1, 177 

logarithms,  I,  76 

sector,  area  of,  I,  350 

Identities,  I,  31 
Imaginary  numbers,  I,  178 

unit,  I,  378 
Infinite  aeries,  definition  of,  I,  306 
Interpolationi  I,  37 
Inverse  functions,  I,  143 

hyperbolic  functions,  I,  348 

tvigent,  I,  17 
Isosceles  ifdterical  triangles,  H,  3 

Laplace,  I,  53 

Latitude,  defined,  I,  loi,  170 
Lhuiliei's  formula,  IT,  46 
Logarithm,  defined,  I,  53 
Logarithmjc  curves,  I,  369 

decrement,  I,  276 

series,  I,  3.4,  320 

trigonometric  functions,  I.  78 
Logarithms,  applications  of,  I,  71 

charactnistic  of,  I,  58 

computation  of,  I,  73,  311. 

directions  for  use  of,  I,  67 

Ludolph  van  Ceulen,  1, 181 


aa,  I,  jS 
Mariner's  compass,  I,  loi 

Middle  parts,  11,  17 
Modo-cyclic  functions,  I,  343 
Modulus  ol  logarithms,  I,  76,  333 
of  complex  numbers,  I,  3S1 

Mollweide,  I,  131 

Napier,  John,  I,  54,  76,  87 

Napierian  logarithms,  I,  76 

Napier's  proportions,  H,  44 

circular  parts,  II,  17,  18 
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Natural  h 

computatioii  of,  I,  jjo 

tables  of,  I,  14, 35 
Natuial  loguithms,  I,  76 

system  of  angular  measure,  I,  iSi 
Newton,  I,  131 
Ntm-convergent  series,  I,  307 

Oblique  spherical  triangles,  n,  3 
Obtuse  spherical  triangles,  11,  3 
Opposite  parts,  II,  iS 
Ordinate,  I,  117 
Origin,  I,  117 
OidllatinK  series,  I,  307 

Period,  I,  193,  1S7 

of  oscillation,  1, 163 
Periodic  curves,  I,  137 

functions,  I,  I93i  >57 

time,  I,  363 
Periodicity  of  trigonometric  functions, 

Pitiscus,  I,  51 

Polar  triangle,  definition  of,  n,  6 

use  of,  II,  8 
Pothenot's  ptoblcm,  1, 153 
Principle  value  of  angle,  1, 178, 135 
Projection,  defined,  I,  laj 

theorem,  I,  126 
Proportional  parts,  principle  of,  I,  38 
Ptolemaus,  I,  50 

Quadrantal  sphericil  triangles,  11, 3 

Kadian,  I,  181 

measure,  1, 181 
Ratio  of  convergence,  I,  319 
Redpiocal,  defined,  I,  g 

relations,  1,  14 
Rectangular  colSrdinates,  I,  it; 
Reflectioti  of  a  curve,  I,  371 
Rheticus,  I,  50 
Right  spherical  triangles,  n,  3 

ambiguous  case  of,  II,  it 

Scalene  spherical  triangles,  11,  3 
Schuhie,  J.  H.,  I,  iSo 


Secant,  defined,  1, 10,  118,  rgi,  338 

hyperbolic,  I,  343 
Semi-oonvergent  series,  I,  308 
Series,  defined,  I,  306 

absolutely  convergent,  I,  308 

binomial,  I,  314 

conditionally  convergent,  I,  308 

convergent,  I,  307 

cosine,  I,  313,  339 

divergent,  I,  307 

exponential,  I,  313, 318 

geometric,  I,  310 

logarithmic,  I,  314, 3W 

ncMi-convergent,  I,  307 

oscillating,  I,  307 

sine.  I.  3'3.  3^9 

tangmt,  T,  319 

with  complex  terms,  I,  336 
Significant  figures,  I,  93 
Simple  bannonic  curves,  1, 160 

motioD,  I,  3  63 
Sine,  defined,  I,  10, 118,  191,  338 

curve,  I,  isS 

hyperbolic,  I,  34* 

of  difierence,  1, 110 

of  double  angle,  I,  ir6 

of  half  angle,  I,  ai6 

of  iS",  I,  34,  318 


1,1.3: 


series,  I,  313,  339 

Sines,  Ian  of, 
for  jriane  triangles,  1, 116 
for  spherical  triangles,  II,.33 

Sinusoidal  curves,  I,  i6a 

Small  angles, 

functions  of,  I,  44,  S3 
m  plane  triangles,  I,  49 
in  qiherical  triangles,  II,  36 

Snellius,  I,  153 

Spherical  triangles,  area  of,  n,  45 
dasafication  of,  II,  3 
co-luDBT,  n,  4 
general,  II,  11 
'  pdar,  II,  6 

Spherical  trigonometry,  II,  t 

Spheroidal  trigonometry,  n,  1 

Square  relations,  1, 14 
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Subtraction  tbeorems,  I,  no,  ii6  Tftogeot,  of  sum,  I,  115 

Supplement  of  an  angle,  I,  17S  series,  I,  339 

S  and  T  tables,  I,  S4  Test  ratio,  I,  313 

Three-poiat  problem,  I,  ijo,  333 

Tables,  of  commoQ  logarithms,  T,  61  Trigonometric  functtons,  I,  10,  itS,  337 

of  log.  trig,  functions,  I,  7S  formulas,  t,  345 

of  natural  functions,  T,  35  Trigonometry,  defined, 

S  and  T,  T,  S4  plane,  T,  S 

Tabular  logarithmic  sine,  I,  79  spherical,  II,  i 

Tangent,  defined,  1,  10,  llS,  193,  338  Triquadlantal  spherical  triangles,  II,  3 

curve,  I,  357  Trirectangular  spherical  triangles,  11,  4 

hyperbolic,  I,  341 

law  of  tangents,  I,  131,  313  Versed  sine,  1, 10 

of  difference,  I,  116  Vlacx],  Adrian,  I,  87 

of  double  angle,  I,  316 

of  half  angle,  I,  117  Wave  length,  I,  357 

of  18°,  1, 14  Wessel,  Caspiar,  I,  385 
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